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PREFACE

I am pleased that you are about to read this dissertation. For me, writing this
preface marks the end of an intense period of writing and doing research on
choice functions. It was sometimes hard, but I have really enjoyed it. The
past period feels like a journey, in which I gained experience about how to do
research. I learned a lot about fascinating aspects of mathematics, and other
interesting things.

The person who has taught me the most is without any doubt Gert de
Cooman. He has been my supervisor since ‘the beginning’ in 2011, but he
is also so much more than that. I cannot find words to express my gratitude—
maybe “thank you very much” is the best summary of it—towards him. He
succeeds in creating an environment that consists of people with a passion for
research and mathematics. As a member of this environment, I feel constantly
stimulated to actively do research, and work and think together at the black-
board. Furthermore, all this happens in a relaxed and friendly atmosphere. I
am convinced that such an environment is rare, and I am very grateful to Gert
for being the creator of it.

Gert took me with him to Oviedo to work together with Enrique Miranda.
I returned three times on my own, for a cumulated period of 4 months. En-
rique became my second supervisor. He took care of me, and did this in an
exceptional way: he made me feel at home in Spain, was available every day
to discuss (he even let me work in his own office) and every weekend he took
me out for a trip, very often to the beautiful mountains of the wonderful region
of Asturias. Enrique, you taught me the useful ‘art’ of constructing counterex-
amples, and how looking at examples might provide insight into the problem
at hand. I enjoyed being and working with you immensely. Thank you very
much! Also, I am very grateful to the members of his research group, in par-
ticular Ignacio, Susana D. and Susana M., for guiding me around in Asturias.

Gert and Enrique, I wish you time to fulfil your passion of doing research.

I have mentioned the environment already, and how important it is to me.
The members of the SYSTeMS research group of Ghent University made my
time in the office so much more enjoyable. I especially enjoy the open and
kind atmosphere there, and I am grateful that I have been privileged to witness
this since the start of my research back in 2011. One person has made the
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entire journey together with me: Jasper De Bock. We share many experiences,
such as our first conference, and the road trips together with Gert. Thank you
for always being available to discuss, for bringing life to the party, and for
being such a good friend! There are two other close colleagues (or, actually,
friends) that I would like to express my gratitude to: Stavros and Simon. They
are always ready to assist with all kinds of problems. I enjoy especially our
free moments in which we discuss important, or less important, subjects, or
just have fun. When I started as a PhD student, Erik and Filip, two alumni
members of the SYSTeMS research group, showed me around and helped me
understand some aspects of imprecise probabilities. I will always remember
Filip’s relaxed character, and his willingness to discuss and teach me about
credal networks. Later on, after they had left the SYSTeMS research group,
Erik let me stay in his apartment in Amsterdam for three days, to explore to-
gether the connection between choice functions and sets of desirable gambles.
Filip and Erik, thank you for being such kind and warm people. In a broader
context, I would like to thank all the members of SIPTA, the Society for Im-
precise Probability: Theories and Applications. I wish all of you the best in
your future endeavours.

I also wish to thank the ‘Gentse Roei- en Sportvereniging’ and all its mem-
bers, for providing me with a healthy hobby: rowing. I find it hard to explain
why eight (nine with the coxswain) people are willing to train so hard every
day in an attempt to win “the 8”, but for some reason, everybody, including
me, seems to do it with total devotion. Dear team mates, thank you for the nice
and intense moments, and dear coaches and volunteers, thank you for making
this possible. I wish that we will win “the 8” in many more years to come!

There are two more people that I would like to thank: Machteld en Falk,
for checking parts of this dissertation for language mistakes, and for being the
warm friends they are.

At last I would like to thank my parents and my brother, Felix, just for
being so important to me.

I hope you enjoy your reading.



SUMMARY

This dissertation presents a study of choice functions as a tool to model un-
certainty. Choice functions constitute a very general uncertainty model that is
capable of representing a rich variety of types of beliefs. In particular, it in-
cludes as a special case sets of desirable gambles, the most general binary—or
pairwise—choice model in imprecise probabilities [82]. So the field of this
dissertation is ‘imprecise probabilities’, which is an umbrella term for mathe-
matical models that are meant to be used in situations of imprecise or incom-
plete information, where it may not be possible (or advisable) to use (precise)
probabilities. With our coherent choice functions, we want to be able to do ev-
erything that can be done within imprecise probabilities, such as conservative
reasoning, updating and conditioning, and also to cope with structural judge-
ments such as independence and exchangeability.

Suppose we have a subject whose beliefs we want to model. A direct way
of doing this, is by looking at the choices he makes between uncertain options.
Such choices can be captured by means of his choice function, which is a func-
tion that maps any set of options (also called option set) to the subset of those
elements that are the chosen or preferred ones. Equivalently, we can consider
rejection functions instead of choice functions, which return the rejected (non-
chosen) options from within any given option set. Rejection functions are often
easier and more intuitive to work with.

In order for a choice function to reflect rational behaviour, it needs to sat-
isfy some rationality criteria. Choice functions that satisfy them are called
coherent. The first thing we do in this dissertation, is identify a set of axioms
that models rational behaviour, and is at the same time weak enough to al-
low for coherent choice functions to be sufficiently general and versatile. The
set of rationality axioms we consider, is based on Kadane et al.’s [45] and
Seidenfeld et al.’s [67]] account of coherent choice functions. These authors
introduce a theory of coherent choice functions that is capable of describing
choices that are not necessarily determined by pairwise comparison. Our re-
sulting theory differs from Seidenfeld et al.’s [67] in a number of respects.
First of all, mainly for technical reasons, we only consider finite option sets,
while Seidenfeld et al. [67] also allow for possibly infinite but closed option
sets. Secondly, Seidenfeld et al. [[67]] require that their choice functions should
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SUMMARY

satisfy an Archimedean (continuity) axiom, which prevents them from having
sets of desirable gambles as a special case. As we are particularly interested
in the connection with sets of desirable gambles, we omit their Archimedean
axiom. Furthermore, since their ‘mixtures’ or ‘convexity’ axiom is not com-
patible with Walley—Sen maximality [71,82] as a decision rule, we disregard
‘convexity’ as an axiom but merely regard it as an additional property that
choice functions may or may not satisfy. A final difference between Seidenfeld
et al’s [[67] approach and ours lies in the uncertain options on which the choice
functions are defined. While they use horse lotteries—which do not constitute
a linear space—we use elements of an abstract pre-determined vector space as
options.

As a first result, we show that under some mild conditions, the choice func-
tions of Seidenfeld et al. [[67]] can be embedded into our framework. Since this
connection is done through so-called vector-valued gambles |86, every result
we prove for coherent choice functions on vector-valued gambles can also be
related to choice functions on horse lotteries that satisfy the corresponding ra-
tionality axioms.

In order to be able to reason conservatively with choice functions, we in-
troduce a partial order on them that has the interpretation of being ‘at most
as informative as’. The partially ordered set of all coherent choice functions
forms a complete infimum-semilattice under this partial order: the infimum
infC of any collection C of coherent choice functions exists, and is itself co-
herent. This is crucial: it is this property that allows for conservative reasoning
with choice functions, at least in principle. For instance, it allows us to con-
sider the important device of natural extension: the unique least informative
coherent extension of a partially specified choice function. We characterise the
circumstances under which the natural extension is coherent. If it is—we say
then that the partially specified choice function avoids complete rejection—
we obtain an explicit expression for it. The idea of natural extension has an
important role in this dissertation.

Our motivation for using choice functions instead of sets of desirable
gambles—which are those uncertain options that the subject strictly prefers to
the status quo in a pairwise comparison—is that choice functions are versatile
enough to represent choices that are not necessarily based on pairwise compar-
isons of the options only. We relate both models (choice functions and sets of
desirable gambles) to one another through a compatibility relation: an option
u belongs to a set of desirable gambles if and only if the status quo represented
by 0 is rejected from the option set {0,u} consisting of u and 0. Interestingly,
given a coherent choice function, there is exactly one coherent set of desir-
able gambles that is compatible with it, but conversely, given a coherent set
of desirable gambles, there are in general multiple compatible coherent choice
functions. This shows that choice functions are indeed more general than sets
of desirable gambles. We will illustrate this with a type of belief that can be
modelled satisfactorily using choice functions, but not using sets of desirable

Xii



gambles.

Seidenfeld et al.’s [67] set of rationality axioms for choice allows for a
representation theorem of coherent choice functions: every coherent choice
function can be written as an infimum of (choice functions corresponding to)
probability—utility pairs belonging to an arbitrary set. This is a very powerful
result, that immediately also shows that their maximal choice functions—the
maximal elements of the partially ordered set of all coherent choice functions
under the partial order of being ‘at most as informative as’—are those that
correspond to a single probability-utility pair. Our axiomatisation does not
allow for such a representation: we show by means of a counterexample that
even restricting ourselves to the class of coherent choice functions that also
satisfy the additional ‘convexity’ property considered in [[67]], does not suffice.

Once the basic properties of our coherent choice functions, and the natural
extension of local assessments are in place, we move to the study of struc-
tural assessments. By ‘structural’ assessment, we mean an assessment about
the general properties or structure of the choice function. This contrasts with
‘direct’ or ‘local’ assessments, of which a partially specified choice function
constitutes an example. The first kind of structural assessment we study is that
of indifference. Consider a set of options / that the subject assesses as being
indifferent to the option that represents the status quo. / is then called the sub-
ject’s set of indifferent options. To be indifferent between two options means
that these two options are considered to be equivalent to each other, in the sense
that the subject is willing to swap one for another. We introduce a compatibil-
ity relation between coherent choice functions and sets of indifferent options,
and identify the least informative coherent choice function that is compatible
with a given set of indifferent options. As it turns out, choice functions that
describe indifference are simpler, in the sense that they correspond to a unique
representing choice function on a lower dimensional domain. We connect our
account of indifference with an earlier characterisation by Seidenfeld [64].

As mentioned, with our theory of choice we want to be able to deal with
conditioning or updating. If we have a choice function describing the subject’s
beliefs about an uncertain variable X, we need a procedure that takes new in-
formation such as ‘X assumes a value in the non-empty set E’ into account.
Our proposed procedure for conditioning preserves coherence, and, due to the
connection of our choice functions with sets of desirable gambles, it has no
problems with conditioning on events of probability (in the set of probabilities
associated with a choice function) zero. We take this one step further and con-
sider a multivariate context, where we have a finite number of uncertain vari-
ables assuming values in non-empty finite possibility spaces. We introduce an
obvious procedure for marginalisation—given a coherent choice function de-
scribing the subject’s beliefs of a set of variables, how can we derive a choice
function about a subset of them?—and some kind of inverse operation—given
a coherent choice function describing the subject’s beliefs of a set of variables,
how can we extend it to a coherent choice function about a superset of vari-
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ables, in a least informative manner? Our previously introduced conditioning
rule can be made to deal with a multivariate context. Finally, we investigate
another type of structural assessment: that of irrelevance, which is an asym-
metric variant of independence. We characterise choice functions that satisfy
such assessments, and find the least informative coherent one, called the irrel-
evant natural extension.

This dissertation culminates in our study of exchangeability, where we find
occasion to use most of the previously introduced concepts. Exchangeability
is a structural assessment about a sequence of variables that is important for
statistical inference purposes. Loosely speaking, making a judgement of ex-
changeability means that the order in which the variables are observed is not
relevant. We derive de Finetti-like representation theorems for finite exchange-
able sequences. We take also this one step further and consider a countable
sequence of variables, for which we also find a de Finetti-like representation
theorem. We consider conditioning on observing a finite number of these vari-
ables, show that this conserves exchangeability, and show that counting occur-
rences provides a sufficient statistic for this type of inference.

We conclude by looking back at what has been achieved, and looking ahead
at a number of interesting problems that still remain.
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SAMENVATTING

Dutch summary

Dit proefschrift legt een studie voor van keuzefuncties als een manier om on-
zekerheid te modelleren. Keuzefuncties vormen een zeer algemeen onzeker-
heidsmodel dat ons in staat stelt om een rijke verscheidenheid aan types van
overtuigingen te modelleren. Ze omvatten, als bijzonder geval, verzamelin-
gen van begeerlijke gokken, het meest algemene binaire—of paarsgewijze—
keuzemodel in de imprecieze waarschijnlijkheden [82]. Dit proefschrift si-
tueert zich dus in het veld van de ‘imprecieze waarschijnlijkheden’, wat een
kapstokbenaming is voor wiskundige modellen die kunnen worden gebruikt
bij imprecieze of onvolledige informatie, waar het niet mogelijk (of raadzaam)
is om (precieze) waarschijnlijkheden te gebruiken. We willen met onze co-
herente keuzefuncties alles kunnen doen wat ook met precieze en imprecieze
waarschijnlijkheden kan, zoals conservatief redeneren, conditioneren en up-
daten, en ook omgaan met structurele aannames zoals onafhankelijkheid en
uitwisselbaarheid.

Neem aan dat we iemands onzekerheid willen modelleren. Een directe aan-
pak bestaat erin te kijken naar de keuzes die hij maakt tussen onzekere opties.
Zulke keuzes kunnen worden vastgelegd door zijn keuzefunctie, die een func-
tie is die elke verzameling van opties (ook wel optieverzameling genoemd)
afbeeldt op de deelverzameling die bestaat uit die elementen die verkozen of
geprefereerd zijn. Equivalent hiermee kunnen we ook verwerpingsfuncties be-
schouwen in plaats van keuzefuncties, die de verworpen (niet-verkozen) opties
weergeven in elke optieverzameling. Verwerpingsfuncties zijn vaak makkelij-
ker en intuitiever om ermee te werken.

Opdat een keuzefunctie rationeel gedrag zou weerspiegelen, moet het aan
een aantal rationaliteitscriteria voldoen. Keuzefuncties die hieraan voldoen
noemen we coherent. Het eerste wat we in dit proefschrift doen, is een ver-
zameling van axioma’s identificeren die rationeel gedrag modelleren, en te-
gelijkertijd zwak genoeg zijn om het werken met keuzefuncties voldoende al-
gemeen en veelzijdig te maken. De verzameling van rationaliteitscriteria die
we beschouwen is gebaseerd op de beschijving van coherente keuzefuncties
van Kadane et al. [45] en Seidenfeld et al. [67] . Deze auteurs introduce-
ren een theorie van coherente keuzefuncties die in staat is om keuzes te mo-
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SAMENVATTING (DUTCH SUMMARY)

delleren die niet noodzakelijk bepaald worden door paarsgewijze vergelijkin-
gen. De theorie die wij bouwen, verschilt in een aantal aspecten van die van
Seidenfeld et al. [67]. Om te beginnen beschouwen we enkel eindige optie-
verzamelingen, vooral omwille van technische redenen, terwijl Seidenfeld et
al. [67] ook oneindige maar gesloten optieverzamelingen toelaten. Ten tweede
eisen Seidenfeld et al. [67]] dat hun keuzefuncties aan een Archimedisch (con-
tinuiteits-)axioma voldoen, wat maakt dat hun keuzefuncties verzamelingen
van begeerlijke gokken niet als een bijzonder geval omvatten. Omdat wij
bijzonder geinteresseerd zijn in het verband tussen keuzefuncties en verza-
melingen van begeerlijke gokken, laten we hun Archimedisch axioma in dit
proefschrift achterwege. Bovendien is hun ‘mengings-’ of ‘convexiteitsaxi-
oma’ niet verenigbaar met Walley—Sen-maximaliteit [[71,|82] als beslissings-
regel, en daarom behandelen we deze ‘convexiteit’ niet als een axioma, maar
liever als een bijkomende eigenschap waaraan keuzefuncties al dan niet kun-
nen voldoen. Een laatste verschil tussen de aanpak van Seidenfeld et al. [67] en
de onze ligt in de onzekere opties waartussen de keuzefuncties kiezen. Terwijl
zij paardenloterijen—die geen lineaire ruimte vormen—gebruiken, werken wij
met elementen van een abstracte vooraf bepaalde vectorruimte als opties.

Als eerste resultaat tonen we aan dat, onder zwakke voorwaarden, de keu-
zefuncties van Seidenfeld et al. [[67] kunnen ingebed worden in ons kader.
Omdat deze inbedding gebeurt met behulp van zogeheten vectorwaardige gok-
ken [86], kan elk resultaat dat wij bewijzen voor coherente keuzefuncties op
vectorwaardige gokken ook gerelateerd worden aan keuzefuncties op paarden-
loterijen die aan de overeenkomstige rationaliteitscriteria voldoen.

Om conservatief te kunnen redeneren met keuzefuncties introduceren we
een parti€le ordening op de keuzefuncties, die we kunnen interpreteren als ‘is
ten hoogste zo informatief als’. De partieel geordende verzameling van alle
coherente keuzefuncties vormt een complete infimum-semitralie onder deze
parti€le ordening: het infimum infC van elke verzameling C van coherente keu-
zefuncties bestaat, en is zelf weer coherent. Dat is cruciaal: het is deze eigen-
schap die ons in staat stelt, tenminste in principe, conservatief te redeneren met
keuzefuncties. Het maakt het ons bijvoorbeeld mogelijk om het belangrijke
concept van natuurlijke uitbreiding te beschouwen: de unieke minst informa-
tieve coherente uitbreiding van een onvolledig gespecificeerde keuzefunctie.
We karakteriseren de omstandigheden waaronder die natuurlijke uitbreiding
coherent is. Als ze dat is—we zeggen dan dat de onvolledig gespecificeerde
keuzefunctie volledige verwerping vermijdt—Ileiden we er een expliciete uit-
drukking voor af. Het idee van natuurlijke uitbreiding speelt in dit proefschrift
een belangrijke rol.

Onze motivering om keuzefuncties te gebruiken in plaats van verzame-
lingen van begeerlijke gokken—begeerlijke gokken zijn die gokken die door
een persoon strikt verkozen worden boven het status quo in een paarsgewijze
vergelijking—is dat keuzefuncties veelzijdig genoeg zijn om keuzes voor te
stellen die niet noodzakelijk alleen maar gegrond zijn op paarsgewijze ver-
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gelijkingen tussen de opties. We brengen de beide modellen (keuzefuncties
en verzamelingen van begeerlijke gokken) met elkaar in verband met behulp
van een verenigbaarheidsrelatie: een optie u# behoort tot een verzameling van
begeerlijke gokken als en slechts als het status quo, voorgesteld door 0, ver-
worpen wordt in de optieverzameling {0,u} die bestaat uit # en 0. Voor een
coherente keuzefunctie is er exact één coherente verzameling van begeerlijke
gokken die ermee verenigbaar is, maar omgekeerd zijn er voor een coherente
verzameling van begeerlijke gokken in het algemeen meerdere verenigbare co-
herente keuzefuncties. Dat toont aan dat keuzefuncties inderdaad algemener
zijn dan verzamelingen van begeerlijke gokken.

De rationaliteitscriteria voor keuze van Seidenfeld et al. [67] stellen hun
in staat om een representatieresultaat voor hun coherente keuzefuncties te be-
wijzen: elke coherente keuzefunctie kan geschreven worden als een infimum
van (keuzefuncties overeenstemmend met) waarschijnlijkheids-utiliteitsparen.
Dit is een zeer krachtig resultaat, dat ook onmiddellijk aantoont dat hun maxi-
male keuzefuncties—de maximale elementen van de partieel geordende ver-
zameling van alle coherente keuzefuncties onder de parti€éle ordening die ‘ten
hoogste zo informatief als’ voorstelt—die keuzefuncties zijn die overeenstem-
men met een enkel waarschijnlijkheids-utiliteitspaar. Onze axiomatisering laat
zulke representatie niet toe: we tonen door middel van een tegenvoorbeeld aan
dat er geen zulke representatie is, zelfs als we ons beperken tot de klasse van
coherente keuzefuncties die ook aan de bijkomende ‘convexiteitseigenschap’
voldoen, beschouwd in Referentie [67].

Als eenmaal de basiseigenschappen van onze coherente keuzefuncties, en
de natuurlijke uitbreiding van lokale aannames, vastgelegd zijn, gaan we ver-
der met de studie van structurele aannames. Met ‘structurele’ aannames be-
doelen we aannames over de algemene eigenschappen of structuur van de keu-
zefunctie. Ze staan tegenover ‘directe’ of ‘lokale’ aannames, waarvan onvol-
ledig gespecificeerde keuzefuncties een voorbeeld zijn. De eerste soort van
structurele aanname die we bestuderen is die van onverschilligheid. Beschouw
een verzameling van opties / die een subject beoordeelt als onverschillend van
het status quo. We noemen / dan zijn verzameling van onverschillige opties.
Onverschillig zijn tussen twee opties betekent dat deze twee opties worden be-
schouwd als equivalent met elkaar, in de zin dat ons subject een van de twee
opties wil ruilen voor de andere. We stellen een verenigbaarheidsrelatie tus-
sen coherente keuzefuncties en verzamelingen van onverschillige opties voor,
en identificeren de minst informatieve coherente keuzefunctie die verenigbaar
is met een gegeven verzameling van onverschillige opties. Het blijkt dat keu-
zefuncties die onverschilligheid uitdrukken eenvoudiger zijn, in de zin dat ze
overeenstemmen met een unieke representerende keuzefunctie op een domein
met een lagere dimensie. We leggen een verband tussen onze aanpak van in-
differentie en een eerdere karakterisatie door Seidenfeld [[64].

Zoals gezegd willen we met onze theorie van keuzefuncties kunnen om-
gaan met conditioneren of updaten. Als we een keuzefunctie hebben die de
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overtuigingen van een subject over een onzekere veranderlijke X modelleert,
dan moeten we een methode hebben die nieuwe informatie zoals ‘X neemt een
waarde aan in de niet-lege verzameling E’ in rekening brengt. De methode
die we voorstellen bewaart coherentie, en, door het verband tussen onze keu-
zefuncties en verzamelingen van begeerlijke gokken, heeft ze geen problemen
met conditioneren op gebeurtenissen met waarschijnlijkheid (in de verzame-
ling van waarschijnlijkheden geassocieerd met een keuzefunctie) nul. We ne-
men deze idee€n mee naar een multivariate context, waar we een eindig aantal
onzekere veranderlijken hebben die waarden aannemen in niet-lege mogelijk-
hedenruimtes. We stellen een voor de hand liggende methode om te margina-
liseren voor: gegeven een coherente keuzefunctie die de overtuigingen van een
subject beschrijft over een verzameling van veranderlijken, hoe kunnen we dan
een keuzefunctie afleiden over een deelverzameling? Daarnaast bekijken we
ook een soort inverse operatie: gegeven een keuzefunctie die de overtuigingen
van een subject beschrijft over een verzameling van veranderlijken, hoe kun-
nen we die dan uitbreiden naar een coherente keuzefunctie over een grotere
verzameling van veranderlijken, op een zo weinig informatief mogelijke ma-
nier? Onze eerder voorgestelde methode om te conditioneren kunnen we ook
gebruiken in zo’n context met meerdere veranderlijken. Ten slotte onderzoe-
ken we een ander type structurele aanname: irrelevantie, een asymmetrische
variant van onafhankelijkheid. We karakteriseren keuzefuncties die aan deze
aanname voldoen, en we vinden de minst informatieve onder hen: de irrele-
vante natuurlijke uitbreiding.

Dit proefschrift culmineert in onze studie van uitwisselbaarheid, waarbij
we de meeste van de voorheen voorgestelde concepten kunnen gebruiken. uit-
wisselbaarheid is een structurele aanname over een rij van veranderlijken, die
belangrijk is voor statistische gevolgtrekkingen. Een aanname van uitwissel-
baarheid te maken betekent ruwweg dat de volgorde waarin we de verander-
lijken observeren niet relevant is. We leiden de Finetti-achtige representatie-
resultaten af voor eindige uitwisselbare rijen van veranderlijken die waarden
aannemen in een eindige verzameling van categorieén. We nemen deze ideeén
mee naar een bredere context, waarbij we een aftelbare rij van veranderlijken
beschouwen, waarvoor we ook een de Finetti-achtig representatieresultaat vin-
den. We bekijken ook conditioneren op het waarnemen van een eindig aantal
veranderlijken, tonen aan dat het proces van conditioneren uitwisselbaarheid
bewaart, en bewijzen dat het tellen van hoeveel keer elke categorie optreedt
een toereikende statistiek oplevert voor dit type van gevolgtrekkingen.

We besluiten dit proefschrift door terug te kijken naar wat we hebben be-
reikt, en vooruit te kijken naar een aantal interessante open problemen.

Xviii
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INTRODUCTION

1.1  WHAT IS THIS DISSERTATION ABOUT

This dissertation is about choice between uncertain options. We want our no-
tion of ‘choice’, and our theory resulting from it, to be sufficiently general, so
that it (i) allows for ‘imprecise choice’, and (ii) is capable of describing choices
that are not necessarily determined by pairwise comparisons of the options.

Let us first explain what we mean by ‘imprecise choice’. In general, very
often there will be multiple chosen (or preferred) options amongst the set of
available options: the subject (or expert) whose choices we model is unde-
cided between these chosen options, and we then say that these options are
incomparable to him. With ‘imprecise choice’, we mean that the subject does
not need to be indifferent between the incomparable options—to be indifferent
between two options means that these two options are considered equivalent
to each other, in the sense that the subject is equally willing to swap one for
another. If some options are indifferent to the subject, this implies that they
are incomparable to him in the technical sense described above, but the con-
verse implication does not necessarily hold. In other words, with ‘imprecise
choice’ we mean that the subject can have multiple reasons to be undecided
between incomparable options: one of them is that he is indifferent between
them, but there might be other reasons. Indeed, the indecisiveness may for
instance be due to incomplete information (for instance, due to lack of time
or resources to gather more information), or due to cautiousness of the subject
towards specifying too specific choices, etcetera.

One theory that takes the difference between indecisiveness and indiffer-
ence seriously, is that of imprecise probabilities [82]. ‘Imprecise probabilities’
is an umbrella term for mathematical models that are meant to be used in situa-
tions of imprecise or incomplete information, where it may not be possible (or
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advisable) to use (precise) probabilities. In particular, it covers sets of prob-
ability measures and various types of non-additive measures and functionals,
such as coherent lower previsions [51]], belief functions [35/70]] and possibility
measures [12,[22]. All of these models can be expressed in terms of coherent
sets of desirable gambles [57,/64,/82.[83]], which collect the gambles that a sub-
ject, whose beliefs we want to model, strictly prefers to the status quo. Sets
of desirable gambles are not only the most general imprecise-probabilistic bi-
nary choice model, they constitute moreover arguably the most elegant model
to work with, and definitively the model with the clearest and most direct in-
terpretation. They can be—and have been—used to replace probabilities in
Bayesian networks, for predictive inference, and so on [[13}|18},/19,241(31}/55].

Often, choice cannot be reduced to pairwise (or binary) comparison of the
available options. To make this more specific, for three options u, v and w, it
can happen that u is chosen in the pairwise comparisons with v—so u is cho-
sen from within {u,v}—and with w—so u is chosen from within {u,w}—but,
when considering all three options u, v and w, that u is rejected (not chosen).
An illustration of this will be given in Example[I0k3. Choices that are not nec-
essarily determined by pairwise comparisons of the options can be modelled
using choice functions: functions that map any set of options (we will call a set
of options an option set) to a subset whose elements are the chosen or preferred
options. Choice functions are related to the fundamental problem in decision
theory: how to make a choice from within a set of available options. In their
book, von Neumann and Morgenstern [[8 1] provide an axiomatisation of choice
based on a pairwise comparison between options only. Later on, as choice
functions gained popularity, many authors, such as Arrow [4], Uzuwa [[73]] and
Rubin [59], generalised the idea and proposed a theory of choice functions
based on choice between more than two elements.

We have seen that the theory of imprecise probabilities allows for impre-
cise choice, and that the theory of choice functions allows for the choice to
be not necessarily determined by pairwise comparisons of the options only.
But, on the one hand, most of the imprecise-probabilistic models, such as the
very useful model of sets of desirable gambles, reduce to pairwise compar-
isons between the options. On the other hand, most of the choice functions,
such as those in Rubin’s [[59] theory, are precise—do not distinguish between
indifference and incomparability. We want to combine the advantages of both
theories (imprecise probabilities and choice functions): we want a theory of
choice functions that has imprecise probabilities, and more specifically sets
of desirable gambles, as a particular case. In order to get there, some of the
axioms of the choice functions that Rubin [59]] considers must be weakened.
Furthermore, we want our resulting theory of choice functions to have a clear
interpretation and to be operational.

There already exists at least one such theory of choice functions: Kadane
et al. [45] and Seidenfeld et al. [[67]] generalise Rubin’s [59]] axioms to allow
for incomparability. They introduce an axiomatisation of choice that is weaker
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than Rubin’s [|59]] and allows for imprecise choice. However, sets of desirable
gambles are no particular case of their choice functions, something that we
consider to be important for our choice functions. We will allow ourselves to
be inspired by their axiomatisation, and will drop those axioms that prevent
sets of desirable gambles to be a particular case.

One important difference between our approach and the approach consid-
ered by Seidenfeld et al. [|67]] is that they use horse lotteries to represent op-
tions, while we use abstract vectors that belong to some pre-determined vector
space. As the horse lotteries do not form a linear space, at first sight this seems
a crucial difference. However, as we will see in Chapter , we can embed the
choice functions considered by Seidenfeld et al. [67] into our framework, un-
der some mild conditions. The advantage of our use of more abstract vectors is
that they are useful for dealing with indifference in a more directly constructive
way than Seidenfeld’s [63] treatment, as we will see in Chapter [B73. Further-
more, since our options belong to a vector space, they can be added to each
other, and multiplied with constants, which is something that will turn out to
be very useful.

All these considerations lead to a theory of choice, presented in this dis-
sertation, that has sets of desirable gambles as a special case. We impose a
system of four rationality axioms—based on those of Seidenfeld et al. [67]—
on the choice functions, that is weak enough in order to have desirability as a
special case. We call choice functions that satisfy the rationality axioms coher-
ent. With our coherent choice functions, we want to be able to do everything
that can be done with imprecise-probabilistic models, such as conservative rea-
soning, updating and conditioning, and coping with structural judgements such
as independence and exchangeability.

To be able to do conservative reasoning, we impose a specific partial order
on the set of all coherent choice functions, having the interpretation of being
‘at most as informative as’. With this partial order, we are able to distinguish
more informative choice functions from less informative ones, and (partially)
order them accordingly. As we will see, the partially ordered set of all co-
herent choice functions under this partial order, forms a complete infimum-
semilattice: the infimum infC (under this partial order) of any collection C of
coherent choice functions exists, and is coherent itself. This is crucial: using
these concepts allows us to reason conservatively, at least in principle. Given a
partially specified choice function, we collect all the coherent choice functions
that are compatible with it in C, and infC will be the least informative coherent
choice function that is compatible with the partially specified choice function
we started with. This choice function infC is important throughout this dis-
sertation: it is the unique coherent extension of the partially specified choice
function that uses the rationality axioms only. It is called the natural extension
of the partially specified choice function, which is the counterpart of the de-
ductive closure of classical propositional logic. Furthermore, we need to have
an expression for infC, as this makes our theory operational. The operational
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aspect of our theory exists in offering a number of option sets to the subject.
In every option set offered, he then can make statements regarding the options
he rejects (does not find preferable). This corresponds to partially specifying a
choice function, and with our expression for infC, we are then able to find its
natural extension.

As mentioned, with our theory of choice we want to be able to deal with
conditioning or updating. Assume that we have a choice function describing
the subject’s beliefs about an uncertain variable X, and suppose that new in-
formation, in the form of ‘X assumes a value in the non-empty set £’ becomes
available. This new information can be taken into account by conditioning the
initial choice function.

An incompletely specified choice function is an example of a direct or
local assessment: it only requires that the choice function that describes the
choices (or preferences) of the subject, identifies certain choices from within
certain sets of options. Besides these direct assessments, our theory of coherent
choice functions also needs to be able to cope with structural assessments:
judgements that a subject makes about global properties of the choice function.
Such structural judgements can for instance be an assessment of indifference,
looking like ‘I am indifferent between the options in some set I’. Special cases
of such assessments are symmetry and exchangeability. Other examples of
structural judgements are related to the irrelevance or independence of two or
more variables. It turns out that our account of choice functions is able to
deal with local and some types of structural assessments. At a later stage, not
treated in this dissertation because outside of its scope, this should allow us to
lay the foundation for a theory of statistical inference with choice functions.

1.2 INFORMATION ABOUT REFERENCES

In this dissertation you will find both external and internal references. Exter-
nal references are bibliographic ones. They are enumerated, and listed in the
Bibliographyprs. Internal references are used for chapters, sections, equations,
theorems, propositions, corollaries, lemmas and remarks. They have an index
which refers to the page number where the reference can be found. For in-
stance, Theorem [8 17 can be found on page The explicit reference to the
page number is omitted when we refer to something on the same double-page
spread, and recto and verso pages are referenced by the symbols » and ~,
respectively. I would like to thank Gert de Cooman and Matthias Troffaes for
providing me with the I&IEX code for the internal reference system used in their
book [72]]. The idea of this goes back to Erik Quaeghebeur’s dissertation [|56].
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1.3 OVERVIEW OF THE CHAPTERS

This dissertation consists of 9 chapters. Apart from this introduction and the
conclusions in Chapter[Op73, the main results can be found in Chapters 287,
of which we give a concise overview here. The DAG in Figure .| shows the
relation between the chapters. An arrow departing in Chapter i and arriving
in Chapter j means that Chapter j uses concepts introduced in Chapter i or its
ancestors.

Chapter
Coherent
choice models

l

Chapter B3 Chapter B Chapter [Gbp3)

Representation Natural extension Conditioning

l J

Chapter 373 Chapter 71

Indifference Multivariate
and symmetry choice functions

l

Chapter Bz

Exchangeability

Figure 1.1: Relation between the chapters. This relation is transitive.

Chapter Pp introduces choice functions and equivalent models, such as re-
jection functions and choice relations, which are often more elegant to work
with. These models are commonly referred to as choice models. We intro-
duce the rationality axioms for each of the three equivalent choice models, and
establish their connection. At this point, we already have enough tools to con-
nect our notion of choice functions with the choice functions considered by
Seidenfeld et al. [67]]. Once this is established, we investigate order-theoretic
properties of the coherent choice models, a crucial step for doing conserva-
tive reasoning with them. As a special class of coherent choice functions, we
take a closer look at purely binary choice functions: choice functions that are
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completely determined by pairwise comparisons only. These choice functions
are in a one-to-one correspondence with sets of desirable gambles. As it turns
out, there is a fourth equivalent choice model, which we call rejection set. It
reveals the connection with desirability in a more direct way, and it has very
nice properties in two-dimensional option spaces. We end this chapter by giv-
ing some examples of coherent choice functions, and link it with the choice
functions that appear in the literature.

In many cases, it will be very difficult for a subject to completely spec-
ify a coherent choice function that describes his beliefs. Instead, mostly he
will resort to a partial (incomplete) specification of his choice function. In
Chapter[%] we consider such a situation, and we look for the least informative
coherent choice function that extends this partially specified choice function.
This least informative coherent choice function is what we call the natural
extension. We will characterise those partial specifications that have a coher-
ent extension. Furthermore, we will find an explicit expression for the natural
extension. Interestingly, this expression allows us to discover a special class
of coherent choice functions: choice functions that are no infimum of purely
binary ones.

Ideally, we would like coherent choice functions to satisfy the following
two desirable properties. First, we want every coherent choice function to
be an infimum of its dominated maximal (under the partial order of being
‘not more informative than’) coherent choice functions. Second, we would
like these maximal coherent choice functions to have an easy description, and,
since the only choice functions with easy description we know are the purely
binary ones, we would ideally want the maximal coherent choice functions to
be purely binary ones. However, none of these two properties is established,
and it is an interesting question whether they hold. In Chapter fjz5 we are con-
cerned with such questions. We build on the discovery in the previous chapter
of coherent choice functions that are no infima of purely binary ones, which
already shows that at least one of the two aforementioned desirable properties
does not hold. This inspires us to consider an extra property (called ‘convex-
ity’, or ‘mixtures’) as a rationality axiom, which helps Seidenfeld et al. [67] to
establish that their coherent choice functions satisfy the two aforementioned
desirable properties. In the first part of Chapter [dfrz3, we investigate some of
the consequences of this extra axiom. As it turns out, there is a connection
between such choice functions and lexicographic probability systems. In the
second part of this chapter, we prove the negative result that this extra axiom
is not sufficient to guarantee that our choice functions satisfy the two desir-
able properties mentioned at the beginning of this paragraph. In the remainder
of this dissertation, we will therefore pay no extra attention to this additional
property.

Chapter 73 investigates the interplay between an assessment of indiffer-
ence and a choice function. We give a characterisation of indifferent choice
functions in terms of (indifferent) equivalence classes of options, and link it
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with the earlier definition of indifference by Seidenfeld [63]]. We retrieve the
established treatment of indifference with sets of desirable gambles as a spe-
cial case. Eventually, we find the natural extension of a direct assessment (as
in Chapter [3g) combined with an indifference assessment.

Chapter [Gg5 shows how to condition a choice function. We consider a
variable X whose outcome is uncertain. The options are no longer arbitrary
vectors, but instead vector-valued gambles, which is sufficiently general to
guarantee the connection with Seidenfeld et al.’s [67] choice functions. Sup-
pose that we have a choice function describing the subject’s beliefs about X,
and that new information, in the form of ‘X assumes a value in the non-empty
set E’ becomes available. This can be taken into account by conditioning our
initial choice function.

In Chapter [z we take this one step further. We consider a finite num-
ber of variables whose outcomes are uncertain, and consider choice functions
that describe the subject’s beliefs about all these variables at once. This leads
to choice functions in a multivariate context. We generalise the concepts of
marginalisation, weak extension and irrelevant natural extension for sets of de-
sirable gambles in Reference [29] to choice models. Interestingly, as it turns
out, these concepts are not much more involved for coherent choice functions.

Chapter [8bz7 is the final main chapter of my dissertation. It brings together
most of the concepts of the previous chapters to study exchangeability with
choice functions. Exchangeability is a structural assessment on a sequence of
variables that is important for inference purposes. Loosely speaking, making
a judgement of exchangeability means that the order in which the variables
are observed, is considered irrelevant. This irrelevancy is typically modelled
through an indifference assessment. In the first part of this chapter, we derive
de Finetti-like representation theorems for finite exchangeable sequences. In
the second part we take this one step further, and consider a countable sequence
of variables.

1.4 PUBLICATIONS

This dissertation is the product of research on choice functions, which has
led to six publications. Two of them have been published, or are accepted for
publication, in international journals [[77,78]; two of them have been published,
or are accepted for publication, as book chapters [53}[80]]; the other two are
published in the proceedings of international conferences [[76L[79]:

e Arthur Van Camp, Gert de Cooman and Enrique Miranda. Lexico-
graphic choice functions. Accepted for publication in the International
Journal of Approximate Reasoning [[77].

e Arthur Van Camp, Gert de Cooman, Enrique Miranda and Erik
Quaeghebeur. Coherent choice functions, desirability and indifference.
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Accepted for publication in Fuzzy Sets and Systems [[78].

Arthur Van Camp, Gert de Cooman, Enrique Miranda and Erik
Quaeghebeur. Modelling indifference with choice functions. Published
in the proceedings of ISIPTA 2015 [79].

Arthur Van Camp and Gert de Cooman. Exchangeable choice functions.
Published in the proceedings of ISIPTA 2017 [76].

Arthur Van Camp, Enrique Miranda and Gert de Cooman. Lexico-
graphic choice functions without Archimedeanicity. Published as a book
chapter in Soft Methods for Data Science. Advances in Intelligent Sys-
tems and Computing, vol 456. Springer, Cham [80].

Enrique Miranda, Arthur Van Camp and Gert de Cooman. Choice func-
tions and rejection sets. Accepted for publication as a book chapter in
The Mathematics of the Uncertain, 2018 [53]].

These publications constitute the core of Chapters [2} Bz, Pirs) and [§pz71.
The results in the other chapters are rather more recent and have therefore not
been published yet.

Besides the references mentioned above, I have been involved in a number
of other publications [20}21}/25/36L(74,/75]. They are related to the subject, but
only in an indirect way, and therefore I have decided to not include them in
this dissertation.

Jasper De Bock, Arthur Van Camp, Marcio Alves Diniz and Gert de
Cooman. Representation theorems for partially exchangeable random
variables. Published in Fuzzy Sets and Systems [20].

Marcio Alves Diniz, Jasper De Bock and Arthur Van Camp. Character-
izing Dirichlet priors. Published in The American Statistician [36].

Cedric De Boom, Jasper De Bock, Arthur Van Camp and Gert de
Cooman. Robustifying the Viterbi algorithm. Published in the proceed-
ings of PGM 2014 [21].

Arthur Van Camp and Gert De Cooman. Modelling practical certainty
and its link with classical propositional logic. Published in the proceed-
ings of ISIPTA 2013 [75]].

Arthur Van Camp and Gert De Cooman. A new method for learning im-
precise hidden Markov models. Published in the proceedings of [PMU
2012 [[74].

Gert de Cooman, Jasper De Bock and Arthur Van Camp. Recent ad-
vances in imprecise-probabilistic graphical models. Published in the
proceedings of ECAI 2012 [25].
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COHERENT CHOICE MODELS

This thesis is concerned with choice. The subject’s choice will be captured
using a choice function. Before we can introduce such choice functions, we
first need to know what the objects the subject chooses between will look like.

2.1 'WHAT DO WE CHOOSE BETWEEN?
As we will see, a choice function identifies from within every set of options,

those options that are not rejected by a subject. We will collect all the options
in V.

Assumption 2.1. We will assume that the set of all options form a real vector
space V, provided with the vector addition (+) and scalar multiplication.

Let us introduce some basic concepts for vector spaces. Denote the additive
identity of V by 0. For any subsets A; and A, of V and any A4 in IRP_-] we let
AA;={Au:ueA,} and

A1+A2 = {u+v:u€A17v€A2},

called the Minkowski sum of A; and A»,.

IR is the set of real numbers. We use R as a shorthand notation for {a € R: ¢ > 0}, and
Ryo for {aeR: 00 >0} =R,oU{0}.
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Given any subset A of V, we define its linear hull span(A) as the set of all
finite linear combinations of elements of AE]

n
span(A) = {Z?Lkuk:neN,)Lk eR, uy EA} cV,
k=1

its positive hull posi(A) as the set of all positive finite linear combinations of
elements of A:

n
posi(A) = {Zlkuk:neN,QLk eRoo,ux EA} cspan(A)cV,
k=1

and its convex hull conv(A) as the set of convex combinations of elements
of A:
n n
conv(A) = {z o :n €N, o € Ry, Y o = 1, eA} c posi(A) c V.
k=1 k=1

A subset A of V is called a convex cone if it is closed under positive finite
linear combinations, i.e. if posi(A) =A. A convex cone K is called proper
if Xn-/C={0}. With any proper convex cone IC €V, we can associate an
ordering <x on V, defined for all # and v in V as follows:

uvev-ue k.

We also write u =i v for v <xc u. The ordering < is actually a vector ordering:
it is a partial order—reflexive, antisymmetric and transitive—that satisfies the
following two characteristic properties:

UL < Up <= U +Vv=cup+v; 2.1

uy <xc Uy <= Auy <xc Auy, 2.2)

for all u;, up and v in V, and all A in R,y. Observe, by the way, that as a
consequence
uxve0kv-uesu-—v0

for all u and v in V.

Conversely, given any vector ordering <, the proper convex cone K from
which it is derived can always be retrieved by K = {u €V :u > 0}.

Finally, with any vector ordering <, we associate the strict partial order-
ing < as follows:

u<ve (u<vandu+v)<v-ueck {0}, forall uandvin V.

>We define the natural numbers N := {1,2,...} as the set of all positive integers. We use
Zsp =Nu{0} to denote the non-negative integers.

10
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We call u positive if u > 0, and collect all positive options in the convex
cone Vyo:=K\{0} ={ueV:u>0} We use similar notations V¢ = K =
{ueV:u>0}=V.9u{0} for the non-negative vectors, V.o :=-K~ {0} ={ue
V:u< 0} ==V, for the negative vectors, and V<o :=-K ={ueV:u=<0}=
Vx>0 = V<o U {0} for the non-positive vectors.

Assumption 2.2. From now on, we assume that V is an ordered vector space,
with a generic but fixed vector ordering <ic. We will refrain from explicitly
mentioning the actual proper convex cone K we are using, and simply write
V to mean the ordered vector space, and use < as a generic notation for the
associated vector ordering.

Elements of V are intended as abstract representations of options amongst
which a subject can express his preferences, by specifying, as we will see be-
low, choice functions. We will call such a real vector space an option space.
We will motivate our decisions to use vectors as options further on, in Sec-
tion|2.1.2

2.1.1 Technical lemmas about option spaces

In this section, we collect basic technical lemmas about option spaces, needed
to prove a number of results in this thesis.

Lemma 1. Consider two arbitrary subsets A and A" of V. Then posi(AUA’) =
posi(A)uposi(A’) u(posi(A) +posi(A”)).

Proof. We first show that posi(A UA") < posi(A) uposi(A”) U (posi(A) + posi(A”)).
Consider any u in posi(A UA"). Then u = Y1 Agvy + X7 tewy for some m and 7 in
Zs such that max{m,n} > 1, Ay, ..., Am, U1, ..., o in Rsg, vi, ..., v in A, and wy,
<., wnin A", If m =0 then u € posi(A”), and similarly, if n = O then u € posi(A). Finally,
if m >0 and n >0, then u € posi(A) +posi(A”). So in any of the three cases, u belongs
indeed to posi(A) uposi(A”) U (posi(A) +posi(A’)).

We now prove that posi(A ) uposi(A”) u (posi(A) +posi(A’)) € posi(A uA”). Con-
sider any u in posi(A ) uposi(A”) U (posi(A) +posi(A”)). If u e posi(A) or u € posi(A”),
then also u € posi(A UA”). If u € posi(A) +posi(A”), then u = Y10 Lvi + S0, Hewy

for some m and n in N, Ay, ..., Am, Ui, ..., Up in Ryg, vy, ..., vy in A, and wy, ...,
wn in A’. Then u = Y755 A;v;, where we let Ayyq = L, - vy Adpan = Uns Vsl = W1,
-y Vm+n = wp, and therefore u € posi(A UA”). So in any of the three cases, u indeed
belongs to posi(A UA"). O

Lemma 2 ([58, Lemma 1]). Consider two arbitrary subsets A and A" of V.
Then 0¢A+A’ = A'n-A=02.

Proof. Weprove 0cA+A’ < A'n—A # @. For necessity, assume that 0 € A +A’. Then
there are u in A and u’ in A" such that u+u’ = 0, so u’ = —u belongs to A’ n—A, which is
therefore indeed non-empty.

For sufficiency, assume that A’ N —A # @, then there is some u in A" such that u € —A
or, equivalently, —u € A. Therefore indeed 0= u—-ucA’ +A. O

11
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Lemma 3 (See Reference [58, Lemma 2]). Consider three arbitrary subsets
A A and A" of V. Then (A" +AYnA=g<A'n(A-A")=0.

Proof. Apply Lemmal2- twice: (A" +A")nA=g = 0¢A"+A'-A=A"+(4"-A) =
An(A-A" =g O

Lemma 4. Consider any u and w in V. Then u € posi(V.ou{w}) if and only
if 0<uoruw=uforsome Ll in Rsg.

Proof. For necessity, assume that u € posi(VsoU{w}). Then u € V,guposi({w})u
(V-0 +posi({w})) using Lemmal[l], and therefore 0 < u, or w = u for some y1 in R0,
or 'w < u for some p’ in Ryq. Then indeed 0 < 1 or pw < u for some p in Ry.

For sufficiency, assume that 0 < u or uw < u for some p in Ry9. Then u eV,
or (3u eRyp)(uw=wuor uw < u), so u € Vyguposi({w})u (Vs +posi({w})), and
therefore indeed u € posi(V,o U {w}), using Lemmal[T}.. O

Lemma 5. Consider any u and w in V. Then u € V. + posi{0,w} if and only
if uw < u for some W in Ryo.

Proof. Infer the following equivalences. u € V, o + posi{0,w} is equivalent to v < u for
some v in posi{0,w}. Since by LemmaEL [with A := {0} and A" := {w}] posi{0,w} =
posi{0} uposi{w} U (posi{0} + posi{w}) = {0} uposi{w} = {uw: u € Ryp}, this is
indeed equivalent to uw < u for some U in Ry. O

2.1.2 Example of option spaces

We will often consider the special case of an uncertain variable X that assumes
values in a possibility space X of mutually exclusive elementary events, one of
which is guaranteed to occur. Here, options will be real-valued maps f on A

frd > Rix e f(x),

typically boundecﬂ if X is infinite. We interpret them as uncertain rewards
or risky transactions, and therefore call them gambles. These maps take a
central position in the theory of imprecise probabilities—they are especially
important for coherent lower previsions and coherent sets of desirable gambles,
see References [51,64,72,82]. We collect the set of all bounded gambles on X
in £L(X), also denoted as £ when it is clear from the context what domain X
the gambles are defined on. The interpretation is as follows: If a subject has
ownership of some gamble f, then, if the actual outcome x in X of X has been
determined, his capital is changed by the—possibly negative—pay-off f(x),
described in a linear utility scale.

3We say that a map f:X — R:x — f(x) is bounded if it is bounded above—its supremum
sup f = sup{f(x) : x € X} is finite—and bounded below—its infimum inf f := inf{ f(x) : x € X'}
is finite.

12
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The order < on the real numbers induces a natural order on £, also denoted
by <: forall f and gin L,

f<g<e f(x)<g(x)forall x in X.

Its strict variant < on £ is given by f<g < (f <gand f # g) for f and g in
L. The order < on L is clearly a partial order, that furthermore satisfies the
characteristic Properties and of a vector ordering. As usual, we
write f>g<g<fand f>g< g< fforall fand gin £, and we denote
Lo={feLl:f<0},Loo={feLl:f<0}, Lsg={fecL:f>0},and L5 =
{feL:f>0}.

As in Reference [72], we will make no distinction between constant gam-
bles a(x) = a for all x in X, and the real number a. This allows us to write
down f <ato mean f(x) <a for all x in X. Furthermore, we extend any binary
operation * on R to a binary operation on gambles, as follows:

(f*g)(x):=f(x)*g(x) for f and gin £, and x in X.

This allows us to consider f+g, f—g, fg, and —f :=0— f, and define scalar
multiplication with A, by viewing A as a constant gamble: (Af)(x) = A f(x)
for all fandin £, A in R, and x in X. This guarantees that £ is a linear space
with additive identity O, that therefore can serve as option space V, whose order
< will typically be the point-wise order <, but need not be. We also define |f]
as the absolute value of a gamble f, given by |f|(x) == |f(x)| for all x in X.
We now introduce a particular class of gambles. With any subset E of X,
we associate its indicator Ig of E, which is the {0, 1}-valued gamble given by

I ifxcE
Le(x)=1- " forallxin x.
0 ifx¢FE

We call I the indicator of E.

More often than not in the literature, choice functions choose between
horse lotteries rather than the vectors in an option space. It will be useful to
note already that horse lotteries do not form a linear space. As we will see in
Section[2.4fg however, under some mild conditions, those choice functions can
be embedded into the choice functions on options. This connection uses the
more general notion of vector-valued gambles [86]: vector-valued maps on the
possibility space. The domain of those gambles is X x R with R an arbitrary
set, and hence the partial map f(x, «) is an element of the vector space L(R).

Let us conclude this section with a small discussion about why we do not
always work with gambles, but instead use the arbitrary vector space ) as our
option space. One reason for our working with the more abstract notion of
options is that they are better suited for dealing with indifference: as we will
see in Chapter 73, this involves working with equivalence classes of options,
which again constitute a vector space. These equivalence classes can no longer

13
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be interpreted easily or directly as gambles, or horse lotteries for that matter.
Another reason for using options that are more general than real-valued gam-
bles is that recent work by Zaffalon and Miranda [86] has shown that a very
general theory of binary preference can be constructed using vector-valued
gambles, rather than horse lotteries. Such vector-valued gambles again con-
stitute a real vector, or option, space. In Section %}, we will show that the
conclusions of this work [86] Section 4] can be extended from binary prefer-
ences to choice functions.

2.2 CHOICE MODELS

Now that we know what is chosen between, and what the option space looks
like, we are ready to describe what choice between options means. This choice
will be captured by a choice function. Next to choice functions—which we will
define in Definition [T} —there are two alternative equivalent models: rejection
functions (see Definition [2) and choice relations (see Definition [3). We call
these functions choice models.

We denote by Q(V) = {A €V :A # @} the set of all option sets: all non-
empty finite subsets of V, where A € )V is taken to mean that A is a finite subset
of V. Q(V) a strict subset of the power set P(V) :={A:A cV} of V. We
will use the notation Qy(V) :={A € Q(V):0€A} to denote those option sets
that include the additive identity 0, and Q5(V) ={A € Q(V):0¢A} = Q(V)~
Qo (V) to denote those option sets that exclude 0. When it is clear what option
space V we are considering, we will also use the simpler notation Q, Qp, and
Q6' Q is the domain of any choice function: elements A of Q are the option
sets: sets amongst whose members a subject can indicate his preferred ones.

2.2.1 Choice and rejection functions

Definition 1 (Choice function). A choice function C on an option space V is a
map
C:Q— Qu{a}:Ar C(A) such that C(A) CA.

We collect all the choice functions on V in C(V), often simply denoted as C
when it is clear from the context what the option space is.

The idea underlying this definition is that a choice function C selects the set
C(A) of options in the option set A that are not rejected. C(A) is then called
the choice set of A. Our definition resembles the one commonly used in the
literature [1,/67,/69]], except perhaps for a restriction to finite option sets [42,
621[68].

Equivalently to a choice function, we may consider a rejection function.

14
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Definition 2 (Rejection function). A rejection function R on an option space V

is a map
R:Q - Qu{@}:A — R(A) such that R(A) € A.

We collect all the rejection functions on V in R(V), often simply denoted as R
when it is clear from the context what the option space is.

Choice functions and rejection functions can correspond with one another:
given any rejection function R, its corresponding choice function Cy, is defined
by Cr(A) =A~NR(A) for all A in Q. It returns the options Cg(A) that are
not rejected by R. Similarly, given any choice function C, its corresponding
rejection function R is defined by Rc(A) =A~C(A) forall A in Q.

They are trivially in a one-to-one correspondence:

Proposition 6. Consider any choice function C and any rejection function R.
Then Cg. =C and Rc, = R.

As we will see, many concepts are more easily described using rejection func-
tions rather than choice functions. Since they are in a one-to-one correspon-
dence, we use them interchangeably, and call any choice function C and rejec-
tion function R corresponding when

R =R, or by Proposition [§|equivalently, C = Cg. (2.3)

2.2.2 Choice relations

Another equivalent notion is that of a choice relation.

Definition 3 (Choice relation). A choice relation < on an option space V is a
binary relation on Q that satisfies the following two properties for all A, Ay
and Ay in Q:

@) ifA] UAy=A|UA then A1 <Ay <A1 <A;

(il) if AfUA, CA then (A1 <A and Ay <1A) <= AjUA < A.
We collect all the choice relations on V in S(V), often simply denoted as S
when it is clear from the context what the option space is.

As
Ay

Figure 2.1: Illustration of Aj UA> =A1 UA in Deﬁnition
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Choice relations can correspond to a choice function or a rejection function, as
in Reference [|67]:

Definition 4 ([[67, Section 3]). Given any choice function C, define the binary
relation <¢c on Q by

Aj<dc Ay <= C(A1UAy) CAyNAy, forall Ay and A; in Q. 2.4)
Given any rejection function R, define the binary relation <g on Q by
Aj <R Ay <> A SR(A | UA), forall Ay and Ay in Q. (2.5)

It turns out that <¢ and <z are well defined in the sense that it is irrele-
vant whether they are specified using a choice function or its corresponding
rejection function.

Proposition 7. Consider any choice function C and rejection function R. If C
and R correspond (satisfy Equation 2.3).~), then <¢ = <g.

Proof. Consider any A; and A, in Q, and consider the following equivalences:

Al <rAy <= A SR(AjUAp) by Definition[d]
<A1 S (AjUA)NC(A]UAy) because C and R correspond
< Ax)NA=(A1UAY)NA] 2C(A1UA)
<A1 49c Ay by Definition[d] O

So Equations (2.4) and (2.3)) are consistent, in the sense that when C and R
correspond, then <¢ and < are equal. This clarifies the intuition behind a
choice relation < derived from a rejection function, or, for that matter, a choice
function: A; < A, whenever every option in A; is rejected when presented with
the options in Aj UA>.

However, it is not yet guaranteed that <¢ and < are actually choice rela-
tions: they need to satisfy the two requirements of Definition [3|.. Because of
Proposition [7} it suffices to show this for < alone.

Proposition 8. For any rejection function R, the corresponding binary rela-
tion <y is a choice relation.

Proof. We have to check that < satisfies the two conditions of Definition .
For [}, consider any A, A; and A, in Q such that A} UA = A UA,. This sets off
the following cascade of equivalences:

Al <R Ay = Ay SR(AI UA2) <= A QR(Al UA) <= A| <R A,

where the first and the last equivalences follow from Equation (2.3). For[(iD)}~, consider
any A, A| and A in Q such that Ay UA; CA. Then Aj UA =A;UA = A, which sets off
the following cascade of equivalences:
Aj<rAand Ay < A = A ER(Al UA) and A, QR(AQ UA)
= A SR(A) and A, SR(A)
c>A1UA2ER(A):R(AIUAzuA)QAlLJAzQRA. O
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Therefore, due to Proposition [/} the binary relation <¢ that corresponds to a
choice function C also is a choice relation. We call <¢ the choice relation
corresponding to the choice function C, and, similarly, <z the choice relation
corresponding to the rejection function R.

Now we know how to go from choice functions—or rejection functions for
that matter—to choice relations. Let us look for some kind of inverse opera-
tion: given a choice relation, can we associate a choice function with it, in such
a way that its corresponding choice relation is equal to the original one?

Definition 5. Given any choice relation <, define the corresponding choice
function C4 and corresponding rejection function R4 by

Ca(A)=(A'cA:ANA" <A} forall A in Q

and
Ri(A)=\J{A"cA:A" <A} forall A in Q.

C4 and R, are well defined in the sense that they correspond:

Proposition 9. For any choice relation <, its corresponding choice function Cq
and rejection function R4 correspond to one another.

Proof. Due to Proposition@@, it suffices to show that Cg_ = C4. Consider any A in Q,
then

Cr,(A)=A~Rq(A)=A~(U{a'ca:4"<A})
=M{ANA":A"cAandA’ <A}
=M{A":A" cAandA~A" <A} =Ca(A),

where the second and last equalities are due to Definition [3} the third one to De Mor-
gan’s laws, and the fourth one because set complement relative to A preserves the prop-
erty of being a subset of A. O

We know now that Definition [] is consistent, but there is no guarantee
yet that choice relations and choice functions correspond: do we retrieve the
original choice relation?

Proposition 10. Consider any choice function C, any rejection function R and
any choice relation 4. Then C4. =C, Rq, =R, and <c, = <g, = <.

Proof. Itsuffices to prove that Rq, = R and <g_ = <. To see that this suffices, if Rq; =R,
by Proposition [?] then Cq, = Cg, whence by choosing R to be the rejection function
corresponding to C, by Propositionindeed Cqc =C. If ag_ = <, since by Proposition@]
we have that Rq = Cq, therefore indeed <, = <.

To show that Rq, = R, consider any rejection function R and any A in Q. Use
DefinitionsBlandEl to find that then indeed

Rap(A) =\ J{A"cA:A"ag A} = J{A"cA:A"cR(A)} =R(A).
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To show that <g_ = <, consider any choice relation < and any A| and A; in Q. Use
Definitions fjg and 5}~ to find that then

Al <, Ay = Al SRa(A1UAY) = A c|J{A cA UAy 1A <A UAy Y = A5, (2.6)

Since A3 =U{A" cA|UA,:A" < A| UA,} is a finite union, infer from Deﬁnition
that A3 < Aj UA,. Now if A| € Az, then A3 < A] UA, implies that A| < A| UA3, again
by Definition B{(iD} Conversely, if A} < Aj UA; then, trivially, A} ¢ A3. Hence

A1 CA3 = A1 QA1 UAy & A1 <Ay,

where the last equivalence follows from Definition Combining this with the
equivalences in Equation completes the proof. O

As we will see, Propositions [frs] and [0} imply that choice functions, re-
jection function and choice relations are in a one-to-one correspondence. This
implies statements as Cq, = Cg, <dc; = <g, and so on, where C is a choice
function, R a rejection function, and < a choice relation. We call any choice
function C, rejection function R and choice relation < corresponding to each
other when

Cg =C4 =C, or equivalently, Rc = R4 = R, and also <¢ = <g = <. 2.7

2.2.3 Connection between the choice models

Let us focus on the interplay between the three different choice models and
introduce the following maps between the choice models:

p:C—>R:C~p(C):=Rc,
p:R— C:R~ p'(R) =Cg,
0:R—>S:R— o(R) =<,
0':S > Riaw 0'(<) =R,
K:S - Ciam k(<) =Cq,
k':C—S:Cw k'(C) = <c.

The importance of the different maps p, 0, k, p’, 6’ and k' lies in the fact
that they are bijections:

Proposition 11. The functions p, ¢ and K are bijections, with respective in-
verses p', o’ and x'.

Proof. The proof has the following structure: we first prove (i) that p is a bijection
whose inverse is p', then (ii) that o is a bijection whose inverse is o', and finally (iii)
that « is a bijection whose inverse is x’.

For (i), p is one-to-one (or injective) since for all C; and C; in C, if R¢, = p(Cy) =
p(C2) = Rc,, by Proposition @Sl then indeed C; = C;. It is onto (or surjective) since
for all R in R there is some C in C—namely, using Proposition@m, Cg = p’(R)—such
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N

SK—\R

o.I

Figure 2.2: The maps p, p’, 0, 6’, k¥ and k’

that indeed R = p(C). To show that p’ is the inverse of p, it suffices to show that
pop’ =idr!’|or equivalently, that R = p(p’(R)) = R, for all R in R. Proposition @El
guarantees that this is indeed true.

For (ii), o is one-to-one since for all R; and R, in R, if <g, = 6(R|) = 6(R;) = <g,.
by Proposmon@ﬁ] then indeed R| = R;. It is onto since for all < in S there is some
R in R—namely, using Proposmon@m R4 =0’ (<)—such that indeed <« = 6(R). To
show that ¢’ is the inverse of o, it suffices to show that ¢ o ¢’ = idg, or equivalently,
that <« = <g_ forall <in S. Proposition@m guarantees that this is indeed true.

For (iii), k is one-to-one since for all <; and <, in S, if Cq, = k(<) = k(<) = Caq,,
by Proposition [I(fr7 then indeed <; = <. It is onto since for all C in C there is some
< in S—namely, using Proposition@m ac= ' (C)—such that indeed C = x(<). To
show that x” is the inverse of K, it suffices to show that x o kK’ = id¢, or equivalently,
that C = C4. for all C in C. Proposition@m guarantees that this is indeed true. O

This means that all the types of choice models are in one-to-one correspon-
dences with each other. Therefore, from now on we can focus on any of them.
In any section of this thesis, we will typically choose to work with the type of
choice model that is best suited to what we are doing there.

2.3 RATIONALITY AXIOMS

In order for choice functions to reflect rational behaviour, they should sat-
isfy some rationality requirements. If a choice function satisfies these require-
ments, we call it coherent. To give an example of irrational behaviour, consider
the special option space of gambles V = £, whose interpretation is explained
in Section 2.1 Consider the choice between the two constant gambles 0 and
1. If some choice function C identifies O as the choice between 0 and 1—in
other words, if {0} = C({0, 1})—then C reflects a choice of the status quo (the
gamble 0) above the certain reward of 1 units of utility, irrespective of the out-
come. This is not considered rational behaviour as it implies a sure loss of 1,
and we need to rule out choice functions that reflect this.

“For arbitrary set A, we letid 4: A — A:A —id_4 (A) = A of A be the identity map on A.

19



COHERENT CHOICE MODELS

Seidenfeld et al. |67, Section 3] call a choice function C coherent if there
is a non-empty set 7 of probability-utility pairs such that C(A) is the set of
options in A that maximise expected utility for some element of 7. They also
provide an axiomatisation for this type of coherence, based on the one for
binary preferences [3]]. In Section we will comment on their axiomatisa-
tion, and connect it with ours.

We prefer to define coherence directly in terms of axioms, without refer-
ence to probability and utility. For each of the three choice models, they are:

Definition 6 (Coherent choice function). We call a choice function C on V
coherent if for all A, Ay and Ay in Q, allu and v in 'V, and all A in Ryq:
Cl. C(A) +@;
C2. if u<vthenu¢C({u,v});
C3. a. lf C(Az) CAyNA|and A| CA, CA then C(A) CANAy;

b. if C(A2) CAx~NAj and A €Ay then C(AyNA) S Ay NAy;
C4. a. ifA1 €C(Ay) then AA; € C(AA3);

b. if Ay €C(Ay) then Ay +{u} € C(Ay + {u}).
We collect all coherent choice functions on V in the set C(V), often simply
denoted as C when it is clear from the context which vector space we are
using.

Definition 7 (Coherent rejection function). We call a rejection function R on
V coherent if for all A, Ay and Ay in Q, all u and vinV, and all A in Rsy:
RI1. R(A) #A;
R2. if u<vthenueR({u,v});
R3. a. if AycR(A) and A, CA then Ay SR(A);
b. if Aj CR(Ay) and AC Ay then AyNA CR(AyNA);
R4. a. if A; ER(Az) then LA, ER(}\,Ag),‘
b. if A| SR(Ay) then Ay +{u} S R(Az+{u}).
We collect all coherent rejection functions on V in the set R(V), often simply
denoted as R when it is clear from the context which vector space we are using.

Definition 8 (Coherent choice relation). We call a choice relation < on'V co-
herent if for all A, A; and Ay in Q, allu and vin'V, and all A in Rsy:
al. A4A;
Q2. if u<vthen {u} < {v};
<3. a. l'fAl <Ay and Ay CA then Aj <A;
b. if Ay <Ay and ACA| then AijNA QAxNA;
<4. a. if A| QA; then lA] < z,Az;
b. l'fAl <4 Aj then Ag +{l/l} <1A2+{u}.
We collect all coherent choice relations on V in the set S(V), often simply
denoted as S when it is clear from the context which vector space we are using.

Before we show that these definitions of coherence correspond, let us first
identify a number of equivalent forms of Axioms and[<4]
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C satisfies Axiom[Céapp
< (VAeQueA AeRp)(ueC(A) = AuecC(AA))
< (VAeQueA AeRy)(uecC(A) = AuecC(1A))
= (VA€ Q,AeR0)AC(A) =C(AA),

R satisfies Axiom[R4apg
< (VAeQueA,LeRy)(ueR(A)=AucR(AA))
< (VAeQueA,AeRy)(uecR(A) < AucR(AA))
<= (VA€ Q,A eR0)AR(A) =R(AA),

< satisfies Axiom|<4apy
< (VAeQueV,AeRy)({u} <A = A{u} < AA)
< (VAeQueV,AeRy)({u} <A <= A{u} <AA)
< (VA,A2 e QA eR,)(A] <Ay <= AA] < AAy))

C satisfies Axiom|[C4bpy
< (VAeQueAveV)(ueCA)=>u+veC(A+{v}))
< (VAeQueAveV)(ueC(A) < ut+tveC(A+{v}))
< (VAeQveV)C(A)+{v} =C(A+{v}),

R satisfies Axiom R4by
< (VAeQueAveV)(ueR(A)=u+veR(A+{v}))
< (VAeQueAveV)(ueR(A) <= u+veR(A+{v}))
< (VAeQveV)R(A)+{v} =R(A+{v}),

< satisfies Axiom[<4bpy
< (VAeQueVyveV){u}<A={u+viaA+{v})
< (VAeQueVyveV){u <A e {u+vi<A+{v})
< (VA,Ape QveV)(A1 1A, < A1 +{v} <Ay +{v}).

Lemma 12. Consider any choice function C, any rejection function R and any
choice relation <. Then the following equivalences hold:

(C4al1)
(Caal2)
(C443)

(R4al1)
(R4al2)
R443)

(@4 1)
([©442)
(w4al3)

Cann
Cah2)
(Can3)

(Rab}1)
(R4512)
(R4B13)

(<45}1)
([«4b12)
([«4b13)

Proof. For the equivalences involving Axioms and we will establish
the following chain of implications:

C satisfies Axiom|[CAapy = (C4alT) = (C4a[2) = (C4a[3) = C satisfies Axiom[Caby,
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and similarly for R and «, all at once. Note that the first implication holds simply by
considering A1 := {u} and A, := A in the statement of the axiom. The second implication
follows by considering % > 0 instead of A. The third and fourth implications are then
immediate, for < taking into account Definition [F(iD)]

For the equivalences involving Axioms [C4bj, [R4bbg and [<4bbg, we will establish
the following chain of implications:

C satisfies Axiom [C4bpg = (CAB[T) = (CAB[2) = (CAB[3) = C satisties Axiom [C4bpy,

and similarly, for Axioms and [<4Bg, all in once. Note that the first implication
holds simply by considering i := v, A| := {u} and A := A in the statement of the axiom.
The second implication follows by considering —v € V instead of v. The third and fourth
implications are then immediate, for < taking into account Definition D] O

Proposition 13. Consider any corresponding choice function C, rejection
function R and choice relation < (satisfy Equation 2.)gg). Then for any ax-
iom Cx in {{Clbo,[C2b0,[C3 b0, [C30bm:,[CAabn,[Cabk), the following statements
are equivalent:
(i) C satisfies Axiom Cx;

(i1) R satisfies Axiom Rx;

(iii) <« satisfies Axiom <%,
where we denote by Rx and <* the axiom corresponding to Cx, for all * in
{1,2,3a,3b,4a,4b}. As a consequence, the following statements are equiva-
lent:

@iv) C is coherent;

(V) R is coherent;

(vi) < is coherent.

Proof. The proof has the following structure. For any axiom Cx in the set

{CTb0,[C 2%y [C3abmy, [C30bm [ Cabr, [CABbm ). we show that [[Dl={(D)] and that [(Dk={GiD)
As a consequence, therefore, trivially

Since C, R and < correspond, we may assume that C(A) =ANR(A), R(A) =A~
C(A)=U{A'cA:A"<A},andA| <Ay = A CR(A| UA,) forall A, A| and A, in Q.

We start with Axiom [Clpg, and its corresponding Axioms[RTpg and [<Ipg To show
that consider any A in Q and note that, since C and R correspond, indeed
C(A)+@ < R(A)=A~C(A) =A. To show that|(in)k={(iii)| consider any A in Q and
note that indeed R(A) =A < A S R(A) < A < A, where the first equivalence is due to
the requirement in Definition 2z that R(A) € A.

We now turn to Axiom [C2g, and its corresponding Axioms and[<Zpg To
show that[[D}=[(D)] consider any u and v in V, and infer the following equivalences: u ¢
C({u,v}) < ue{uvi~C({u,v}) < ueR({u,v}). To show that|(ii)={(iii)} consider
any u and v in V, and infer the following equivalence: u € R({u,v}) < {u} < {v},
where we used A} <Ay <A CR(AjUA,) with Ay = {u} and Ay = {v}.

Next, consider Axiom [C3gby, and its corresponding Axioms and [<3abg
To show that we will first show that Assume that C satisfies Ax-
iom|C3gpp and consider any A, Aj and A, in Q such that A} € R(A;) and A» € A. Then
C(A2) S A\ Ay, and also Ay € A, by Definition 2fr. Axiom [C3abg implies that then
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C(A) c AN Ay, or in other words, that A| € R(A), and hence R indeed satisfies Ax-
iomR3gbg. To show that [iD}=[D)} assume that R satisfies Axiom [R3apy and consider
any A, A and A, in Q such that C(Ay) AN A; and A} CAp CA. Then A| S R(Ay).
Axiom [R3ghg implies that then A; € R(A), or, in other words, that C(A) €A \ Ay, and
hence C indeed satisfies Axiom[C3gbq

To show that [(iDk={(iiD)} first we will show that (D[] Assume that R satisfies
Axiom and consider any A, A and A, in Q such that A| < A, and A, CA. The
first assumption is equivalent to A; € R(Aj UA;). Let A" :==AUA/, then A; UA; c A’ =
A" UA|, and hence Axiom implies that then A| € R(A" UA}), or, in other words,
that A| <A UA;. By Definition [B#{1)] this is equivalent to A; < A, and hence < indeed
satisfies Axiom [<3gp. To show that assume that < satisfies Axiom [<3apy
and consider any A, A and A; in Q such that A} S R(A;) and A CA. Then A < A;.
Axiom implies that then A; < A, or, in other words, that A; € R(A), where we
used that A} A so A =A UA1, and hence R indeed satisfies Axiom[R3ab

Next, consider Axiom [C3Bpy, and its corresponding Axioms and [<3bbg
To show that first we will show that Assume that C satisfies Ax-
iom [C3bpyy and consider any A, A; and A, in Q such that A} € R(A;) and A € A;.
Then C(A;) S A; NA;. Axiom implies that then C(A; \A) € Ay \ A1, and since
A cA|—s0 Ay NA| CAp N A—, in other words, that (Ay NA)\ (A3 NA1) SR(A3NA).
Now use that (A3 NA) N (A2NA1) =A2NAN(ASUAL) =A1nANAS=A NA°=A1\A
to infer that A{ NA € R(Ap \ A), and hence R indeed satisfies Axiom [R3bpp;. To show
that[AD}={(D)] assume that R satisfies Axiom [R3Bpg and consider any A, A} and A; in Q
such that C(A;) €Ay ~Aj and A CA;. Then A] € R(A;) Axiom|R3bfimplies that then
A{NA CR(Ay\A), or, in other words, that C(Ay N A) € (Ay~A) \ (A] \A). Infer the
following chain of equalities: (AyNA) N\ (A]NA) =A;NA N (AJUA) =A;NANA] =
Az NA{ = Az N Ay, and therefore C(Ay N A) € A N Ay, whence C indeed satisfies Ax-
iom [C3bby;

To show that [[iDk={(iiD)} first we will show that (D[] Assume that R satisfies
Axiom and consider any A, A| and A, in Q such that A| < A, and A C Ay.
Let A} := A] UA,, then A} € R(A}). Axiom implies that then A; N A € R(A5
A), or, in other words, that A A < A} \A. Since A5 \A = (AyNA)U(A] \A), use
Definition to infer that A{ N A < Ag N\ A is equivalent to A NA 1 Ay \ A, and
hence < indeed satisfies Axiom [<3bg To show that [(ID={(iD)]} assume that < satisfies
Axiom and consider any A, A and A; in Q such that A} CR(A;) and A € A;.
Then A; < Ay, and, using Definition QE], Aj € Ay. Axiom [<3bpg implies that then
A1 NA <Ay NA, or, in other words, that A| ~A CR((A1~A)U(A2NA)). Since A| CA,,
therefore A; N A € Ap N A, whence A] \A € R(A» N A), and hence R indeed satisfies
Axiom .

Subsequently, consider Axiom [C4gpgy and its corresponding Axioms
and [<4ap. To show that use Lemma [T2py and the fact that for any
AcQueAand A eR,p, ucCA) = ué¢R(A) <= {u} 1A and AluecC(AA) < Au¢
R(AA) = A{u} 4 AA.

Finally, consider Axiom [C4bpg, and its corresponding Axioms and [<4bpg
To show that[Dk={(iDk={{iD} use Lemma[T2p7 and the fact that for all A € Q, u € A and
veV,ueCA)<=ué¢R(A) = {u}gAandu+veC(A+{v}) = u+véR(A+{v}) <
{u+v} 4 A+{v}. O

Taking into account Proposition [TIjrg, this means that there are bijections be-
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tween C, R and S| by appropriately restricting the bijections between C, R
and S.

Corollary 14. There are bijections between C, R and S.

Proof. Proposition implies that p is a bijection between C and R, ¢ a bijection
between R and S, and « a bijection between S and C. To show that p defines a bijection
between C and R, note that its restriction to C is in particular injective. To show that p is
surjective, it suffices to show that, for any R in R, there is some C in C such that R = R,
or, in other words, that p_1 (R) = Cg is coherent. Proposition Bm guarantees that this
is true. Furthermore, the same proposition guarantees that, for any C in C, p(C) is an
element of R. In a similar fashion, we can show that o is a bijection between R and S,
and that ¥ is a bijection between S and C. O

For all the properties about coherence that we will see, it therefore suffices to
prove the coherence for either choice functions, rejection functions, or choice
relations, since by Proposition I3, if we have coherence for one choice
model, we automatically have coherence for all the other corresponding choice
models.

2.3.1 Motivation of the rationality axioms

Let us give an informal and intuitive motivation for the rationality axioms,
and the reasons why we think that rational choice must satisfy them. First of
all, it should be noted that, apart from Axiom [C2g—or its corresponding Ax-
ioms [R2pg and [«2pg—, our axioms are, after performing the necessary transla-
tion from horse lotteries to linear spaces (which we will do in Section %}),
a strict subselF_’-] of Seidenfeld et al.’s [67]. Any motivation to use their axioms
therefore immediately transfers to our setting.

Let us briefly review every axiom. We do so for the axioms of rejection
functions; due to Proposition [EZI’ this translates to other choice models.

It is implicit in every theory of choice that not every option can be rejected,
or, in other words, that Axiom@m should hold. In many works (see, amongst
others, References [45]/67,/69]) it is already implicit in the definition of rejec-
tion function—or choice function for that matter—that the rejection cannot be
full. We decided to not require this directly in the definition, since, otherwise
the theory of coherent rejection functions would not be a belief structure [23]],
something we consider to be rather important. We discuss this in Section 2.6
As we will see in Section[2.83, by instead requiring this as a rationality axiom,
our choice functions are a belief structure.

3 As we will see in Section 551 C, R and S are even order-isomorphic.

6There are two of their axioms that we do not consider as part of the rationality requirements.
One is an ‘Archimedean’ continuity condition, and the other a convexity condition, necessary for
their connection with a set of probability-utility pairs; see Section@g for more information.
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Axiom [R2bg and[R4pg are most clear if we attach the interpretation of gam-
bles to our options.

It is clear that some gamble f that is strictly dominated by another gam-
ble g—in other words, f < g—results in a pay-off that is smaller than or equal
to g’s pay-off, irrespective of the actual outcome. Furthermore, for at least one
of the outcomes, f’s pay-off is (strictly) smaller than g’s, and therefore, f can-
not be chosen—and must hence be rejected—from within the option set { f, g}
without incurring a partial loss: this is what is required by Axiom [R2pg

Axiom[R4apy requires that the utility scale in which the pay-off takes place
should not affect our choice. Axiom [R4bpg requires that the addition of a fixed
gamble to every element of the option set, should not affect our choice.

Axioms and where concerned with the linearity of the
utility scale, the non-emptiness of the choice, and the (trivial) preference im-
plied by dominance. For us, the two axioms that are really specific to ‘choice’,
are Axioms [R3apg—also known as Sen’s condition o [68[69] or Chernoff’s
condition [T1]J; see [2]] for an overview—and [R3bpg—also known as Aizer-
man’s condition [If]. Axiom requires that a rejected option can never
be promoted to a chosen one by adding more options to the option set. Ax-
iom [R3bpg requires that a rejected option can never be promoted to a chosen
one by deleting other rejected options from the option set.

2.3.2  Other properties imposed on choice models

As we have already briefly mentioned, and as we will comment on in more de-
tail in Section , we have decided to not use two of Seidenfeld et al.’s [|67]]
rationality axioms. One of these two is a ‘convexity’ or ‘mixture’ axiom, which
is hard to reconcile with Walley—Sen maximality as a decision rule. Indeed, as
we will see in Example @g}, there are coherent and ‘non-convex’ choice func-
tions that identify the options that are optimal under Walley—Sen maximality.
Nevertheless, we feel that this ‘convexity’ property is interesting enough to
merit its own mention here. The other property is related to this ‘convexity’
property.
Consider any choice function C. The two extra properties are:
C5. ifAcA; cconv(A) then C(A) cC(A;), forall A and A in Q;
C6. if0e C({0,uy,...,u,}) then 0 C({0, yuy,...,Uyun}), forall min N, uy,
.o upinVand Uy, ..., W, in Ryo.
We will commonly refer to Property [C5] as ‘mixture’ or ‘convexity’, and to
Property [C6 as ‘separate positive homogeneity’. Its corresponding properties
for a rejection function R and a choice relation < are:
R5. if AcAj cconv(A) then R(A;])NACR(A), forall A and A; in Q;
R6. if 0 R({0,uy,...,u,}) then 0 € R({0, wyuy,...,Ustty }), forallnin N, uy,
... upinVand Uy, ..., W, in Ryp;
5. ifAcAjcconv(A) and ueA then {u} <A; = {u} < A, forall A and A,
inQanduinA;
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<6. if {0} < {u1,...,u,} then {0} < {pyus,...,Uyu,}, forall nin N, uy, ...,
u, inVand Uy, ..., W, in Ryo.

The 0 in Property [C6L. is important. As we will see in Section 2.83, it
does not imply that

uGC({u,ul,...,un})=>u€C({u,[J1u1,...,u,,u,,})

forallnin N, u, uy, ..., u,in Vand g, ..., W, in R,y.
Let us ascertain that Properties [C3]., [R5l and [<5]. on the one hand,
and[C6l,[R6L. and[«6|on the other hand, indeed correspond:

Proposition 15. Consider any corresponding choice function C, rejection
function R and choice relation <. Then the following statements are equiv-
alent:
(i) C satisfies Property[C3].;

(ii) R satisfies Property R3].;

(iii) < satisfies Property[<3]..
Similarly, the following statements are equivalent:

(iv) C satisfies Property[C6L.;

(V) R satisfies Property[R6L.;

(vi) < satisfies Property[<6]

Proof. Since C, R and < correspond, we may assume that C(A) =ANR(A), R(A) =
ANC(A)=U{A'cA:A"<A},andA| <Ay < A SR(A]UA,) forall A, A and A in
Q.

For the first statement, we first show that[[Dk={(i0} Consider any A and A; in Q such
that A €Ay S conv(A). It suffices to show that C(A) € C(A;) <> R(A;)nA cR(A).
Consider the following chain of equivalences:

C(A)cC(Ay) < C(A) SANC(A;) <> R(A)2A~ (AnC(A)) =ANC(A))"
< R(A)2ANR(A;),

where the first equivalence is due to the requirement of Definition Iﬂm that C(A) CA.

Therefore indeed

To finish the proof of the first statement, we show that [(iDk={(iiD)] Consider any A
and A in Q such that A CA; c conv(A). It suffices to show that R(A;)NA S R(A) <
(ueA)({u} <«A; = {u} <A). Consider the following chain of equivalences:

R(A])NACR(A) <= (YueA)(ueR(A;)=>ucR(A))
< (VueA)({u} <Ay = {u} <A).

Therefore indeed [(11)k={(111)|

For the second statement, consider any n in N, uy, ..., uy in V, and Uy, ..., U in
R.o. Note that by considering i >0,..., >0, Property is equivalent to

0eC({0,uy,...,un}) < 0eC({0,lyuy,...,Unun}).
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Similarly, Property is equivalent to
0eR({0,uy,...,un}) < 0eR({0,yuy,...,Unttn}),

and Property [<6]to

{0} <{uy,...,un} < {0} <« {Hquy,...,Uptin}.

Since 0 ¢ C({0,uy,...,un}) < 0€ R({0,uy,...,un}) < {0} < {0,u1,...,un} and 0 ¢
C({O,ﬂlul,...,ﬂnun}) < 0e R({07I‘11u17"'7unu”}) = {O} < {07#1M17~~~7ﬂn'4n},
therefore indeed (V)= O

Therefore, we can focus on the two additional properties for any one of the
choice models, just as for the rationality axioms.

We now show that, under some conditions, Property is implied by
Property [C5ps—and therefore, as a consequence, also that Property [RG) is

implied by Property [R3ps, and that Property [<6]is implied by Property [<3p3].

Proposition 16. Consider any choice function C that satisfies Axioms
and[C4abyy If C satisfies Property[C3, then it also satisfies Property[C6hs

Proof. Consider any n in N, uy, ..., up in V, and Uy, ..., Wy in Ryg, let A =
{0,uy,...,un} and u* = max{yy,...,Un} € Ryo, and assume that 0 € C(A). Then
Axiom implies that also 0 € C(u*A). Moreover, for every k in {1,...,n},
we find that puy € conv({0, 1" u;}) € conv(u*A), so Property [C5p3 guarantees that
0eC(u*Au{wuy,....ttaun}). The contraposition of Axiom [R3gyy [with A =
WAU{ug,. .. tan}, Ay = {0} and Ay = {0, ujuy, ..., Unttn }] now yields that in-
deed 0€ C({0,uyuy,...,Huttn }). O

As a consequence, under coherence, Property implies Property [Cp
Furthermore, in turn, under Axiom [C4bpg Property [CG3 implies Ax-

iom [Cabry

Proposition 17. Consider any choice function C that satisfies Axiom [CAbg
If C satisfies Property[Clbs, then it satisfies Property [C4any

Proof. We will prove that C satisfies the equivalent version (C4b[T)pg. So consider
any A in Q, any u in A and any A in R, such that u € C(A). We need to prove
that then Au e C(AA). Since u € C(A), by Axiom also 0 € C(A - {u}), and
therefore, by Property [Cabs; also 0 € C(A(A —{u})) = C(AA - {Au}) [with y; = A for
every i in {1,...,|A|}]. Another application of Axiom [C4bg implies than then indeed
AueC(AA). O
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2.4 THE CONNECTION WITH OTHER DEFINITIONS OF CHOICE
FUNCTIONS

Before we go on with our exploration of choice functions, let us take some
time here to explain why we have chosen to define them in the way we did.
Seidenfeld et al. [67] (see also Kadane et al. [45]]) define choice functions on
horse lotteries, instead of options, as this helps them generalise to non-binary
preferences the framework established by Anscombe and Aumann [3|] for bi-
nary preferences.

We consider an arbitrary possibility space X, and a finite set R of prizes,
or rewards.

Definition 9 (Vector-valued gamble). When the domain is of the type X xR,
we call elements f of L(X xR vector-valued gambles on X. Indeed, for each
x in X, the partial map f(x,) is then an element of the vector space L(R).
We call X the state part of the domain X xR of vector-valued gambles, and R
the reward part.

Horse lotteries are special vector-valued gambles:

Definition 10 (Horse lottery). We call a horse lottery H any map from X xR
to [0,1] such that for all x in X, the partial map H(x, ) is a probability mass
function over R.:

(Vxe X)( > H(x,r)=1and (Yre R)H(x,r) 20).
reR

We collect all the horse lotteries on X with reward set R in H(X,R), which
is also denoted more simply by H when it is clear from the context what the
possibility space X and reward set R are.

Let us, for the remainder of this section, fix X and R. It is clear that
H c L(XxR). Seidenfeld et al. [67] consider choice functions whose domain
is Q(H ), the set of all finite subsets of H—choice functions on horse lotter-
ies We will call them choice functions on H. Because of the nature of H,
their choice functions are different from ours: they require slightly different ra-
tionality axioms. The most significant change is that for Seidenfeld et al. [67]],
choice functions need not satisfy Axioms and [C4bkg. In fact, choice
functions on ‘H cannot even satisfy these axioms, since H is no linear space:

"Note that H(x, ) defines a countably additive probability measure, and that this countable
additivity property is necessary for Lemma@m below to hold.

8 Actually, Seidenfeld et al. [67]] define choice functions on a larger domain: all possibly
infinite but closed sets of horse lotteries (non-closed sets may not have admissible options). This
is an extension we see no need for in our present context.

28



2.4 THE CONNECTION WITH OTHER DEFINITIONS OF CHOICE FUNCTIONS

it is not closed under arbitrary linear combinations, only under convex combi-

nations. Instead, on their approach a choice function C* on H is required to

satisfy

C4*. AT <" A < aAT +(1-o){H} <* aA; +(1-o){H}, forall ain (0,1],
all A} and A} in Q(H) and all H in .

The binary relation <* is the choice relation corresponding to C*, defined in

Definition @E], and R* is the corresponding rejection function. Furthermore,

for a choice function C* to be coherent, it needs to additionally satisfy (see

Reference [67]]):

Cl1*. C*(A*) =g forall A* in Q(H);

C2*. forall A* in Q(H), all H; and H, in H such that H (+,T) <H,(+,T) and
Hi(e,r)=Hy(e,r)=0forall rin R~ {1, T}, and all H in H ~ {H,,H>}:

a. if Hye A* and H e R*({H, } UA*) then H e R*(A*);
b. if H €A and H e R*(A*) then H e R*({H,} UA* ~{H, });

C3*. forall A*, A} and A in Q(H):

a. if Af CR*(A}) and A5 CA* then AT CR*(A);
b. if A CR*(A5) and A* CA] then A] NA* CR* (A5 \A);

C5*. if A* cA] cconv(A) then C*(A) < C*(A]), forall A* and A} in Q(H);

C6*. forall A*, A*', A*", Ai*' and Al-*" (for i in N) in Q(#) such that the se-
! . . ! "7

quence A’ converges point-wise to A*" and the sequence A" converges

point-wise to A*"":

a. if (VieN)A"” «* A" and A*' <* A* then A*" <* A™;

1
b. if (VieN)Ar" <* A7 and A* <* A*" then A* <* A*',

where Seidenfeld et al. [67]] assume that there is a unique worst reward | and a
unique best reward T in R. This is a somewhat stronger assumption than what
we will need: further on in this section, we will only need to assume that there
is a unique worst reward. Axiom is the counterpart for choice functions
on horse lotteries of Proposition [30j further on, which is a consequence of our
Axioms [ClpgHC4pg. Seidenfeld et al. [67] need to impose this property as an
axiom, essentially because of the absence in their system of a counterpart for
our Axiom [C2bp. Axiom corresponds to the ‘convexity” Property [C5
Axioms F and are Archimedean axioms, hard to reconcile with de-
sirabilit H (see Reference [86] Section 4] for a detailed explanation), which is
why will not enforce them here.

We now intend to show that under very weak conditions on the reward
set R, choice functions on horse lotteries that satisfy are in a one-to-one
correspondence with choice functions on a suitably defined option space that

satisfy Axioms and [C4bfy.

9Desirability is a very successful and well established imprecise-probabilistic model, and we
will link it with choice models in Section[2-§3
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Let us first study the impact of Axiom [C4*].. We begin by showing that
an assessment of H e C*(A*) for some A* in Q(#H ) implies other assessments
of this type.

Proposition 18. Consider any choice function C* on Q(H) that satisfies Ax-
iom C4*|p, any option sets A* and A*' in Q(H), and any H in A* and H' in
A*'If there are A and A" in Rsq such that 2. (A* — {H}) = A'(A*' = {H'}),
then

HeC*(A*) o H' eC*(A™).

Proof. Consider any A* and A*' in Q(#), H in A* and H' in A*', and A and
A’ in Ry, and assume that A(A* — {H}) = A’(A*' = {H'}). We will show that
HeR*(A*) < H' € R*(A*"). We infer from the assumption that

!
/IA* A

+ 3 A+ A
A+A! A+A!

/ —_
{H}_7L+l’ A+A!

{H}.

If welet o := ﬁ to ease the notation along, then 1 — ¢t = #;l, anld o€ (0,1). We now
infer from the identity above that @A™ + (1 -a){H'} = (1- ®)A™" + a{H}. Therefore,

infer the following chain of equivalences:
HeR*(A") < {H} <" A" by Definition 3
sof{H}+(1-a){H'} <" aA* +(1-a){H'} using Axiom
s a{H}+(1-a){H} <" (1-a)A* +a{H}

< {H'} «* A" using Axiom
< H' eR*(A*) by Definition[Fz O

For any rin R, we now introduce R, = R ~ {r}, the set of all rewards with-
out r. For the connection between choice functions on A and choice functions
on some option space, we need to somehow be able to extend H to a linear
space. The so-called gamblifier ¢, will play a crucial role in this:

Definition 11 (Gamblifier). Consider any r in R. The gamblifier @, is the
linear map

O L(XXR) > LXXR,): f = ¢rf,

where @, (x,s) = f(x,s) for all x in X and s in R,,.

This map will be important (using its lifted variant ¢,) for Theorem 235 where
we will connect Axioms [ClpgHC4q and Property [C3b3 with Axioms [C17].,
and the notion of having a ‘worst reward »’. In particular, the
gamblifier @, maps any horse lottery H in H(X,R) to an element ¢.H of
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L(XxR,) that satisfies the following two conditionsm

@-H(+,+)>0and Y @.H(s,s)<1. (2.8)
SER

Application of @, to sets of the form A(A* — {H}) essentially leaves the ‘in-
formation’ they contain unchanged:

Lemma 19. Consider any r in R. Then the following two properties hold:

(1) The gamblifier @, is one-to-one on H.
(ii) Forany A* and A*" in Q(H), any Hin A* and H' in A*" and any )\ and
A in Ry

A(A*—{H})=2" (4" ~{H"})
= ¢ (A(A" - {H})) = (A" (A" ~{H'"})).

Proof. We begin with the first statement. Consider any H and H' in H, and assume
that @,(H) = @,(H'). We infer from Definition[11]that

H(x,s) =H'(x,s) forall x in X and s in R,
and therefore also, since H and H' are horse lotteries,

H(x,r)=1- > H(x,s)=1- > H'(x,s) =H'(x,r) forall x in X.
SER SER,
Hence indeed H = H'.

The direct implication in the second statement is trivial; let us prove the converse.
Assume that @ (A(A* - {H})) = @, (A"(A* - {H })). We may write, without loss
of generality, that A* = {H,Hy,...,H,} and A*" = {H' H],...,Hy,} for some n and m
in N. Now, consider any element H; in A, then ¢ (A(H; - H)) € or(L(A* = {H})).
Consider any j in {1,...,m} such that ¢,(A(H;—H)) = (pr(/'L'(H]'» ~H")). It follows
from the assumption that there is at least one such j. The proof is complete if we can
show that A (H; - H) = l'(H; —H'). By Definition [l 1} we already know that

A(Hi(+,5)~H(,s)) =7LI(H,,'(',S)—H'(-,S)) for all s in Ry,

and therefore, since H, H', H; and Hj’ are horse lotteries, also

MM@H4WJW%(ZHH®—ZEOM)

SER SER,
= Y AH(5) - Hi(+1)) = 3 A (H (+5) - HI(+.5))
SER, SER,
:k’( STH (e5)- Y HJ'-(-7s)):A'(H;(.’r)_H’(.7r))7
sER, SER,
whence indeed A (H; - H) :l'(H;—H'). O

10, H(+,+) >0is a particular instance of the notation introduced in Section : it means
(VxeX,seR;)(@-H(x,s) 20). A similar remark holds for ¥, ¢-H(+,s) < 1.
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We now lift the gamblifier @, to a map @, that turns choice functions on gam-
bles into choice functions on horse lotteries:

¢ C(L(XxR,)) = C(H(X,R)):C = §C, 2.9)

where @,C(A*) = ¢ 'C(¢,A*) for every A* in Q(H (X, R)). This definition
makes sense because we have proved in Lemma[T9]. that ¢, is one-to-one on
‘H, and therefore invertible on ¢, 7. The result of applying @, to a choice
function C on L(X xR,) is a choice function @,C on H (X, R). Observe that
we can equally well make @, apply to rejection functions R, and that for every
A*in Q(H(X,R)):

PR(A™) = 0, R(0A) = 0, (A" N C(9,AY))
AN IC(9,AT) = AT N §,C(AY),  (2.10)

so @.R is the rejection function that corresponds with the choice function ¢,C,
when R is the rejection function for C.

One property of the transformation @, that will be useful in our subsequent
proofs is the following:

Lemma 20. Consider any r in R and any A in Q(L(X xR,)), and define g
by g(x,s) =¥ realf (x,8)| for all x in X and s in R,.. Consider any 2 in R such
thal]
A> max{sup > h(x,s):heA+ {g}} >0.
xeXseR,

Then %(A+{g}) = @A for some A* in Q(H(X,R)).

Proof. Consider any & in A + {g}, and let us show that %h is a horse lottery, i.e.,
satisfies the conditions in Equation 2:8)~. The first one is satisfied because A > 0 and
h=f+gforsome finA,soh=f+g=f+3 rea |f'| = £ +|f] = 0 and therefore indeed
%h > 0. For the second condition, recall that A > ¥, h(e,s) by construction and
therefore indeed Y s, %h(-,s) <l O

Proposition 21. Consider any r in R. The operator ¢, is a bijection between

the choice functions on L(X x R,) that satisfy Axioms and and
the choice functions on H(X,R) that satisfy Axiom|C4 "

Proof. We first show that @, is injective. Assume ex absurdo that it is not, so there

are choice functions C and C" on £(X x R,) that satisfy Axioms and ,
such that @¢,C = @,C’ but nevertheless C # C’. The latter means that there are A in

"This is always possible since A consists of a finite number of bounded gambles. Since g is
a finite sum of bounded gambles, it is bounded as well, and hence so are the gambles in A + {g}.
Therefore, for any gamble /1in A +{g}, the partial map ¥, /(+,s) is a bounded gamble because
of the finiteness of R, so its supremum is finite.
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O(L(XxR;)) and f in A such that f e C(A) and f ¢ C'(A). Use Lemmato find
some A in R, and g in £L(X xR,) such that %(A+ {g}) = ¢,A™ for some A" in
Q(H(X,R)). If we now apply Axioms and we find that % € C(%(A +
{g})). or equivalently, ¢, ' (5%) € §,C(A*). Similarly, we find that 13 ¢ C'"(L (A +
{g})). or equivalently, ¢, ' (%) ¢ @,C'(A*). But this contradicts our assumption that
¢C=¢.C'.

We now show that application of @, to any choice function C on L(X x R,) that
satisfies Axioms and [C4hp, results in a choice function ¢, C that satisfies Ax-
iom[C47fg Consider any A} and A3 in Q(H(X,R)), any H in H(X,R), and any «
in (0,1]. Infer the following chain of equivalences:

AT <g,c A3

= A7 € @-R(A] UAY) by Definition fig
<= @A} SR(@r(A] UA3)) by Equation 2953
< 0:aA] SR(@ra(A] UAY)) by Axiom [Cdahy
= o (aA] +(1-a){H})

SR(@r(a(A] UAY) +(1-a){H})) by Axiom|[C4bhy
< aA] +(1-a){H} < §R(o(A] UA3 )+ (1-a){H}) by Equation 10}y
< (AT +(1-a){H}) 9g,c (0A; +(1-a){H}) by Definition fig,

which tells us that indeed @,C satisfies Axiom .

The proof is complete if we also show that @, is surjective—that for every choice
function C* on H (X, R) that satisfies Axiom [C4 g, there is a choice function C on
L(X xR,) that satisfies Axioms and [C4bpy such that ¢C = C*. So consider
any choice function C* on H (X, R ) that satisfies Axiom|C4 5. We will show that the
special choice function C on L(X' x R,) based on C*, defined as

feC(A) = (A Ry, A" € Q(H(X,R)),HeA")
(pr(A"-{H})=A(A-{f})and HeC*(A")) (2.11)

forallA in Q(L(XxR,))and f inA, satisfies Axiomsand and ¢,C=C".
We first show that C satisfies Axioms and [C4Bpg. For Axiom [C4apy, we use its
equivalent form (C4alI)py Consider any A in Q(L(XxR,)), any f in A, and any
U in Ry, and assume that f € C(A). To show that then pf e C(uA), it suffices to
consider A" = % in Equation (Z-IT)), and note that A (A - {f}) = A" (uA - {pf}); then
the desired statement follows at once from Equation 2-11)). For Axiom [C4bpg, we use
its equivalent form (C4B[T)py. Consider any A in Q(L(XxR;)), any f in A, and any
gin L(XxR;), and assume that f € C(A). We show that then f+g e C(A +{g}). To
this end, it suffices to note that A — { f} = (A +{g}) — {f + g}, then the desired statement
follows at once from Equation Z-1T). So C as defined in Equation Z-T1)) does indeed
satisfy Axioms and[C4bpg, and is therefore a suitable candidate for showing that
#C=C".

We now finish the proof by showing that $C = C*. To do so, we consider any
A" in Q(H(X,R)), and show that §,C(A*) cC*(A*) and C*(A*) € §,C(A"). To
show that @,C(A*) c C*(A™), consider any H in ¢,C(A*). By the definition of @
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(Equation (Z)zy) then H € ¢, ' (C(¢9rA*)), and therefore ¢.H € C(¢A*). Using Equa-
tion @ZIT)~ [with A = ¢,A” and f = @.H], we find that then

or(A* = {H'}) = A" (p:A" ~{@H}) and H' e C* (A™")

for some A" in Rsg, A* in Q(H(X,R)) and H' € A*'. By Lemmalgm and since
A (A" ~{@-HY) = or(A(A* — {H})), infer that then

A —{H'} =2/ (A* = {H}) and H' eC*(A*"),

and because C* satisfies Axiom , and using Proposition % this means that
indeed He C*(A™). So we have shown that H € C* (A™), and since the choice of H was
arbitrary in @,C(A™), therefore indeed §,C(A*) c C*(A™).

To show that C*(A*) € ¢-C(A™), consider any H in C*(A*). Let A = @A™, f =

¢o-H and A := 1, then

or(A"={H}) =2 (A= {f}),
whence by Equation % oH=feC(A)=C(pA"). Since ¢, is one-to-one on
H(X,R) (see Lemma , therefore indeed H € ¢»C(A*). So we have shown that
@C =C*, which completes the proof. O

Specifying a choice function C* on #H induces a strict preference relation
on the reward set, as follows. With any reward r in R we can associate the
constant and degenerate lottery H, by letting

1 ifs=
H,(x,s) = 0 r. forall x in X and s in R.
0 otherwise

This is the lottery that associates the certain reward r with all states. Then a
reward r is strictly preferred to a reward s when Hy € R* ({H,,H,}).

Definition 12 (C* has worst reward r). Consider any reward r in R, and any
choice function C* on H(X,R). We say that C* has worst reward r if H, €
R*({H,H,}) forall Hin H(X,R)~{H,}.

The worst reward is unique when C* satisfies Axiom |C1”pg;: indeed, if there
were two different worst rewards r and s, by Definition (12| then {H,,H;} =

R*({H,,H,}), contradicting Axiom [CT g

The notion of having a worst reward is closely related with what would be
the natural translation of Axiom@m to choice functions C* on H(X,R): if
C* satisfies

(VHy,Hy eH)((H1 + Hy and (Vs eR,)(Hy(+,s) <Ha(+,5)))
:HleR*({Hl,Hz})) (2.12)

for some r in R, then we say that C* satisfies the dominance relation for worst
reward r.
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Proposition 22. Consider any r in R and any choice function C on L(X xR;)
that satisfies Axiom[CAbgg Then §,C satisfies the dominance relation for worst
reward r (Equation 212)) if and only if §,C has worst reward r.

Proof. For the direct implication, consider any H in H (X, R )\ {H;}. Then H,(»,s) =
0<H(e,s) forall sin R, and also H # H,, whence indeed H; € ¢:R({H,H;}), because
by assumption §,C satisfies Equation (Z-12) for r.

For the converse implication, consider any H; and H, in H (X, R) such that H; +
Hy and Hy (»,s) <H,(e,s) forall s in R,. Then ¢.H| < ¢-H,, whence 0 < @-(H, —H} ).
Observe that for the horse lottery H' in H (X, R ) defined by

10, . JHa(es)—Hi(e5) ifseR,
e {1_ZseR,(HZ('vs)_Hl(',S)) ifs=r,

we have that ¢,H = (pr(H2 -H; ) Because ¢,C is assumed to have worst reward r, we
know that in particular H; € ¢R({H',H;}), so we infer from Equation (Z.9)z7 that 0 =
o-Hy € R({@-Hr,0-H'}) = R({0,0H> — @-H1 }). Now use Axiom @ to infer that
o-Hy € R({¢-H1,9:H,}), whence indeed H; € §,R({H;,H,}), by Equation )33

O

Applying the lifting @, furthermore preserves coherence:

Theorem 23. Consider any reward r in R, and any choice function C on
L(X xR,) that satisfies Axioms and Then the following state-

ments hold:

(i) C satisfies Axiom if and only if ¢,C satisfies Axiom '
(ii) C satisfies Axiom[C2pq if and only if @,C has worst reward r;
(iii) C satisfies Axiom if and only if ¢.C satisfies Axiom %
@iv) C satisfies Axiom if and only if @,C satisfies Axiom|C3 ™ bpgy;
(v) ¢.C satisfies Axiom '
(vi) C satisfies Property@a if and only if ¢.C satisfies Axiom

Proof. For the direct implication of|(i), assume that C satisfies Axiom . Consider
any A* in Q(H (X, R)). Then $:C(A¥) = ¢; 'C(@A) 2 2.

For the converse implication, assume that @,C satisfies Axiom [C1”g. Consider
any A in Q(L(XxR;)). By Lemma[2(f, there are A in Ry and g in £L(XxR,)
such that %(A +{g}) = @A" forsome A" in Q(H(X,R)). Applying Axioms
and [C4bpy and the definition of ¢, [Equation 29)z]l, we infer that indeed

C(4) =1C(%(A+{g}))—{g} =2C(9A") {8} =200 C(A") - {3} # 2.

For the direct implication of assume that C satisfies Axiom [C2bg Consider
any Hy and Hp in H(X,R) such that H; + H, and H{(e,s) < Hy(e,s) for all s in
Rr. Then @-H; < ¢-Hp, so Axiom % guarantees that ¢-H, € R({@-Hy,9-Hy}).
Equation (2:9)z7 turns this into H, € ¢R({H;,H>}). Proposition 22| now tells us that
then @,C has worst reward r.
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For the converse implication, assume that ¢»C has worst reward r. Consider any fi
and f> in L(X xR,) such that f] < f5. Let

A= sup Z (fZ(x>S)_fl ()C,S)) >0,

xeXseR,

being a real number because f> — f] is a bounded gamble, and therefore so is the
partial map Y, (f2(*,s) = fi(+,s)) because of the finiteness of R, so its supre-
mum is finite. Then clearly %(fz - f1) = ¢;H for some H in H(X,R). Also,
H # H, because fi; # f,. Using the assumption that ¢,C has worst reward r, we
find that then H, € §,R({H;,H}). As a consequence, by Equation (2.9)7, we find
that 0 = ¢.H, € R({0,0-H}) = R({0, (f2 - f1)}). Using Axiom m} we infer that
0€R({0, f> - f1}), and using Axiom that indeed f; e R({f1,/2})-

For the direct implication of (i)}, assume that C satisfies Axiom[C3apg. Consider
any A*, A} and A5 in Q(H (X,R)) and assume that A} € ¢-R(A;) and A5 CA*. Then
@A} SR(@;A5) by Equation @9)gz, and @,A7 € @A™, Use Axiom|R3gpg to infer that
then @,A] < R(¢,A™), whence indeed A} < §,R(A™) by Equation 2.9)z

For the converse implication, assume that ¢,C satisfies Axiom. Consider
any A, A] and A; in Q(L(XxR,)) and assume that A} € R(A;) and A, €A. Use
Lemma to find A in R, and g in £(X x R,) such that %(A +{g}) = @A™ for
some A* in Q(H (X, R)). Analogously, we find that %(Az +{g}) = 9-(A}) for some
A5 CA*. A| SR(A;) implies A| € A, so also %(Al +{g}) =0, (A]) forsome A] CAj.

Using Axioms and we infer from the assumptions that %(Al +{g})c
R( % (A2+{g})), orin other words, @;A} < R(¢-A3 ). Equation (Z9)zz then yields that
A} S QrR(A3). Asaresult, using Axiom A} S @,R(A™), which, again applying
Equation 293, results in 1 (A} +{g}) = p,A] CR(pA*) = R(;(A+{g})).andasa
consequence, by Axioms and , we find eventually that indeed A} CR(A).

For the direct implication of [iv)}~, assume that C satisfies Axiom[C3bpg. Consider
any A, A} and A5 in Q(H (X,R)) and assume that A] € @ R(A;) and A* CA]. Then
@A} SR(@A5) by Equation @)z, and ¢,A* < @,AT. Use Axiom to infer that
then 9, (A% \A") = (A7)~ (9:4) ER((9rA3) ~ (94" )) = R(9, (43 NA*)), whence
indeed AT NA* € @-R(A5 NA").

For the converse implication, assume that ¢-C satisfies Axiom |C3*bpg. Consider
any A, A] and Ay in Q(L(XxR,)) and assume that A} € R(A;) and A € A;. Use
Lemma to find A in R, and g in £(X x R;) such that %(Az +{g}) = A5 for
some A3 in Q(H(X,R)). A| SR(Ay) implies A] € Ay, whence %(Al +{g})=0:(A])
for some A} € A}, and analogously, %(A +{g}) = ¢-(A™) for some A* c A]. Using

Axioms and we find that %(Al +{g}) ¢ R(%(Az +{g})). or in other
words, ;A7 € R(@,A5 ). Equation Z9)7 then tells us that A} € ¢R(A3 ), which, using

Axiom , results in A} NA* € $,R(A5 ~A”"). Again applying Equation Z9)g
results in

T(AA) +{gh) = 7 (A {gh) s 7 (A +{81) = (04T (9:47) = gr (AT A7)
S R(9 (A3 A7) = R((9:A3)~ (9747))

=R(5 (o + ()~ 3 (A+{81) =R(5 (A2~ A) +{g),
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and as a consequence, by Axioms and [C4bpg, we find eventually that indeed
AINA ER(AZ \A)

For since by Proposition [2Tfz, @- is a bijection between the choice func-
tions on £(X'x R that satisfy Axioms|[C4ahg and[C4bhg, and the choice functions on
H (X, R) that satisfy Axiom therefore indeed @,C satisfies Axiom .

For the direct implication of assume that C satisfies Property [Co3; Con-
sider any A* and A in Q(H(X,R)) and assume that A* € A} € conv(A™). Then
©A* c @A} Cconv(@A™), whence C(@rA™) < C(@rA]) by Property @m Use Equa-
tion (297 to infer that then indeed §,C(A™) € ¢-C(A]).

For the converse implication, assume that @.C satisfies Axiom |[C5pg. Con-
sider any A and A in Q(L(X xR,)) and assume that A € A; € conv(A). Use
Lemma@m to find A in R, and g in £(X xR,) such that %(Al +{g}) = @/A] for
some A} in Q(H(X,R)), and analogously, %(A +{g}) =@, (A") for some A* c A].
From A; ¢ conv(A) infer that %(Al +{g}) ¢ conv(%(A +{g})), or in other words,
@A} € conv(@A*). Then we claim that A} € conv(A*). To prove this, consider
any H in A]. Then there are n in N, H; in A, and o > 0 such that ¥ o; = 1 and
H(e,s) =Y, 0:H;(+,s) for all s in R,. Moreover,

H(-,r)=1— Z H(',s)=1— Z ia,-H,-(-,s)

SER sER,i=1

o Z’; H[(',S):Zn:ai(l_ Z Hi('vs)):iail_]i('vr)v

i=1 SER,

oy —

-

Il
—_

N

Il
—_

L L

so indeed H € conv(A™). Use Axiom to infer that then @-C(A*) ¢ §C(AT).
Equation (Z9)z7 turns this into C((A +{g})) =C(p:A*) c C(@,AT) = C(%(Al +
{g})). which by Axioms and, results in C(A) c C(Ay). O

We conclude that our discussion of choice functions on linear spaces
subsumes the treatment of choice functions on horse lotteries satisfying Ax-
iom [C4"kg. By combining Proposition and Theorem 23}z, we have the
following important result: the coherent choice functions on vector-valued
gambles £L(X xR,) are isomorphic to the choice functions on horse lotter-
ies that satisfy Axioms , , , and , under the
assumption that there is a unique worst reward in r in R. Therefore we have
embedded the choice functions considered in Reference [67]] in our account of
choice functions: it suffices to consider as option set a particular set of vector-
valued gambles. Using this connection, all the results that we will prove later
on for coherent choice functions on vector-valued gambles, are also applicable
to choice functions on horse lotteries that satisfy the corresponding rationality
axioms. However, as mentioned, Seidenfeld et al. [67]] allow for infinite but
closed option sets, something we don’t allow.
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2.5 CONSEQUENCES OF COHERENCE

In this section, we will investigate some of the consequences of coherence. We
divide the results into three parts.

Note that, due to Proposition Em the coherence axioms for the different
types of choice models correspond one by one with each other: it was our
deliberate choice to state them in such an order and form that this should be
the case. However, another choice could be to state more elegant forms of
them, such that the coherence axioms as a whole correspond for different the
choice models. For instance, the requirement in Axiom|C2}g that u ¢ C({u,v}),
is under Axiom|Clpg equivalent to {v} = C({u,v}), which can be perceived as
more elegant, but cannot be derived from Axiom [C2pg—or Axiom for
its corresponding rejection function—alone. In the first part of this section,
Section 2.5.1] we will collect some more elegant forms of the axioms, which
are equivalent under coherence.

In the second part, Section [2.5. 2}, we will derive some consequences of
coherence for choice functions—or rejection functions or choice relations for
that matter—that will be useful later on in this thesis.

In the third part, Section[2.5.3}, we consider an important preorder on the
option sets, and investigate its connections with coherence for choice func-
tions.

2.5.1 Equivalent forms of the axioms

We have learned from dire experience that in verifying whether a rejection
function is coherent, Axiom is often hardest to check. But under vari-
ous additional conditions, it has a number of equivalent formulations that may
simplify this task, which we consider in the next two propositions.

Proposition 24. Let R be any rejection function on Q, and consider the fol-
lowing statements:
(1) R satisfies Axiom
(ii) (VA€ Q)(VueR(A))(VveV)ueR(Au{v});
(iii) (VA€ Q)(YveV)(0eR(A)=0eR(AU{V})).
Then (1) and are equivalent, and imply Moreover, if R satisfies Ax-
iom[R4bpy, then[(D)] and|(ii1)| are equivalent.

Proof. Thatimplies follows immediately from Axiom [withA=Au{v},
Al = {u} and Az = A].

To prove that [(ii)| implies [(i)} we assume that [(i1)] holds, and we prove that R sat-
isfies Let Ay == {ug,...,un}, Ay =AU {vy,...,vm} and A = Ay U{wq,..., W},
where n belongs to N, and m and r to Zs(, and assume that A| € R(A,). Consider any
jin {1,...,n}, then we have to prove that u; € R(A) = R(Ap U {wy,...,wr}). Since
uj € R(Ay), it follows from (ii)| that u; € R(Ay U {w; }), and therefore, again using (ii)}
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also that uj € R(Ap U{wy,w2}). We can go on in this way until we reach the desired

statement, that u; € R(A U {wy,...,w,}), after a finite number of steps.
The last statement is now immediate, once we realise that Axiom implies
that u € R(A) is equivalent to 0 € R(A — {u}), for any A in Q and u in A. O

Proposition 25. Let R be any rejection function on Q, and consider the fol-
lowing statements:
(1) R satisfies Axiom
(ii)) (VAeQ)(YueR(A))(VveR(A)N{u})uecR(AN{v});
(iii) (VA€ Q)(VueR(A))ue R({u} UANR(A));
(iv) (VAeQ)(VveR(A)~{0})(0eR(A)=0eR(AN{Vv}));

(v) (VA€ Q)(0eR(A)=0eR({0}UAR(A))).
Generally,[(D|and[(iD)]are equivalent, and imply[(iiD)] Moreover, [} [iD)]and
are equivalent if R satisfies AxiomR3apgy Finally, if R satisfies Axiom
then[(iD)| and are equivalent, and so are and

Proof. That|(i)| implies follows immediately from Axiom [with A := {v},
Ap={u,v} and A5 =A].

To prove that[(iD)]implies[(D} we assume that[(iD)]holds, and we prove that R satisfies
Axiom. LetA = {ug,...,un}, A =AU{vy,...,vm} and Ay =AU {wy,...,wr},
where n € N and m, r € Zs(, and assume that A} € R(A;). Consider any j in {1,...,m},
then we have to prove that v; € R({vi,..., v, wi,...,wr}) = R(Ax N {uy,...,un}).
Since {u1,ur} SR(Az) and {v;,u; } € R(A,), it follows from|(ii)|that {u;,v;} S R(A; \
{u1}), whence, again usin vj€R(Ax~{ur,uz}). Also, {uy,u3} < R(A;), whence
uz € R(Ay ~ {u1}) using Since we already know that also up € R(A; ~ {u1}),
we infer that usz € R(Ay \ {uj,ur}), again using . In turn, this implies that
v; € R(Ay ~ {uy,up,u3}). We can go on in this way until we reach the desired state-
ment, that v; € R(Ay ~ {uy,...,us}), after a finite number of steps.

That implies (Gii)] follows immediately from Axiom [R3bpg [with A = R(A)
{u},A;:=R(A) and A, = A].

To prove that[(iiD]implies [()] under Axiom [R3abg, consider any A, A} and A, in Q
and assume that A CA; S R(A;). Then in particular u € R(A5 ), and therefore, using[GiD]
ueR({u} UA; ~R(Az)), for every u in A; N A. Applying Axiom R34y, we infer that
ueR(AyNA) forevery uin A; N\ A, whence indeed A] N\A S R(Ay\A).

The last statement is now immediate, once we realise that Axiom implies
that u € R(A) is equivalent to 0 € R(A - {u}), forany A in Q and u in A. O

Using Proposition 23] we can find an easy characterisation of Axiom[Rlpg
under Axioms and [R4bbyy;

Corollary 26. Consider any rejection function R that satisfies Axioms [R3bpy
and Then the following two statements are equivalent:

(i) R satisfies Axiom Rlpgy

(i) 0¢R({0}).

Proof. That implies follows immediately by considering A := {0} in Ax-
iom RIpg It therefore suffices to show that [(iD)] implies we will prove the con-
traposition. Assume that R does not satisfy Axiom [RIpg Therefore, we have that
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A =R(A) for some A in Q. Consider any u in A, then by Proposition we find
that u e R({u} UANR(A)) =R({u} UA~NA) = R({u}). By Axiom [R4bpy therefore
indeed 0 € R({0}). O

As we will see later on, this characterisation will be very helpful in establishing
that a rejection function satisfies Axiom [R1fg.
For Axiom R4y, we have the following useful characterisation:

Proposition 27. Consider any choice function R. Then the following state-
ments are equivalent:

(1) R satisfies Axiom

(i) R(AA+{u})=AR(A)+{u} forallAin Q, A inRyganduinV.

Proof. To show that |(i)| implies consider any rejection function R that satisfies
Axiom|[R4ghg, and any A in Q, A in R, and u in V. Consider the following equalities:

R(AA+{u}) =R(A(A+1/2{u})) = AR(A +1/2{u}) by Equation (R4a[3)pq
=A(R(A)+1/2{u}) by Equation (R463)py
=AR(A)+{u}.

To show thatimplies infer that, by letting u =0, R(AA) = AR(A) for all A

in Q and A in R, whence by Lemma@mR satisfies Axiom b Furthermore, by
letting A = 1, R(A +{u}) = R(A) + {u}, so R satisfies Axiom R4Em by Lemma@u

2.5.2 Consequences

In this section, we collect useful properties of coherent choice models. First,
let us show that a coherent choice function is an idempotent operator on O:

Proposition 28. Any coherent choice function C is insensitive to the omission
of non-chosen options (see Reference [33| Definition 11]): C(A") = C(A) for
all A and A" in Q such that C(A) €A’ CA. As an immediate consequence, C is
idempotent: CoC =C, or, in other words, C(C(A)) =C(A) forall A in Q.

Proof. Consider any A and A’ in Q such that C(A) €A’ c A. Let R be the re-
jection function corresponding to C. That C(A) = C(A") is, by the requirement in
Definition mm that C(A") ¢ A’, equivalent to A’ nC(A) = C(A"), and hence also to
R(A")=A"~(A'nC(A))=A"nC(A)° =A"nR(A), and therefore it suffices to prove
that R(A") =A’nR(A). Since A’ c A, by Axiomwe have that R(A") € R(A), and
by the requirement in Definition 2z that R(A”) € A”, therefore also R(A) cA’NR(A),
so it suffices to show that A’ " R(A) € R(A"). To establish this, consider any u in
A'NR(A). Since C(A)cA’ cA, inferthat A=A’ UA" for some A” CR(A), and we may
assume without loss of generality that A” and A” are disjoint, and therefore A’ = A ~ A"
and u ¢ A”. Since u € R(A), by Proposition therefore u e R({u} UANR(A)),
and hence, since A” ¢ R(A), by Axiom therefore u e R({u} UA~A""). Using the
fact that u ¢ A”, we find that u € A N A" and hence indeed u e R(A~A")=R(A"). O
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The following result implies that any coherent choice relation is a strict
partial order:

Proposition 29. Consider any choice relation <. Then the following two state-
ments hold:

(i) If < satisfies Axiom[<d1pgy then is < irreflexive.

(i) If < satisfies Axioms[<3apy and[a3bbg, then is < transitive.
As a consequence, if < satisfies Axioms and then < is a

strict partial order on Q.

Proof. For irreflexivity is precisely the rationality Axiom .

For assume that < satisfies Axioms and and consider any Aq,
Az and A3 in Q such that A} < A; and A, < A3. By Definition ()] this implies that
A| 9AjUA; and Ay < Ay UA3. Use Axiom [q3apg to infer that then A} < Aj UAy UA;3
and Ay < A] UA, UA3, and hence, by Definition [3jz)(i1)| therefore A} UA; < A] UAy UA3.
Now, use Axiom with A=Ay \ (A1 UA3) S A UA; to infer that (A] UA) A <
(AjUAUA3) N A. By repeated application of De Morgan’s laws, infer the following
equalities:

(A1UA)NA = (A UAL) N (A~ (A1 UA3))
=(AjUAy)N(ASUA| UA3)
=((AjUA) N (ASUA|))U((A]UAz) NA3)
=A1U((AjUA2)NA3) =AU (A1 NA3) U (A2 NA3) =AU (A2nA3),

and

(A[ UAp UA3) \NA = (A[ UAp UA3) N\ (Az N\ (A| UA3))
= (AjUAUA3)N(ASUA UA3) =A| UA3,

soAjU(A2NA3z) <Ay UA3. Using Deﬁnitionagain, therefore A} < A UA3, and
by Definition therefore indeed A| < As.
For the consequence, if < satisfies Axioms and [<3bpyg, then we have

just shown that it is irreflexive and transitive, being indeed the two characteristic prop-
erties of strict partial orders. O

The following basic property—on which many results, such as Proposi-
tion 34, build—is useful in finding rejected options from other option sets.

Proposition 30. Consider any coherent rejection function R. Then for all u,
and up in'V such that uy < up, all A in Q and all v in A~ {uy,us}:

(i) ifureAandveR(Au{u}) thenveR(A);

(i) ifu; €A andveR(A) thenveR({ua} UA N {u}).

Proof. Consider any u; and uy in V such that u; < up, any A in Q and any v in A \
{ui,up}. The proof is trivial if uj = uy, so assume that u; + uy and therefore uj < up,
whence u; € R({u1,uz}) by Axiom[R2bg.

To prove assume that u €A and v € R(AU{u; }), then using Axiom|[R3ghg [with
A=Au{u},A;={u;} and Ay = {u,ur }; then A, C A since u € A] we infer from u €
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R({u1,ur}) that u1 € R(AU{u;}) and therefore {u;,v} € R(AuU{u;}). Axiom|R3bhy
[with A = {u;}, A = = {uy,v} and A2 = AU {u;}] then implies that v € R(A \ {ul})
and Axiom [R3ag [with A1 = {v}, Ay == A\ {u; } and A := A] then implies that indeed
veR(A).

For [(ii) m assume that uj € A and v € R(A), then by Axiom % [with A =
{up} UA, Ay = {ur} and Ay = {uj,us}; then A, C A since u; eA] we infer from
uy € R({uy,uz}) that u; e R({up} UA). Similarly, using Axiom [R3apy [with A :=
{us} UA, Ay = {v} and A, := A] we infer from v € R(A) that v € R({uz} UA) and
therefore {u;,v} ¢ R({up} UA). By Axiom [with A == {u1}, A1 := {u;,v} and
Ay = {up} UA], this implies that indeed v € R({uz } UA \ {u1}). O

As mentioned in Section [2.4bg, the two statements in Proposition 30 are im-
posed as Axiom|C2 g in Reference [67]]. Using our rationality axioms, we are
able to prove them as consequences of coherence.

Given any option set, we pay special attention to a particular subset con-
sisting of its undominated options, and derive a useful property of it, necessary
for Proposition [69% and Lemma [80pg, amongst others:

Proposition 31. Consider any option set A, and its subset of maximal, or
undominated, options:

maxA = {uecA:(YveA)utv} cA.

We have that maxA # @. Consider any choice function C that satisfies Ax-
ioms [C2y and [C3n, and its corresponding rejection function R.  Then
A~maxA cR(A), and (VuemaxA)(ueC(A) < ueC(maxA)). As a conse-
quence:

C(A)=C(maxA) and R(A) = (A ~maxA) UR(maxA). (2.13)

Proof. First, we prove that maxA # @. Assume ex absurdo that maxA = @ for some
A in Q. Without loss of generality, we may assume that A = {uy,...,un} for some m
in N. Then maxA = @ implies that (Vie {1,...,m})(3je{l,...,m})u; < u;. Soin
particular u; < uj, for some jj in {1,...,m}, and because < is irreflexive, we have that
J1 # 1 and therefore j € {2,...,m}. Without loss of generality, we let j; = 2 be the
second index, so uj < uy. Also, up < uj, for some jp in {1,...,m}, and because < is
irreflexive, we find similarly that j, # 2. But < is also transitive, and therefore u; < uj,,
whence j; # 1, s0 jp € {3,...,m}. Without loss of generality, we let j, = 3 be the third
index, so up < u3. We can go on the same vein until after m — 1 steps we find that
Up < Up < ...<Uy_1 < upm. Since there is an element that dominates u,,, we have that
um < uj for some jin {1,...,m}. But, since < is irreflexive, we have that j # m. Also,
since < is transitive, we have that j ¢ {1,...,m— 1}, a contradiction. Therefore indeed
maxA # .

Next, we prove that A \ maxA € R(A). Consider any u in A \ maxA, so we know
that there is some v € A such that u < v, whence, by Axiom [R2bg, u € R({u,v}). Ax-
iom R34y then guarantees that indeed u € R(A).

To prove the equivalence, consider any u in maxA. First, assume that u € C(A).
Then, by the contraposition of Axiom [with A :=A, A| == {u} and A, = maxA],
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we have that u € C(maxA). Conversely, assume that u € C(maxA), and assume ex
absurdo that u € R(A). Then also {u} UA \maxA € R(A), using the first statement we
proved above. Now, use Axiom [with A1 := {u} UA \maxA, A == A \ maxA and
Ay = A, and observe that Ay \ A = maxA and A; \ A = {u}] to infer that u € R(maxA),
a contradiction. Hence indeed u e C(A).

The equalities in Equation (2-13) are now immediate. O

The following property will be useful in connecting choice models with
desirability.

Proposition 32. Consider any coherent rejection function R and n € N op-
tions uy, ..., uy in V. If 0€ R({0,ur}) for every k in {l,...,n}, then
0€R({0, Xk=y e })-

Proof. We will use induction on n. For the base case n = 1, the result follows triv-
ially from the assumption. Consider now the case n > 1. Then by the induction hy-
pothesis, we may assume that 0 € R({0, ZZ;II ui}). Using Axiom infer that
un € R({un, YF_  ur}), and therefore, by Axiom [R3gbg [with A = {0,un, Y}_; i}
Ay ={un} and Ay = {un, Xp_ ux }, also un € R({0,un, 5, ur}). Since by assumption
0€R({0,us}), by Axiom [with A = {0,un, S5_; ur }, Ay = {0} and A5 := {0, }]
also 0 € R({0,un, X}_ ux}). Therefore, by Axiom [use Proposition in-
deed 0 € R({0, X3 ; ug}). O

2.5.3 An important ordering of the option sets

There is an ordering of the option sets—a set-wise generalisation of <—that
is closely related with coherent choice relations, as we will show in Proposi-
tion[33].. This order will turn out to be of crucial importance, mainly because
it allows to write the natural extension in a natural way, as we will see in Chap-

ter kgt

Definition 13. We define the ordering < on Q as:
Al fA) & (Vu EA1)(E|V EAz)u <v
forall Ay and A in Q.

Proposition 33. The ordering < satisfies the following properties:
(1) ifA] CAythen A| <Ay,
(i) < is transitive;
(iii) (A; A3z and Ay <A3) <= AjUAy < A3,
(iv) A <maxA;
(V) if A1 <Ay then Ay +{u} <Ay +{u};
(vi) ifA] <Aj then },Al < AAQ;
(vii) ifA1 <Ap then Ay UA3 <Ay UA;3,
forall Ay, Ay and Az in Q, uinV and A in Ry.
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Proof. For Property, consider any 1 in Ay, so also u; € A;. Then by the reflexivity
of <, u; <uy, so trivially A < Aj.

For Property [(iD}~, consider the arbitrary option sets A{, A, and A3 and assume that
Aj <Az and Ay <A3,50 (VYuy €A1)(Juy € Ap)up <up and (Vuy € Ap) (Juz €As)uy < us,
whence indeed (Vu; € A1) (Juz € A3)up < u3.

Property is a direct consequence of Definition [[3}-.

For Property [(iv)}~, we know by Property [(D}~ that maxA < maxA. Consider any
element 1 of A \ maxA, then by the definition of maxA, there is some v in maxA for
which u < v, and therefore in particular A \ maxA < maxA. Then, using Property [(iD}-,
indeed A < maxA.

For Properties |(v)| I and n since A < Ap, we have that (Vu; € Ap)(Jup €
Aj)u; < up, and because < is a vector ordering, therefore also (Vuy € A1) (3up € Ay u; +
u<uy+uand (Yuy €Ay)(Jup € Ay)Auy < Auy, whence indeed Ay +{u} <Ay + {u} and
)vAl < lAz.

For Property [(ViD]~, assume that A} < A,. By Definition[T3], it suffices for any u
in Aj UAj3 to find some v in A UAj3 such that u < v. So consider any u in Aj UA3. If
u € Ay then there is some v in A, such that u# < v by the assumption, and if u € A3, it
suffices to consider v := u in A3 and to note that in particular u < v. O

In particular, Property [(DL. implies that < is reflexive. So, due to Prop-
erty [(iD, < is a preorder—a reflexive and transitive binary relation—, but it is
not antisymmetric: due to Properties [D}. and[(iv)l., maxA <A and A < maxA
for all A in Q, but maxA might be different from A. So < is not necessarily a
partial order, but it is useful to infer rejected options from other option sets.

Proposition 34. Consider any coherent rejection function, any two option sets
A and A’, and any optionu in AnA’. Ifuec R(A) and A <A’, thenucR(A").

Proof. Consider any A and A" in Q, any u in A nA’, and assume that u € R(A) and
A<A' LetA:={u,uy,...,um}and A" := {u,vy,... vy} for some m and n in Zs, where
some of the u;’s and some of the v;’s are p0s51b1e equal to each other. Since A <

A, by Deﬁmtlon! we have that (Vie {1,...,m})(3ji e {1,....,n})u; < vj,. Use

up < vj, and Proposmonto infer from u € R({u,ul,..‘,um}) =R(A) that u e
R({u,vj ,up,....,um}) = R({vj } UA N {u}). Similarly, use up < v, to infer that u €
R({u,vj,,vj,,u3,...,um}) = R({vj,,vj,} WA~ {uy,up}). Repeating this procedure m
times, we infer thatuER({u ViiyeeosVjn ). Since {u,vj,,...,v;, } €A’, Axiom|R .1
[withA :=A", A} = {u} and A := {u,v},,...,v;, }] finally tells us that indeed u € R ( A

As a consequence, if u€ R({u} UA) and A <A’, then u € R({u} UA’) for all A
and A’ in Q and u in V.

The connection of this order < with choice models is more elegant using
choice relations: as we will see in the next proposition, there is a mixed transi-
tivity [58] property.

Proposition 35. Consider any coherent choice relation <. Then < and < are
mixed transitive, in the sense that:
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(1) ifA1 <Ay and Ay <Ajz then Ay < Az;
(il) if A1 <Ay and Ay < A3 then A < A3,
forall Ay, Ay and Az in Q.

Proof. Consider the rejection function R corresponding to <. For |(i)| consider any
Ay, Ay and Az in Q such that A| < A and Ap < Az. Since R and < correspond, this
implies that A; € R(A] UA,), or, in other words, u € R(A] UA,) for every uin A;. Since
Aj < A3, by Proposition 33(viD)| therefore A} UA, < A UA3, whence by Proposition[34]
ueR(AjUA3) for every uin A;. Therefore A; € R(A UA3), or, in other words, indeed
A] < A3 .

For consider any Ay, A, and Az in Q such that A| < A, and A, < A3. Since R
and < correspond, this implies that Ay € R(Ap UA3), or, in other words, v € R(Ay UA3)
for every v in A,. Use Proposition to infer that then v e R({v}u (A3 UA3) ~
R(A2UA3)), and since A € R(A, UA3), by Axiom[R3ghg therefore v e R({v} UA3) for
all v in Ay. We will show that this implies that u € R({u} UA3) for all u in A;. Consider
any uin A;. Since A| < Ay, therefore u < v for some v in A;. There are two possibilities:
either (i) u=v, or (i) u<v. If ) u=v, then ue R({u} UA3). If (i) u < v, by Axiom|R2pg
then u € R({u,v}). Use Axiom [R3ghy to infer that then u € R({u,v} UA3). Since we
already know that v € R({v} UA3), by Axiom [R3apq therefore v € R({u,v} UA3), so
{u,v} € R({u,v} UA3). Use Proposition infer that then u € R({u} UA3).
So in both cases we conclude that u € R({u} UA3). Use Axiom [R3ghg once again to
infer that now u € R(A; UA3), and, since the choice of u in A| was arbitrary, therefore
A € R(A{UA3). Since R and < correspond, therefore indeed A <1 A3. O

There is no weakening, in the sense that, for any A; and A, in Q, A] <A,
need not imply A < Aj, nor vice versaE| For the first statement, it suffices to
consider that < is reflexive and that < is irreflexive. For the second statement,
it suffices to note, as we will see in Example %, that undominated options can
be rejected—that R(A) nmaxA need not be empty, for any A in Q. Therefore,
implications like

(iii) if A1 <A and Ap <Az then A < Aj3;
(iv) if A <Ay and A <Ajzthen A| <Aj3,
forall Aj, A; and A3 in Q, do not generally hold.
The following result will be useful, mainly for Chapter @3y

Corollary 36. Consider any coherent rejection function R, and any A in Q.
Then

0eR(A) <= 0eR(ANVY).

Proof. Note first that both 0 € R(A) and 0 € R(AnV<,) imply that 0 € A. For the
converse implication, observe that A N VS, € A and use Axiom .

12 A5 we will see in Corollary Em there is weakening with a strict variant of <, based on the
vector order <.
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For the direct implication, note that A N V.o < {0}, and therefore maxA c A n V<.
Use Proposition [333(i)] to infer that then maxA < A n V<, and, since by Proposi-

tion A <maxA, by Propositiontherefore A <AnVE,. Now use Propo-

sition |34 to infer that indeed 0 e R(A) = 0€ R(ANnVS,). O

2.6 ORDER-THEORETIC PROPERTIES

We will be concerned with conservative reasoning using choice models: we
will look for the implications of a given assessment that are as uninformative
as possible. In order to do this, we need some binary relation on the choice
models, having the specific interpretation of being ‘at most as informative as’,
‘at most as committal as’, or ‘at least as conservative as’.

2.6.1 Basic relations

Definition 14 (‘At most as informative as’ relation). Given two choice func-
tions Cy and C, in C, we call C; at most as informative as C,—and we write
Cycc C—if

CiecC < (VA€ Q)Cl(A) QCQ(A).

Given two rejection functions R and R, in R, we call Ry at most as informative
as Ry—and we write Ry ER Ro—if

R SRRy < (VA€ Q)R (A) SRy (A).

Given two choice relations < and <, in S, we call <1 at most as informative as
<dp—and we write <) Cg <p—if

<1 Eg dp < <1 Sy,
or, in other words, if A| <1 Ay implies A| <y Ay, for all Ay and A in Q.

The idea underlying this natural ordering of choice models in Definition [I4]
is that rejection function R; is at most as informative as rejection function R,
whenever any option rejected by R; is rejected by R, as well, so R, rejects
at least as many options as R;. For choice functions, the idea is similar. For
choice relations, a choice relation <; is at most as informative as choice relation
<» when every comparison between option sets that belongs to <y, also belongs
to <.

Since by Definition the ordering Cg is simply a set inclusion, the fol-
lowing result is immediate [|17, Example 2.6].

Proposition 37. The structure (S;Ss) of all choice relations, provided with
the order Cg, is a complete lattice:
(i) it is a partially ordered set, or poset, meaning that the binary relation Cg
on S is reflexive, antisymmetric and transitive;
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(ii) for any subset S of S, its infimum infS and its supremum supS with
respect to the ordering Cg exist in S, and are given by infS = NS and
supS=US.

Similarly, since by Definition [[4] £¢ and cg are product orderings of set in-
clusions, the following result is also immediate [[17, Section 2.15].

Proposition 38. The structures (C;5¢) and (R;ER) of all choice functions
provided with the order Ec, and all rejection functions provided with the order
CR, are complete lattices:
(i) they are partially ordered sets;
(i) for any subset C of C, its infimum infC and its supremum supC with
respect to the ordering C¢ exist in C, and are given by (infC)(A) =
Ucec C(A) and supC(A) =Ncec C(A) for all A in Q.
Similarly, for any subset R of R, its infimum infR and its supremum
supR with respect to the ordering CR exist in R, and are given by
infR(A) =Nger R(A) and supR(A) = Uger R(A) for all A in Q.

The importance of Propositions [37| and [38|lies in the fact that for any C ¢ C,
infC is the most informative model that is at least as informative as any of the
models in C, and supC the least informative model that is not less informative
than any of the models in C, and similar for other choice models.

We will also consider the poset (C;Ec¢) of all coherent choice functions,
where C ¢ C inherits the partial order c¢ from C. Similarly, in the poset
(R;cR) of all coherent rejection functions, R is assumed to inherit the par-
tial order Eg from R, and in the poset (§; Eg) of all coherent choice relations,
S is assumed to inherit the partial order g from S.

If there is a bijection between two posets that preserves the order, the two
posets are in some way equivalent to each other. The following definition
formalises this idea.

Definition 15 (Order isomorphism). Two posets (Pi;<1) and (Py;<p) are
called order-isomorphic if there is a bijective function f from P; to P> with
the property that x <1 y < f(x) <o f(y) forall x and y in P,.

Also from an order-theoretic point of view, our different types of choice models
are equivalent:

Proposition 39. The posets (C;Ec), (R;ER) and (S;Eg) are (pairwise) order-

isomorphic. Moreover, the posets (C;cc), (R;CRr) and (S;Cs) are (pairwise)
order-isomorphic.

Proof. For the first statement, Proposition already shows that there are bijections
p, o and k between C, R and S. We prove that those bijections preserve the order. The
proof has the following structure: we first prove that (i) C; ¢ C2 = p(C1) = Rc, Er
R¢, = p(Cy) for all choice functions C; and C,, then that (i) R; Er R, = 6(R)) =
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<R, Es <r, = 0(Ry) for all rejection functions R; and R,, and finally that (iii) <; Eg
<y = k(1) =Cq, E¢ Cq, = k(<) for all choice relations <; and <.

For (i), consider any C; and C; in C such that C; S¢ C,, or, in other words,
that C1(A) 2 C2(A)—and hence R¢, (A) € Rc, (A)—for all A in Q. Therefore indeed
Rc, ER Rc,. For (ii), consider any R and R; in R such that Rj Eg R», or, in other words,
that R; (A) S Ry(A) forall A in Q. Therefore A} SR (Aj UAy) = A SRy (Aj UAy)—
using Definition Ei@ equivalently Ay <g, Ay = A <g, Ap—for all A; and Aj in Q,
whence indeed <, Eg <g,. For (iii), consider any < and < in S such that < Eg <, or,
in other words, that <; < <. By Definition [§7 therefore Cq, (A) 2 C4,(A) for all A in
9, whence indeed Cq, S¢ Cq,.

For the second statement, it suffices to note that, by Corollary [T4pa, p, © and x
define bijections between C, R and S, and that we just have shown that they preserve
the order. O

Proposition[39]. implies that we can regard S¢, Eg and Eg as essentially the
same partial orders, each defined on their proper domain, in the sense that one
of the partial orders can be obtained from another one just by renaming. From
now on, we will denote each of the three ‘at most as informative’ relations
simply by £ when it is clear from the context which specific order is meant.
Hence, it is of no importance which of the posets (C;Z¢), (R;Zr) and (S;Cg)
we use to prove order-theoretic properties: any given property in one of the
posets, immediately transfer to the other posets. The same remark holds for
the posets (C;cc¢), (R;cr) and (S;cs).

2.6.2 Intersection structures

In the subsequent sections, we focus on the poset (C;E) of coherent choice
functions—or equivalently, on the poset (R;Z) of coherent rejection functions
or the poset (S;c) of coherent choice relations, when it suits our purpose bet-
ter. An important property is that of being an intersection structure, or com-
plete infimum-semilattice [|23|.

Proposition 40 (Intersection structure). (C;E) is an intersection structure (a
complete infimum-semilattice): C is closed under arbitrary non-empty infima,
so infC € C for any non-empty subset C of C.

Proof. Consider any collection C of coherent choice functions. We will show that infC

satisfies the rationality axioms of Definition [Gg:

[Cikg Consider any C in C [always possible since C # @] and any A in Q, then & ¢
C(A) < (infC)(A).

[C2b Note that, for all C in C, u ¢ C({u,v}) whenever u < v, implying that u ¢
Ucee C{usv}) = (infC) ({uv}).

[C3abg. Consider any A, Aj and A, in Q such that (infC)(A2) = Ucec C(A2) € Az N
Ay and A € A ¢ A. This implies that for all C in C, C(A;) €A; N A; and
by their coherence [Axiom therefore also C(A) €A\ A;. So indeed
(infC)(A) = Ucec C(A) CANA;.
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[C3bkg. Consider any A, A} and A; in Q such that (infC)(A2) = Ucec C(A2) S Ax N
Ay and A C A;. This implies that for all C in C, C(A;) € Ay N Ay, and by
their coherence [Axiom@mﬂ therefore also C(A NA) €A N Aj. So indeed
(infC)(A2 \A) =Ucec C(Az \A) CANAL.

[C%g. Consider any C in C, A in Ryp, u in V and A in Q, and infer from
Proposition that AC(A) + {u} = C(AA + {u}). Hence A(infC)(A) +
{u} = AUcec C(A) + {u} = Ucec (AC(A) + {u}) = Ucec C(AA + {u}) =
(infC)(AA + {u}), which implies using Proposition 27 that infC indeed sat-
isfies axioms and[C4bpy, O

Since by Proposition @j, (C;c), (R;c) and (S;c) are order-isomorphic,
therefore (R;c) and (S;c) are intersection structures as well. This, for in-
stance, allows us to do conservative inference with choice functions: if we con-
sider that there is a coherent choice function that represents a subject’s beliefs
(coherent choices) and we can only tell that it belongs to a family {C;: i€},
the conservative option is to consider its infimum inf;¢; C;. This choice func-
tion is still guaranteed to be coherent, and as a consequence, it satisfies all the
rationality requirements discussed above.

Proposition [40] also guarantees that there is a unique smallest—Ileast
informative—coherent rejection function. We will call it the vacuous rejec-
tion function, and denote it by R.

Proposition 41 (Vacuous rejection function). The vacuous rejection func-
tion Ry is given by Ry(A) =A~maxA ={ucA:(IveA)u<v} forall A in Q.
It selects from any set of options the ones that are dominated under the strict
vector ordering <.

Proof. See Reference [9, Theorem 3] for an alternative proof by Bradley. First, we
will show that any coherent rejection function must dominate Ry: Ry € R for all R in R.
So consider any R in R, and any option set A in Q, and any option u in Ry(A). Then
u€A~maxA, so u < v for some v in A, and therefore, by Axiom ueR({u,v}).
Use Axiom to infer that then u € R(A). Since the choice of u in Ry(A) was
arbitrary, therefore Ry(A) € R(A), for every A in Q. This means that indeed Ry C R.
The proof is complete if we also show that Ry is coherent. We will show that R
satisfies the rationality axioms of Definition [y
[R1bg. Since by Proposition%, maxA # &, therefore indeed Ry(A) =A \maxA + A
for every A in Q.
[RZ%bg. Consider any u and v in V such that u < v. Let A = {u,v}. Then u € A \ maxA,
whence indeed u € Ry(A) = Ry({u,v}).
R34 We will prove the equivalent version of Proposition Consider any A
in Q, any u in Ry(A) and any v in V. Since u € Ry(A) = A \ maxA, therefore
u < w for some w in A, whence trivially u < w for some w in A U {v}. Therefore
indeed u € Ry(Au{v}).
[R3Bby We will prove the equivalent version of Proposition Consider any A
in Q, any u in Rv(A) and any v in Ry(A) \ {u}. Then u < w; for some w; in A
and v < wy for some wy in A. If wy #v, then u € Ry(A \ {v}) and the proof is
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done, so assume that wy =v. Then, since v < wy therefore u < w», and, trivially,
wy % v. Therefore indeed u € Ry (A \ {v}).

[R4bg. This follows using Proposition % after observing that u € maxA < Au+
{v} emax(AA +{v}) forall A in Q, uin A, A in Ryg and v in V. O

As a result, the vacuous choice function Cy is given by
Cy(A)=maxA={ucA:(VveA)utv}forallAin Q, (2.14)
while the vacuous choice relation <y is determined in our next result:
Corollary 42. The vacuous choice relation <y is given by
A1 <y Ay < (YueAy)(IveAr)u<v, forall Ay and A, in Q.

Proof. Because by Proposition %, (R:c) and (S;c) are order-isomorphic, their
minimal elements correspond, and therefore <y is the choice relation corresponding to
Ryv. S0 Aj <y Ay < A] CRy(A] UA), or, in other words,

(VueAy)(IveAjuAr)u<v 2.15)
for any A| and A; in Q. We show that this is equivalent to
(VueAy)(IveAyu=<vy (2.16)

for any Ay and A; in Q. That Statement (2.16) implies Statement (2.13) is immediate,
so it suffices to show that Statement (2.13) implies Statement 2.16). Consider any
Ay and A, in Q. Without loss of generality, let Ay == {uy,...,un}. Consider any u
in Ay; without loss of generality let u = u;. By Statement 2.13), u; < v for some v
in A UA,. If v belongs to A,, then the proof is done, so assume that v € A|. By the
irreflexivity of <, we infer that v # u; and therefore, without loss of generality, let v =u5.
By Statement ([2:15), u, < v’ for some v’ in Aj UA,, by the transitivity of <, therefore
u; <v'. If v/ belongs to A, then the proof is done, so assume that v/ € A;. By the
irreflexivity of <, we infer that v/ ¢ {u1,u;} and therefore, without loss of generality, let
v/ = u3. We can go on in the same vein until we find that u; < uy < ... < uy, < w for some
kin {1,...,n} and w in A, and therefore, by the transitivity of <, indeed u; < w. O

Compare this with the set-wise generalisation <’ of <, defined as

A1 <"Ay <= (VueA;)(IveAr)u<v, forall Ay and A, in Q.
Corollary [42|states that <, = <’, and therefore <’ ¢ < for every coherent choice
relation <.
2.6.3 Maximal coherent choice models

Recall that an element of a poset is maximal if it is not dominated by any other
element of the poset

3The definition in Proposition of maxA is an instance of this: any element of maxA is
maximal in A, under the partial order <.
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Definition 16 (Maximal elements). Consider any poset (P;<). We denote the
set of all maximal elements in P by P.

P={peP:(VqeP)(p<q=p=q)}={peP:(VqeP)ptq} CP.
Applying this definition to the poset (C;c), we obtain
C={CeC:(VC'eC)(CeC' =C=C")}={CeC:(VC'eC)C¢ ('} cC

as the collection of all maximal coherent choice functionsE] For rejection
functions, we introduce the notation R:= {ReR: (VR eR)RcR'=R=R'} ¢
R for the collection of maximal elements of the poset (R;c). By Proposi-
tion @j there is a connection between sets C and R: any choice function
belongs to Cif and only if its corresponding rejection function belongs to R.
A similar remark holds for choice relations.

As we will see in Section[2.83, there is an easy characterisation of the max-
imal coherent sets of desirable options, which are, essentially, coherent choice
functions representing binary choice only. This characterisation will allow us
to prove the important representation resulﬁ in Proposition @] that every
coherent set of desirable options is an infimum of such maximal elements.
However, for the more general coherent choice models, no such representation
has been found yet. As a result, it is unknown whether choice models can be
expressed as infima of their dominating maximal models. For more informa-
tion about this, see Chapter fj73.

We cannot take for granted that every coherent choice function is domi-
nated by a maximal one, nor that there are even maximal choice functions.
But, even though we are not yet able to characterise them, we will prove in
Proposition @ that there are maximal choice functions, and, moreover, that
every coherent choice function is dominated by some maximal one. Its proof
relies heavily on Zorn’s Lemma (a version of the Axiom of Choice; see Ref-
erences [38l Section 16] and [[17, Section 10.2] for more information), and the
following two concepts of upper bound and chain.

Definition 17 (Upper bound). Consider any poset (Py;<) and any subset P; of
P). An upper bound of P> is an element p € P, such that q < p for every q in P».

Definition 18 (Chain). Consider any poset (P;<) and any subset K of P. We
say that IC is a chain when it is totally ordered by <:

p<qorq<pforevery pand qin K.

14The right-most equality holds since ptqe-(p<qgandp+q) < (p<qg=p=q).

15 Actually, we should call this set C but since we will only be concerned with maximal coher-
ent choice functions, we can use C to denote the maximal elements of (C;E) without confusion.

16See Reference [[13L Theorem 21] for a constructive proof for finite possibility spaces, and
Reference 31} Corollary 4] for a proof that relies on Zorn’s Lemma for arbitrary possibility spaces.
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Lemma 43. Consider any chain KC ¢ C. Then
(VA€ Q)(ACeK)(supK)(A)=C(A).

Proof. Consider any A in Q. Since A is finite, therefore so is the set {C(A):CeK} e
Pz(A), and we let £ € N be its cardinality. Denote {C(A):Ce K} ={Ay,...,As}, where
Aj c A forevery jin {1,...,£}. This partitions K into £ classes Ky, ..., K such that
for every jin {1,...,£}, C(A) =Aj for all C in K;. For every choice of C; in Ky, ...,
Cy in Ky, therefore {Ay,...,A;} ={C|(A),...,C;(A)}, and since K is a chain, the set
{C1(A4),...,C;(A)} is also a chain: it is totally ordered by €. Without loss of generality,
let C;(A) € Cy(A) c--- < Cy(A). This implies that {C(A) : C € K} is a finite chain, so
its infimum exists and is given by N{C(A): C e K} = ﬂﬁllej(A) =Ci(A). Since
(supK)(A) =N{C(A) : C € K}, therefore indeed (sup/)(A) = C;(A), for some C|
in IC; c K. O

Lemma 44 (Zorn’s Lemma). Consider any poset (P;<). If every non-empty
chain KC € P has an upper bound (in P), then (P;<) has at least one maximal
element.

Lemma 45. Consider any chain K ¢ C. Then supK is coherent.

Proof. We will show that supC satisfies the rationality axioms of Definition Em:
Clhg Consider any A in Q. By Lemmaf43] then (supK)(A) = C'(A) for some C” in
IC, and since C’ is coherent, therefore in particular C'(A) # @. Hence indeed
(supK)(A) + @.
[C2bp. Note that, for all C in K, u ¢ C({u,v}) whenever u < v, implying that u ¢
Neac C({u,v}) = (supKC) ({u,}).

[C3abp. Consider any A, Aj and A in Q such that (supK)(Az) =Ncexc C(A2) SANA|
and Ay €Ay €A. By Lemma @l then there is some C in K such that
(supK)(A2) =C(Az), 50 C(A2) SA; \Aj, and by its coherence [Axiom|C3gh]
therefore also C(A) CA N Aj. Soindeed (supK)(A) =Ncexc C(A) CANA].

[C3bbg. Considerany A, Aj and A; in Q such that (supK)(A2) = Ncexc C(A2) SAx A}
and A € A;. By Lemma[d3]then there is some C in K such that (supK)(4;) =
C(A3),s0C(Ay) SAp Ay, and by its coherence [Axiom@m] therefore also
C(Ap~A)cAy~Aj. Soindeed (supKC)(AxNA) =Ncec C(AxNA) CAxNAj.

[Cdbg. Consider any C in K, A in Ryg, u in V and A in Q, and infer from
Proposition that AC(A) + {u} = C(AA +{u}). Hence A(supK)(A) +
{u} = ANcec C(A) + {u} = Ncec (AC(A) +{u}) = Ncex C(AA + {u}) =
(supK)(AA + {u}), which implies using Proposition 27 that sup K indeed
satisfies axioms and [C4bbg, O

Now we are ready to show the following important result.
Proposition 46. For any choice function C in C, its set of dominating maxi-

mal coherent choice functions Ce = {C’ eC:ccC } is non-empty. As a conse-
quence, C + @.
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Proof. We will apply Zorn’s Lemmato the poset (1C;c), where 1C:= {C' e C:Cc
C'}. This set is non-empty because C € 1C. Consider any non-empty chain K € 1C. By
Lemmaf43] the upper bound sup K of K is a coherent choice function (that dominates C)
and hence an element of 1C. Therefore, by Zorn’s Lemma (1C;E) has a maximal
element, that—since every element of 1C dominates C—therefore indeed dominates C.

For the second statement, that C # &, it suffices to note that the maximal element C
of the poset (1C; <) that we have found in the first part of this proof, is also a maximal
element of the poset (é;E): indeed, if this was not the case, then by Definition @
there is some C’ in C such that € = C’. But then C £ C’, whence C’ € 1C, a contradiction
with the fact that € is a maximal element of the poset (1C;c). O

Later, in Proposition @m we will find explicit expressions for some special
types of elements of C, but at this point, we content ourselves with the result
that € is non-empty. Since C, R and S are order-isomorphic, note that there-
fore every coherent rejection function is dominated by some maximal rejection
function, and similarly for choice relations.

2.6.4 What about the other properties imposed on choice models?

In the previous sections, we have shown that (C;c) is an infimum-
semilattice—guaranteeing that there is a unique smallest (vacuous) choice
function—and that every element of C is dominated by some maximal one.
Central in those sections, was the set C of coherent choice functions: we dis-
regarded the additional Properties [C3p3] and [C6p3).

In this section we investigate which results of Sections [2.6.2}g and
remain valid if we additionally assume Properties and [CGp)

Let us first focus on infima. It turns out that both Properties and[Cb3|
are closed under arbitrary infima:

Proposition 47. Consider any set C of choice functions that satisfy Prop-
erty[C3y3 Then infC satisfies Property[Cosp Moreover, consider any set C of
choice functions that satisfy Property[C@bs} Then infC satisfies Property|Caps}

Proof. For the first statement, consider any A and A; in Q and assume that A CA;
conv(A). Then C(A) € C(A;) for all C in C, whence indeed (infC)(A) =Ucec C(A) ©
Ucec C(A1) = (infC)(Ay).

For the second statement, consider any n in N, uy, ..., u, in V and yy, ...,
Un in R, and assume that O € (infC)({0,uy,...,ux}). Then 0 € C({0,u;,...,un}),
and hence 0 € C({0,Ujuq,...,tqun}) for some C in C, whence indeed O €
Ucec C({0, tyuy ... tnttn }) = (infC) ({0, wyuy . ., tnttn } ). O

Due to Proposition[#7] there is a unique least informative coherent choice func-
tion that is coherent and satisfies Properties [Cof3) and/or [CGr5. Since the fol-
lowing lemma guarantees that the vacuous choice function C, satisfies Prop-
erty [Cahs), therefore the least informative coherent choice function that satisfies

Property [Chs) is exactly C,.
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Lemma 48. The vacuous choice function Cy satisfies Property[Cébs

Proof. Since by Equation (Z-I4)p Cv(A) is given by maxA for all A in Q, it suffices
to show that 0 € max{uy,...,un} < 0 e max{Ujuy,...,tattn } forall nin N, uy, ..., up
inVand Uy, ..., Uy in Ryg. To this end, assume the following chain of equivalences:

0 emax{uy,...,un} < (Vie {1,...,n})0u;
< (Vie{l,...,n})0% wu; < 0 e max{yuy,...,Unttn}. O

However, as we will see in Example % the vacuous choice function Cy, does
not generallym satisfy Property (C5p3; we will find the least informative coher-
ent choice function that also satisfies Property in Corollary [T0%zg.

Let us establish the counterparts for arbitrary suprema:

Proposition 49. Consider any set C of choice functions that satisfy Prop-
erty[Cos Then supC satisfies Property[Cop3, Moreover, consider any set C of
choice functions that satisfy Property@& Then supC satisfies Property@m

Proof. This follows readily from the proof of Proposition@, by changing ‘some’ to
‘all’, “inf” to ‘sup’, and ‘UJ’ to ‘. O

Taking Proposition @@y into account, this implies that every coherent
choice function that satisfies Property and/or is dominated
by some maximal element of the set of all coherent choice functions
that satisfy Property and/or |[Céps;  given any coherent choice func-
tion C that satisfies Property nd/or @m its set {é eC:Ccc
C and C satisfies Property and/or } of dominating maximal coherent
choice functions that satisfy Property and/or [Cs, is non-empty.

2.7 CHANGE OF OPTION SPACE

Sometimes, for instance in Chapter m it will be useful to consider another
option space W instead of V.

Consider two isomorphic ordered vector spaces V and W, a linear or-
der isomorphism ¢—a bijective map that is linear and preserves the order—
between V and V. By letting ¢ work on sets—by letting, as usual, ¢A =
{Qu:uecA} forall A in Q(V)—, this induces an isomorphism between Q())
and Q(W). Furthermore, by lifting it to C(V), ¢ defines an isomorphism ¢
between C(V) and C(W):

$:C(V) > C(W):C ¢C
where ($C)(B) = ¢(C(¢~"(B))) for all Bin Q(W).

17¢, only satisfies Property .1.1 if the vector ordering < is lexicographic. This happens pre-
cisely if K¢ is a convex cone (i.e., if posi(K¢) = K). For more information about lexicographic
orderings, see Section W
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Then

ueC(A) = ¢(u) € 9(C(A)) = $(C(97' (9(4)))) = ($C) (9(A)),

for all A in Q(V) and u in A. The rejection function §R corresponding to ¢C
is determined by

(9R)(B) =B~ (#C)(B) =B~ 9(C(9™'(B))) = ¢(¢™'(B)~ C(¢™'(B)))
= ¢(R(¢™'(B)))

for all B in Q(W), and the choice relation ¢« corresponding to ¢C by

B1(¢<)By < B € (§R) (B UB,)
=B S¢(R(9™'(B1UB,)))
< ¢~ (B1) SR(¢™'(B1UBy)) =R(¢9™ (B1)u¢~'(B2))
< ¢ ' (B1) ¢ (By)

for all By and B, in Q(W).

Since ¢ preserves the order, so does the isomorphism ¢. This implies that
(C(V);c) and (C(W);c) are order-isomorphic: C and ¢C have the same
order-theoretic properties.

Essentially, C and ¢C are the same choice functions—they represent the
same choices. Note that C is coherent if and only if ¢C is. Indeed, because
¢ is a bijection, C satisfies Axioms and if and only if ¢C does;
furthermore, because ¢ is order preserving, C satisfies Axiom if and only
if ¢C does; and finally, because ¢ is linear, C satisfies Ax% if and
only if §C does: such isomorphisms preserve coherence. Moreover, C satisfies
Property if and only if ¢C does, and C satisfies Property[@zl if and only
if ¢C does.

This observation implies moreover that (C(V);c) and (C(W);c) are
order-isomorphic. Similar remarks can be made for rejection functions and
choice relations as well.

2.8 PURELY BINARY CHOICE FUNCTIONS

In general, a rejection function—or a choice function or choice relation for
that matter—cannot be characterised using only pairwise comparisons of op-
tions, meaning that a binary relation on options will not in general uniquely
determine a choice function. Indeed, in principle none of the rationality Ax-
ioms RIpgR4by excludes the following behaviour for a coherent rejection
function R:

u¢R({u,v}) u¢ R({u,w}) ueR({u,v,w})
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where u, v and w are options. This is an instance of a non-binary rejection
function: in every binary (or pairwise) comparison of u with v and w, u is in
the choice set, but u is rejected from {u,v,w}—it is rejected using v and w
together. As shown by Schervish et al. [61]], E-admissibility is an example of
an important non-binary decision rule. In this section, we study a special class
of choice functions that are determined by their restrictions to binary option
sets—option sets of cardinality two. Remark already that the corresponding
choice relation of a binary rejection function will be completely determined by
its restriction to {{u}:ueV}c Q.

2.8.1 Motivation

Imprecise probabilities is an umbrella term for mathematical models that are
meant to be used in situations of imprecise or incomplete information, where it
may not be possible (or advisable) to use (precise) probabilities. In particular, it
covers sets of probability measures and various types of non-additive measures
and functionals, such as coherent lower previsions [51]], belief functions [35,
70| and possibility measures [12,[22]]. All of these models can be expressed
in terms of coherent sets of desirable gambles [|57}/64,/82, 83]@ which encode
the gambles that a subject, whose beliefs we want to model, strictly prefers
to the status quo. One of their advantages is that they avoid problems with
conditioning on events of probability zero. They can be—and have been—
used to replace probabilities in Bayesian networks, for predictive inference,
and so on [[13,19,[24,(31.|55]].

Sets of desirable gambles are typically a binary concept: they are char-
acterised by pairwise comparisons between the available options, whereas in
practice choice may be more complex. One of the aims of this section is to
study how the more general-—not necessarily binary—choice functions relate
to the sets of desirable gambles that are now more commonly used in imprecise
probabilities papers.

2.8.2  Sets of desirable options

Sets of desirable options are a(n obvious and immediate) generalisation of sets
of desirable gambles: instead of working with the linear space £ of gambles,
we will work with our general (abstract) vector space V of (abstract) options.
We will see that sets of desirable options amount to a pairwise comparison of
options and therefore correspond to a special kind of choice functions.

Definition 19 (Set of desirable options). A set of desirable options D is simply
a subset of the vector space of options V. We collect all possible such sets of

1811 their article from 1990, Reference [64], Seidenfeld et al. use the term ‘favorable gambles’.
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desirable options in the set D(V), often simply denoted as D when it is clear
from the contact what the option space V is.

Its interpretation will be that D contains those options that some subject strictly
prefers to the status quo 0. As we did for choice functions, we pay special
attention to coherent sets of desirable options. The following is an immediate
generalisation of existing coherence definitions [[19}29,/31,|57,64,/82]] from
gambles to abstract options.

Definition 20 (Coherent set of desirable options). We call a set of desirable
options D €V coherent if for all u and vin V and A in Ry:

DI1. 0¢D;

D2. if O<uthenueD;

D3. if ueD then AueD;

D4. if u,veD thenu+veD.

We collect all coherent sets of desirable options in the set D(V), often simply
denoted as D when it is clear from the context which vector space we are using.

Axioms and turn coherent sets of desirable options D into convex
cones—meaning that posi(D) = D. They include the positive options due to
Axiom[D2] but not the zero option due to Axiom[DI] As an immediate conse-
quence, their intersection with Vg is empty.

As usual, we may associate with the convex cone D a strict—irreflexive—
vector order <p—called preference relation—on V, by letting u <p v <= 0 <p
v—u<>v-uecD for all u and v in V [31},57]. If a preference relation « is
equal to <p, then we say that D and « correspond, in the sense that D can be
retrieved from <p as D ={ueV:0<p u}.

Definition 21 (Coherent preference relation). We call a preference relation <
onV coherent if for all u, v and w in V and o in (0,1]:

<1. utu;

2. <C«;

B u<veout+(l-a)w<av+(1-o)w;

<4. < is transitive: if u<vandv<wthenu<w.

We collect all coherent preference relations on the linear space V in the set
P(V), often simply denoted as P when it is clear from the context which vector
space we are using.

Axioms [«I]and [<4]turn coherent choice relations into strict partial orders that
include the vector order < (Axiom and are mixture independent (Ax-
iom [«3). A straightforward verification of the axioms shows that any set of
desirable options is coherent if and only if its corresponding preference rela-
tion is. We therefore focus on either one of them, and use ‘desirability’ as an
umbrella term for sets of desirable options and preference relations.
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More details about coherent sets of desirable gambles (options) and coher-
ent preference relations can be found in a number of papers and books [[13}{19]
291 311|54,)55L|571158},641[82,/83]].

2.8.3  Order-theoretic properties of desirability

Sets of desirable options can be ordered according to an ‘at most as informative
as’ relation, analogously to the ordering introduced for choice functions. None
of the material in this section is new, except for the straight-forward general-
isation to arbitrary option spaces; see References [[13/311|31},57./82] for more
information.

Definition 22. Given two sets of desirable options Dy and D;, we call D
at most as informative as D, when D € D;. Similarly, given two preference
relations <; and <3, we call <1 at most as informative as <, when < € <.

Clearly, for any sets of desirable options D; and D», and their corresponding
choice relations <; and <3, we have that D € D, < < € <3, so we can focus
on sets of desirable options for the remainder of this section.

Because the ordering of sets of desirable options (€) is just set inclusion, it
is a partial ordering on D, and the poset (D; <) is a complete lattice, with supre-
mum operator |J, and infimum operator (. Next we investigate the structure
of the set of all coherent sets of desirable options:

Proposition 50. The poset (D;<) is a complete infimum-semilattice, or al-
ternatively, D is an intersection structure—closed under arbitrary non-empty
intersections. The unique least informative (smallest) set of desirable options
D, is given by Dy = V.

Proof. Consider any set of coherent sets of desirable options D ¢ D, and its infimum
infD = ND, which is of course also a set of desirable options. We show that infD is
coherent, meaning that it satisfies the rationality axioms of Definition 20}
[DIl~. Since 0¢ D for all D in D, also 0 ¢ infD.
. Consider any u in V., so u € D for all D in D, implying that indeed u € infD.
[D3L.. Consider any A in Ry and any u € inf D, meaning that u € D for all D in D.
Then also Au € D for all D in D, implying that indeed Au € infD.
. Consider any u and v in inf D, meaning that  and v belong to all D in D. Hence
u+veD forall D in D, implying that indeed u +v € infD.
Now, as a convex cone, V. satisfies Axioms[D3}. and[D4}~, and by definition it satis-
fies[DIl. and[D2.. So V, ¢ is coherent, and by Axiom[D2]. it is included in any other
coherent set of desirable options. O

We will refer to Dy, as the vacuous set of desirable options.
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It will be useful to also consider the maximally informative, or maximal,
coherent sets of desirable optionsET] They are the undominated elements of the
complete infimum-semilattice (D;<); we collect them into a set D:

D:={DeD:(VD'eD)(DcD' = D=D")}.

First, the following useful result allows us to characterise these maximal
elements very elegantly.

Proposition 51. Given any coherent set of desirable options D and any non-
zero option u ¢ D, posi(D u{-u}) is a coherent set of desirable options. As a
consequence, a coherent set of desirable options D is maximal if and only if

(VueV~{0})(ueD or —ueD). (2.17)

Proof. Let, to ease the notation, D" := posi(D U {~u}). It is clear that D’ satisfies
Axioms [D2s7HD4k7, so we only need to prove that 0 ¢ D'. Assume ex absurdo that
0eD’. Since 0¢ D and 0 # u, there must be vin D and A in R such that v+ A (-u) =0,
implying that u = %v e D [Axiom , a contradiction.

Next, consider any maximal coherent set of desirable options D and any option u
in Y\ {0} such that —u ¢ D. Assume ex absurdo that also u ¢ D, then D' := posi(D u
{-u}) o D is a coherent set of desirable options by the first part, contradicting the
maximality of D.

Conversely, consider any coherent set of desirable options D that satisfies Equa-
tion (Z.17), and any coherent set of desirable options D' 2 D. Consider any u in D’
then clearly u # 0 [Axiom [DIf7], so we infer from that ue D or —ueD. As-
sume ex absurdo that —u € D, then also —u € D', which together with u € D" implies that
0=u+(-u) e D' [Axiom %}, which contradicts the coherence of D’ [Axiom |D Ifg7].
Hence u € D, which implies that D' =D, so D is indeed maximal. O

This immediately shows that a coherent preference relation is maximal if and
only if it is a total order.

Next, note that the set of all coherent sets of desirable options is dually
atomic, meaning that any coherent set of desirable options is the infimum of
its non-empty set of dominating maximal coherent sets of desirable options:

Proposition 52 (Sets of desirable options are dually atomic). For any coher-
ent set of desirable options D, its set of dominating maximal coherent sets of
desirable options Dp = {D eD: D c D} is non-empty. Moreover, D = infDp.

Proof. We have to prove that the set {D ¢D:D c D} has a maximal element. This
will follow directly from Zorn’s Lemma if we can show that any chain K in this

9The discussion in the rest of this section is based on similar discussions about sets of de-
sirable gambles [13}|31,|58]]. I repeat the details here mutatis mutandis in order to make this
dissertation more self-contained.
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poset has a greatest element. It is a matter of straightforward verification of the axioms
to see that X is a coherent set of desirable options, so UK is this greatest element.
Let us now establish the dual atomicity. By definition, D €N ﬁD, SO we concentrate
on proving that \Dp € D. Consider any « in NDp, meaning that u € D for all D € Dp.
Assume ex absurdo that u ¢ D, then —u € posi(D u{-u}), and posi(D U {-u}) is a
coherent set of desirable options by Proposition[5T}~. Consider any maximal coherent
set of desirable options D that dominates this set [there is such a coherent maximal set
by Proposition], then also —u € D and therefore u ¢ D [use Axioms Mm and mm .
But since the maximal D also dominates D, this is a contradiction. O

As we have seen, the counterpart of this result for choice models is Proposi-
tion 4Gz, except for the dual atomicity, which I was not able to establish for
choice models.

2.8.4 Connection between choice functions and sets of desirable op-
tions

We now set out to establish a connection between choice functions and sets of
desirable options.

Definition 23 (Compatibility between choice models and desirability). Given
a choice function C, and its corresponding rejection function R and choice
relation <, we say that an option v is chosen over some option u whenever
u¢ C({u,v}), or equivalently, whenever u € R({u,v}), or {u} < {v}. Similarly,
given a set of desirable options D, we say that an option v is preferred to some
option u whenever v—u € D, or equivalently, u <v. We call a choice function
C and a set of desirable options D compatible when v is chosen over u if and
only if v is preferred to u for all the options u and v.

Compatibility means that the behaviour of the choice function restricted to
pairs of options reflects the behaviour of the set of desirable options@ So, a
choice function C will have at most one compatible set of desirable options,
whereas conversely, a set of desirable options D may have many compati-
ble choice functions: compatibility only directly influences the behaviour of a
choice function on doubletons.

Definition [23| means that choice function C and a set of desirable options
D are compatible if

u¢ C({u,v}) < v-ueD,foralluandvin V.

This is even clearer in terms of the relations: a choice relation < is compatible
with some preference relation < if {u} < {v} <> u < v, for all ¥ and v in V.

20See Reference [65]) for an axiomatisation of imprecise preferences in the context of binary
comparisons of horse lotteries, rather than gambles.
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Loosely speaking, < and < are compatible if < extends < from options to sets of
options. This observation also sheds light on the necessity of our Axiom|C2fg,
which Seidenfeld et al. [67] uses a weakened version of. Indeed, if a choice
relation does not satisfy Axiom [C2bg then necessarily 0 4 u for some 0 < u,
contradicting Axiom [DZ7. So on their account, the relation between choice
functions and desirability is more tenuous.

From choice functions to desirability

We begin by studying the properties of the set of desirable options compatible
with a given coherent choice function. Since compatibility is related to the
restriction of the choice function to pairwise comparisons, it is not surprising
that each choice function has a unique compatible set of desirable options:

Proposition 53. For any coherent choice function C in C (and its correspond-
ing rejection function R and choice relation <), the unique compatible coherent
set of desirable options D¢ is given by

Dc={ueV:0¢C({0,u})} ={ueV:0eR({0,u})}={ueV:{0} < {u}}.
(2.18)

Proof. We first show that D¢ is coherent:
[Dif7. Since 0¢ C({0}),0€Dc.
[D2%7. Consider any option u in V., so 0 < u. The coherence of C [Axiom
then implies that {u} = C({0,u}), whence 0 ¢ C({0,u}), implying that indeed
ueDc.
D37 Consider any A in R, and any u in D¢, meaning that 0 ¢ C({0,u}).
Lemma(12py then implies that 0 ¢ C({0,Au}), whence indeed Au € D
[D4k7. Consider any u and v in D, meaning that 0 € R({0,u}) and 0 € R({0,v}). By
Proposition@g] then 0 € R({0,u+v}), whence indeed u+v € Dc.
We complete the proof by showing that C and D¢ are compatible: v e R({u,v}) < u—
ve D¢ forall uand v in V. For the direct implication, consider any « and v in V such that
veR({u,v}). Lemma[I2bq then guarantees that 0 € R({0,u—v}), implying that indeed
u—v e Dc. For the converse implication, consider any « and v in V such that u—v € D¢.
Then 0 € R({0,u—v}), implying that indeed v ¢ C({u,v}), by Lemma[12bq O

Proposition [53]implies that, quite elegantly, the unique preference relation <4
compatible with a coherent choice relation < is coherent and given by

u<4qv<{u}<{v}, forall uand u in V. (2.19)
Example 1. Consider the two-dimensional option space V = £ of gambles on
the binary possibility space X' = {H, T}, ordered by the standard point-wise

ordering <. Let C be the choice function given by

CA)={feA:(VgeA)g(H)+g(T) < f(H)+ f(T)} forall A in Q. (2.20)
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It is easy to check that C is a coherent choice function—it is an example of
what we will call an E-admissible choice function later. Use Proposition 53]
to infer that

De={feL: f(H)+f(T)>0} (2.21)

is its unique compatible coherent set of desirable options. O

From desirability to choice functions

We collect in Cp all the coherent choice functions that are compatible with a
given coherent set of desirable options D:

Cp:={CeC:(Yu,veV)(v¢C({u,v}) @ u-veD)}={CeC:Dc=D}.

The correspondence between choice functions and sets of desirable options can
be many-to-one, in the sense that several different coherent choice functions
may be compatible with the same coherent set of desirable options: Cp is in
general not a singleton. The least informative of them plays an important role:

Proposition 54. Given a coherent set of desirable options D, the infimum—
least informative element—inf Cp of its set of compatible coherent choice func-
tions Cp is the coherent choice function Cp, given by

Cp(A)={ucA:(VveA)v-u¢D}
={uecA:(VveA)u v} forall Ain Q. (2.22)

Proof. The proof is structured as follows: we show (a) that Cp is compatible with D;

(b) that Cp is coherent; and (c) that Cp € C for all C € Cp.

(a). First, we show that Cp is compatible with D: Consider any u and v in V then it
follows from the definition of Cp that indeed

véCp({u,v}) < (Iwe{u,v})w-veD < (u-veDorv-veD) <= u-veD,

where the last equivalence follows from 0 ¢ D, because D is coherent [Ax-
iom D Ijg7].

(b). Next, we show that Cp is coherent. Taking Proposition[gm into account, we will
incidentally, for Axioms and [R3bBpg, use Rp, given by

Rp(A)={uecA:(IveA)v-—ueD}=A~Cp(A) forall A in Q. (2.23)

[CIk. Consider any A in Q. Since A is finite and < is a strict partial order, we know
that there is at least one maximal element u,, for <, meaning that (Vv € A )u, £
v, or equivalently (YveA)v—un ¢ D. Hence upm € Cp(A).

[Cr. Consider any u and v in V such that u < v. Then 0 < v—u, whence v—u € D by
Axiom[D27. So indeed u ¢ Cp ({u,v}) by compatibility.

[R3abg. Consider any option sets A, Aj and A, in Q such that A; € Rp(A;) and A; CA.

Then u € Rp (A,) forall uin Ay, or, equivalently, (YueA;)(IveAy)v—ueD.
Since Ap € A, this implies (trivially) that (Vu € A)(3veA)v—u e D, whence
indeed A| CRp (A).
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[R3b Consider any option sets A, Aj and A, in Q such that A} € Rp (Az)—whence
(VueA;)(IveAy)v—ue D—and A C A;. It suffices to prove that then (Vu e
A1NA)(FveAyNA)v—ue D, since this implies that A N A € Rp (Ay N A).
We may assume without loss of generality that A = {v{,...,v,} with nin Zy.
Consider any # in A \ A, then we know that u; —u € D for some u; in Ay. Then
either u; € A \ A—in which case the proof is finished—or u| € A, so we may
assume that u; = v without loss of generality. But then, since A €A, we know
that uy —v; € D for some u, in Ap. By coherence of D [Axiom[DIf7], we know
that uy + v, and therefore also that uy in Ay \ {v| }. Then either up € Ay N A—
in which case the proof is finished—or uy € A \ {v; }, so we may assume that
uy = vy without loss of generality. This tells us that v, —vy € D. But then, again,
since A €A1, we know that u3 — v, € D for some u3 in A,. The coherence of D
[Axiom D47 then implies that also u3 —v; = u3 — v + vy — vy € D, and hence
that [use Axiomtwice] us ¢ {vi,v2}, so we know that uz in Ay \ {vy, v }.
When we proceed in this way, we are guaranteed to find indeed, after k <n+1
steps, some uy in Ap \ A such that uy —u e D.

[C&n Consider any A; and A in Q such that A; ¢ Cp(Az), meaning that (Vu €
Ap)(VveAr)v—u¢D.
[C4aby. It follows that (Vue A1) (VveA)Av—Au¢ D for any A in R, whence
indeed AA; € CD(AAz).
[C4Bby Also (VueA;)(VveAy)(v+w)—(u+w) ¢ D for any w in V, whence
indeed A} + {w} cCp(Az +{w}).

(c). Finally, we show that Cp £ C for all C € Cp: Consider any C in Cp and A in Q,
then we have to prove that C(A) < Cp(A). Consider any « in A and assume that
u¢Cp(A). Then v—u e D for some v in A, implying that u ¢ C({u,v}) because C
is compatible with D. The coherence of C [Axiom [C3gbg] then implies that also
u¢C(A). O

The coherent choice function Cp is the least informative choice function that
is compatible with a coherent set of desirable options D: it is based on the
binary ordering represented by D and nothing else. As we will see in Proposi-
tion[70ky, there typically are other coherent choice functions C compatible with
D, but they encode more information than just the binary ordering represented
by D, and coherence.

Proposition[54]is especially interesting because it shows that the most con-
servative choice function based on a strict partial order of options, is the choice
function based on maximalir}@—the one that selects the undominated options
under the strict partial order <p corresponding to a coherent set of desirable
options D. Any choice function that is based on maximality under such a strict
partial order is coherent.

Proposition [54] can also be interpreted in terms of rejection functions and
choice relations: given a coherent set of desirable gambles D—or a coherent
preference relation <—, the least informative compatible rejection function is

2INote that maximility here refers to the optimality decision criterion [71}/82], and it does not
mean that the set of desirable options is a maximal one, in the sense considered in Section .
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already given in Equation (2.23)jgz, and the least informative compatible choice
relation <p, is by Proposition @] equal to <c,, and determined by

Al <p Ay & (Vu €A1)(E|V EAQ)M <, for all A and A; in 0.

This shows that the partial order <ip is simply the result of lifting < from ele-
ments to sets.

Example 2. Let D be the coherent set of desirable options given by Equa-
tion (2.2T)gy. Its associated coherent choice function Cp is given by

Cp(A)={fecA:(VgeA)g(H)+g(T)<f(H)+f(T)} forall A in Q.
so it coincides with the choice function given by Equation (2.20)gT; O

Although in this particular example the two procedures coincide, there is in
general more than one coherent choice function that is compatible with a co-
herent set of desirable options. In other words, a coherent choice function is
not uniquely determined by its restriction to binary comparisons; we will give
an example in Example [TIkg further on.

There is an easy characterisation of Cp and Rp, given any coherent set of
desirable options D:

Proposition 55. Given any coherent set of desirable options D, then
0eCp({0}UA)<=>DNA =g, forall A in Q,

and, as a consequence
0eRp({0}UA) <> DNA %@, forall Ain Q.

Proof. By Equation 222y, 0 € Cp ({0} UA) < (Vv e {0} UA)v¢ D < ({0}UA)Nn
D = @, which is equivalent to A nD = &, because 0 ¢ D for any coherent D. O

Although Cp is coherent when D is, it does not necessarily satisfy the addi-
tional Property [C53, as the following counterexample shows.

Example 3. Consider the two-dimensional option space V = £ of gambles on
the binary possibility space X’ = {H, T}, ordered by the standard point-wise or-
dering <, and consider the vacuous set of desirable options Dy = {L({H,T}) €
V: f>0} = L({H,T})50, which is coherent. By Proposition[55] 0 € Cp, ({0} u
A) <= AnL({H,T})s0=a, for all A in Q. To show that Cp, does not satisfy
Property [C5b3, consider A = {0, f,g}, where f = (f(H), f(T)) = (-1,2) and
g=1(2,-1). We find that 0 € Cp, (A) because {f,g} N L({H,T})>o = @, since
F#0and g#0.

However, for the option set Aj =AU {%} cconv(A), we find that % =
(1/2,1/2) > 0 and therefore 0 ¢ Cp, (A ), meaning that the coherent choice func-
tion Cp, does not satisfy Property [C, O
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For the specific coherent set of desirable options D considered in Example
the corresponding choice function Cp fails to satisfy [C3p3. However, as we
will see in Chapter [4frz3, there are other sets of desirable options D—which we
will call the lexicographic sets of desirable options—for which Cp does satisfy
Property [Co31

On the other hand, for any coherent set of desirable options D, its least
informative compatible coherent choice function Cp is guaranteed to satisfy
the other additional Property [Céfs, as we will show in Proposition [56] Let us
first define a special class of choice functions, the ‘infimum of purely binary
choice functions’. We will come back to this in Section [2.10kT, but it will turn
out useful to introduce them now.

Definition 24. For any set of coherent sets of desirable options D <D, we
define the ‘infimum of purely binary’ choice function as Cp = inf{Cp : D e D}.

Proposition 56. Any arbitrary infimum of purely binary rejection functlons
satisfies Property@z} consider any D ¢ D, then Rp satisfies Property R

Proof. Consider any n in N, uy, ..., up in V and gy, ..., W, in Ryp, and assume
that 0 € Rp ({0,uy,...,un}). Consider any D in D, then 0 € Rp ({0,uy,...,un}), so,
by Proposition @ there is some ip such that u;, € D. Due to Axiom therefore

also W, u;, € D. Then, using Equation 2:23)jg3, 0 € Rp ({0, Wi, iy, }), and using Ax-
iom[R3gb, 0 € Rp ({0, pyu1 ..., tnttn }). Hence indeed Rp ({0, tyuy ..., taun}). O

Proposition [56] implies that there are coherent choice functions that satisfy
Property [Cb3) but not Property [C3p3;: indeed, consider the (vacuous) set of
desirable options D, from Example |3 then by Proposition @ Rp, satisfies
Property [Cb3, but in Example [3] we have shown that it does not satisfy Prop-
erty [C%3. This shows that the implication in Proposition [[67 cannot be re-
versed.

Before we investigate the connection between choice models and desir-
ability in more detail, we give the following example, which shows our earlier
claim that it is indeed (and luckily!) possible for an option to be rejected, even
though it is undominated in the option set:

Example 4. To support the claims after Proposition 33z, consider the follow-
ing choice function Cp, where D is a non-vacuous set of desirable options, im-
plying that u € D for some u € V\ Vs. Then, by Proposition[55] 0€ Rp ({0,u}),
or, in other words, {0} <ip {u}, but {0} # {u}. This example proves our earlier
claim that it is indeed possible for an option to be rejected, even though it is
undominated in the option set.
Furthermore, we now support the claim made after that same proposition,

namely that not necessarily

(iii) if A} <A and Ap <Az then A <Aj3;

(iv) if A <Ay and Ay < A3 then A| < A3,
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for all A}, A, and Az in Q. For the first one, consider A = {0}, Ay = {u}
and A3 = {u,2u}. Then A; < Ay and, since A, € Az, by Proposition
therefore A, < Az, even though A # A3 because 0 is not dominated by u nor by
2u. For the second one, consider Aj := Ay := {0} and A3 := {u}. Then A| <A,
and Ay <Az, but A; #A3. ¢

Properties of the relation between choice functions and desirability

Since sets of desirable options represent only pairwise comparison, and are
therefore generally less expressive than choice functions, we expect that go-
ing from a choice function to a compatible set of desirable options may lead
to a loss of information, whereas going the opposite route does not. This is
confirmed by Propositions[57)and[58] and in particular by their Corollary 59

Proposition 57. Consider any non-empty collection of coherent choice func-
tions C € C. Then Dintc =inf{Dc : C € C} and Ciyt(p,..cecy € infC, and therefore
also Cp, . E infC.

Proof. Recall in advance that infC is a coherent choice function by Proposition ,
and that inf{D¢ : C € C} is a coherent set of desirable options by Proposition @
For the first statement, consider any u in V), and observe that

u€Dipre <= 0¢ (infC)({0,u}) ©0¢CLJCC({O7M})

< (VCeC)0¢C({0,u})
< (VCeC)ueDc
< ue({Dc:CeC}=inf{Dc:CeC},

where the first and fourth equivalences follow from Proposition 53k

For the second statement, consider any A in Q and u in V such that u € (infC)(A).
Then u e C(A) for some C in C, from which we infer that (3CeC)(VveA)ueC({u,v}),
by an immediate application of Axiom [C3apg [use the contraposition with A1 = {u},
Ay = {u,v} and A = A]. By exchanging the quantifiers, we infer as an implication that
(VveA)(3CeC)ueC({u,v}). Now recall that

ueC({u,v}) = 0eC({0,v-u}) by Axiom [C4Bhy
<v-u¢Dc by Proposition 537

This implies that (Vv € A)v—u ¢ N{D¢c : C € C}, which is equivalent to u €
Cint{Dc:cec} (A), by Proposition @ The rest of the proof is now immediate. O

Proposition 58. Consider any set of coherent sets of desirable options D < D.
Then D¢, =infD. Moreover, Cipep E Cp.

Proof. Recall in advance that Cp = inf{Cp : D € D} is a coherent choice function by
Propositions [543 and f0fg, and that infD is a coherent set of desirable options by

Proposition 50kg
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For the first statement, consider any « in ) and observe that:
u € Din(cy:pepy < 0 ¢ (inf{Cp : D e D})({0,u}) = UDCD({OM})
De

< (VD eD)0¢Cp({0,u})
< (VD eD)(Ive{0,u})veD
< (VDeD)ueD < ucinfD.

For the second statement, let C := {Cp : D € D}, then we infer from the first statement
that {D¢ : C € C} = D. Now, use the second statement in Proposition O

From these two results we immediately infer the following:

Corollary 59. Consider any coherent set of desirable options D € D and any
coherent choice function C € C. Then D = D¢, and Cp,. £ C.

Proof. 1tis an immediate consequence of Propositions[58|and[57] by letting D := {D}
and C = {C}. O

If we consider the maps

D.:D — C:D ~ Cp as defined by Equation 2.18)g7
C.:C - D:C+ Dc as defined in Equation (2.22)jgz,

then Corollary |59|essentially states that D+ o C. = idg;, the identity map on D,

while (C. oD.)(C) c C for all C in C. This observation helps us interpret
Propositions [57] and [5§] using the following commuting diagrams: Full lines

c inf infC

D. D. RN

inf .
{Dc:CeC} m inf{Dc¢ : C € C} = Dingc —— Cinf{De:cec} = CDinsc

inf . C. ~
D infD = D¢, ——M8M— Cinfp = CDCD
C. D. P
(Cp:DeD) inf cp

Figure 2.3: Commuting diagrams for Propositions[57]and [5§]
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indicate the maps (D., C. or inf), while dashed lines indicate an “is at most
as informative as” (€ for choice functions, C for sets of desirable gambles)
relation.

Example [I0k3 in Section further on will show that the inequalities
in these results can be strict; this does not seem surprising for the inequal-
ity of Proposition [S7kg, but is perhaps less intuitively obvious for the one in
Proposition [58g.

This also helps to see that coherent choice functions are indeed more infor-
mative than coherent sets of desirable options, in the sense that two different
coherent choice functions (Cipp and Cp) may determine the same coherent set
of desirable options (infD) when restricted to option sets of cardinality two.
Thus, we need to move to this richer model Cp in order to fully represent the
beliefs encompassed by {Cp : D € D}. Moreover, this happens even if each
of the choice functions in the set D is fully determined by a coherent set of
desirable options.

2.8.5 Order-theoretic properties of purely binary choice functions

As a consequence of the connections established in the previous section, infer
the following basic result:

Proposition 60. Consider any coherent choice functions C1 and C,. If C1 € Cy,
then D¢, € Dc,. Conversely, consider any coherent sets of desirable options Dy
and D>. Then Dy € D, < Cp, E Cp,.

Proof. By Proposition @j it suffices therefore to show that Ry £ Ry = Dg, € Dg,
for all coherent rejection functions Ry and R, and that D; € D < Rp, € Rp, for all
coherent sets of desirable options Dy and D;.

The first statement—that Ry € Ry = Dg, € Dg,—is a direct consequence of the
definition (Equation of Dg.

For the second statement—that D € Dy < Rp, E Rp,—we start with necessity.
Consider any coherent sets of desirable options D and D, such that D; € D;, and
any A in Q. We will show that then Rp, (A) € Rp,(A). To establish this, consider
any u in Rp, (A). Then v—u € D; for some v in A, whence, since D; € D, therefore
v—u € Dy. This implies that u € Rp,(A), whence indeed Rp, = Rp,. For sufficiency,
assume that Rp, © Rp,. We have already shown in the first part of this proof that
then Dg,, < Dg,, . By Corollary @F we find that Dg,, = D; and Dg,, = D,, which
completes the proof. O

The converse of the first statement does not hold:
Example 5. This example serves as a counterexample to show that the con-

verse statement of Proposition (60| does not hold—that D¢, ¢ D¢, does not im-
ply Ci € C,. Assume ex absurdo that this implication holds for all coherent
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choice functions C; and C,. This would imply the following stronger condi-
tion:

D¢, = D¢, = Cy = C; for all coherent choice functions C; and C;.

To see this, if D¢, = Dc,, then D¢, € Dc,—and hence C; £ C;—and Dc, €
Dc,—and hence C; € C;. So we infer that both Cy £ C; and C; £ Cy, and
therefore indeed C; = C.

We will give an example of two different coherent choice functions Cy
and G, that have the same binary behaviour: D¢, = D¢,. We will work with
the special vector space of gambles V = £ on a binary possibility space X =
{H, T}, ordered by the standard point-wise ordering <. Let C; := Cp, where
D, = L is the vacuous set of desirable gambles, and let C; := inf{CDz,CDé},
where Dy = Lsou{feL: f(H)>0} and D} == L ou{feL: f(T) >0} are two
maximal sets of desirable gambles. Note that Dy, D, and Dg are coherent, and
therefore so are C; and C,. Furthermore, infer that D, r\Dé = D;. To establish
this counterexample, it suffices to find that D¢, = D¢, and C; # C;.

For D¢, = D¢, , use Corollary @z] to infer that D¢, = Dy and use Proposi-
tion @] to infer that D¢, = inf{D,,D}} = D, n D), = Dy, so indeed D¢, = D, .

To show that C| # C,, it suffices to find one option set A in Q such that
0eCi(A) and 0 ¢ Cr(A). We state that A == {0, f, f'} with f = (f(H),f(T)) =
(1,-1) and f' = (f'(H),f'(T)) = (-1,1), is such an option set. Note that
indeed 0 € C;(A) since AnD; = @. To see that 0 ¢ C2(A), note that f belongs
to D, and f’ to D). Therefore 0 ¢ Cp,(A) and 0 ¢ Cp; (A), whence indeed

0¢ (inf{(Cp,. Cpr }) (4) = Ca(A). 0

Let us investigate what the least informative coherent choice function Cp,
that is compatible with Dy, the vacuous set of desirable options, looks like.

Proposition 61. The least informative coherent choice function Cp, that is
compatible with Dy is the vacuous choice function: C, = Cp,.

Proof. By Proposition @2] and since Dy € D, we have that Cp, is a coherent choice
function. Since Dy = V,q, it is given by u € Cp, (A) < (VveA)u+v forall A in Q and
u in A, and by Equation (2.14)g therefore indeed equal to Cy. O

Example 6. Consider, as a simple example, the case that the vector ordering
is total, meaning that for any u# and v in V), either u <v, v<u or u=v. It
then follows from Proposition [61] that, for any coherent choice function C,
C(A) cCy(A) =maxA for all A € Q, where maxA is the singleton containing
the unique largest element of the finite option set A according to the strict total
ordering <. But then Axiom guarantees that C(A) = Cy(A) = maxA for
all A € Q, so C, is the only coherent choice function. ¢

So the vacuous set of desirable options D, induces the vacuous choice func-
tion Cp, . Is there a similar relationship for maximal sets of desirable gambles
D? Indeed, as it turns out, Cp, is a maximal choice function:
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Proposition 62. Consider any maximal coherent set of desirable vectors D in
D. Its least informative coherent compatible choice function Cy, is a maximal

coherent choice function. As a consequence, {Cp, : De ﬁ} cC.

Proof. Since D is a maximal set of desirable options, we find by Proposition that
(VueV~{0})(ueDor —ueD).
By Equation (2.22)gp its least informative compatible choice function Cj, is given by

Cp(A)={uecA:(VveA)v-u¢D}
={ueA:(VveA~{u})v-u¢Dy={ucA: (¥veA~{u})u-veD}

for all A in Q, where the second equality follows from the fact that 0 ¢ D by Axiom%
and the third one because D is maximal. As an intermediate result, we will show that
|Cp(A)| =1 forany A in Q. Consider any A in Q and assume ex absurdo that there are
uy and up in V such that u; and u; belong Cp, (A) and u; # uy. Then

(VveA~{uuy—veD and (VveA~{up})us—veD,

so in particular u; —uy € D and uy —uy € D, whence 0 D by Axiom %}, contradicting
Axiom . This implies that |C;(A)| =1 for all A in Q, because |Cp(A)| =0 is
impossible since Cp, is coherent by Proposition L

We finish the proof by showing that then Cp, 1s a maximal choice function. Assume
ex absurdo that it is not, then Cp, © C for some C in C, so C(A) € Cp,(A) forall A in Q,
and C(A") c Cp(A") for at least one A" in Q. Since |C, (A")| = 1, therefore |C(A")| =0,
so C(A") = @, a contradiction with the coherence [Axiom of C. O

Recall that we have shown in Proposition @] that C # &, but we were unable
to find explicit examples of maximal choice functions there. The maximal
choice functions {Cp : D e D} are the first maximal choice functions we en-
counter, and are therefore interesting in their own right. An important question
is the following: can all the maximal choice functions be written as Cp with D
in D?

Interestingly, and related to this, Proposition[62|comes in handy in showing
that the class of all choice functions is a belief structure.

Definition 25 (Belief structure [23| Definition 1]). Consider any class of belief

models B, partially ordered by Ty, and the set of coherent ones B, inheriting

the partial order cg. The structure (B;B;Cp) is called a belief structure if it

satisfies the following three properties:

Bi. (B;c=p) is a complete lattice;

B». (E; Cp) is an intersection structure, meaning that B is closed under arbi-
trary infima: for any subset B of B, its infimum inf B belongs to B;

Bs. (B;cg) has no top.

Proposition 63. (C;C;c) is a belief structure.
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Proof. That (C;c) is a complete lattice follows from Proposition @j That (C;c

is an intersection structure follows from Proposition % Finally, that (C;c) has no
top follows from the fact that sets of desirable options are a belief structur 311,
so (D;<) has no top. Since by Propositionevery maximal element of D induces a
different maximal element of C, therefore indeed (C;<) has indeed no top either.  [J

2.8.6  Connection with probability

Desirability is more general than most of the imprecise-probabilistic models,
and therefore also more general than (classical) probability. Below, we give a
concise overview of the relationship between desirability and most of the more
popular (imprecise-)probabilities models, which is summarised in Figure 2.4]
We consider lower previsions, sets of linear previsions, and probability mass
Sunctions, and work with the option space V = L(X) of gambles on the finite
possibility space X, ordered by the standard point-wise ordering <. There are
other models, such as full conditional probabilities—that allow for condition-
ing on arbitrary events, just like sets of desirable gambles, as we will see in
Chapter [Gbgsr—which we do not consider here.

/

mass functions p
linear previsions E

lower previsions P
sets of linear previsions /C

~

sets of desirable gambles D
\_ preference relations < -

choice functions C
K choice relations < j

Figure 2.4: Schematic overview of the relationship between models we con-
sider

Lower previsions

Sets of desirable gambles—and therefore also choice models—are connected
with probability via lower previsions. A lower prevision P:L(X) — R and
upper prevision P: L(X) — R are real-valued functionals whose domains are
the set of all gambles. Consider any gamble f. Its lower prevision P(f) is

22They are even a strong belief structure, meaning that it is a belief structure that is moreover
dually atomic.
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the subject’s supremum buying price for f, and its upper prevision P(f) is
the subject’s infimum selling price for f. Since selling f for a price u e R
is equivalent to buying —f for a price —u, the lower prevision P and upper
prevision P are related: P(f) = —P(-f). We therefore can focus on either one
of them; it is customary to focus on lower previsions.

Historically, lower previsions were first studied in 1975 by Willams [84].
Later on, they were addressed in much more detail in 1991 by Walley [82].
Since then, they are widely used as a very general imprecise-probabilistic
model; see References 51,5272 for an overview.

Given a set of desirable gambles D ¢ £(X), we associate with it a lower
prevision P, defined as

Py(f)=sup{ueR: f—pueD} forall fin L(X). (2.24)

Since finding the gamble f — u desirable is equivalent to preferring to buy f
for the price u, over the status quo—not buying nor selling anything—, this
lower prevision indeed specifies the supremum buying price for any gamble.
We call P coherent if there is some coherent set D of desirable gambles such
that P = Pp,.

Given a coherent choice function C on L(X), it induces through Equa-
tions and a coherent lower prevision P := Pp, ., which is given
by

Pe(f) =sup{ueR:0¢C({0,f—u})} =sup{u e R: {0} <c {f-u}} (2.25)

for all fin L(X).

We are now looking for some kind of inverse operation: given a coherent
lower prevision P, we want to find a corresponding set of desirable gambles
D that induces P (in other words, such that P, = P), and such that D is as
least informative as possible. Generally speaking, different sets of desirable
gambles may induce the same lower prevision, as illustrated in Figure [2.5]
where we have the binary possibility space {H, T}.

This is why in general coherent sets of desirable gambles are more informative
than coherent lower previsions—and, as we will see below, therefore also more
informative than (sets of) probability mass functions—as a belief model.

Given a coherent lower prevision P on £(X), the least informative—
smallest—coherent set of desirable gambles Dp that induces P is given by
(see Reference [82) Section 3.8.1] who also introduces the term set of strictly
desirable gambles for Dp)

Dp = L(X)s0u{f € L(X):P(f) >0}, (2.26)

and the least informative coherent choice function Cp that induces P through
Equation (2.23)) is by Equation (2.26) and Proposition @@] given by Cp,, or
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T T . T
Pp(f) Pp(f) A
D 2 | Dp,
\
f f \
) . ) 2 b
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A S S
FRNTENE f-a

Figure 2.5: Left and middle: two different sets of desirable gambles inducing
the same lower prevision. Closed border segments are indicated by full lines,
and open ones by dashed lines. Right: set of strictly desirable gambles based
on the lower prevision Pj, from the left and middle figure.

explicitly, by

Cp(A)={feA:(VgeA)g—f¢Dp}

={feA:(VgeA)(g# fand P(g—f)<0)} forall A in Q(L(X)).
(2.27)

Probability mass functions and linear previsions

A probability mass function is an element of the unit simplex ¥ in the linear
space RY of all real-valued maps on X

TSx={peRY: (VxeX)p(x)>0and Z/:Yp(x) =1}.

A linear prevision—also called expectation operator—is an operator E on
L(X) that satisﬁes@
(i) E(f)2minf;
(i) E(f+g)=E(f)+E(g);
(i) E(Af) = AE(f),
forall f and g in £(X) and A in R. We collect all linear previsions on £(X) in
the set Px. Every linear prevision is in particular a coherent lower prevision.
There is a connection between mass functions and linear previsions. With
every mass function p, we let E, be the corresponding linear prevision E,, be
given by
E,(f)=Y p(x)f(x) forall fin L(X).
xeX
E, (f) is the weighted average of the values of f, according to the (probability)
masses determined by p. The linear prevision E, satisfies Conditions

23 Actually, Property is a consequence of Properties |(i)| and see for instance Theo-
rem 2.8.4 of Reference [82] and Theorem 4.16 of Reference [72].

73



COHERENT CHOICE MODELS

Conversely, any linear prevision E determines a probability mass function pg
by means of indicators of elementary events:

pe(x) = E(I,y) forall x in X.

Using some basic algebra, we see that E,, = E and pg, = p for every linear
prevision E and every probability mass function p. So we see that linear previ-
sions and probability mass functions are in a one-to-one correspondence with
each other.

Sets of linear previsions

Equivalent to lower previsions, we can consider closed and convex sets of lin-
ear previsions IC € P . Given a coherent lower prevision P on L(X), we define
the set of dominated linear previsions:

Kp={PePx:(VfeL(X))P(f)2P(f)}.

This is a closed and convex non-empty subset of Py. Conversely, given a
closed and convex non-empty subset IC of Py, it can be shown (see Refer-
ence [82, Section 3.3.3]) that P, defined by

P (f) =min{E(f):EeK} forall fin L(X)

is a coherent lower prevision. Coherent lower previsions and closed and con-
vex non-empty sets of linear previsions are in a one-to-one correspondence
with each other. Moreover, due to the equivalence between linear previsions
and probability mass functions, we can equivalently use a subset M of £y to
define a lower prevision P 4 = B’CM , Where

Km={Ey,:peMj.

Given a closed and convex set /C of linear previsions, or a closed and con-
vex set M of probability mass functions for that matter, the least informa-
tive coherent choice function compatible with it (induces Py or P, by Equa-
tion (2.23)r) is the one given by Equation (2.27).~ that is based on the coher-
ent lower prevision Py, or P, ,. In Section @U we will see other coherent
choice functions that are compatible with a given set of probability mass func-
tions M, and the assumption that M needs to be convex or closed can even be
dropped. Interestingly, Seidenfeld et al.’s [67]] coherent choice functions are
in a one-to-one correspondence with (arbitrary) non-empty sets of probability
mass functions and utility pairs.

2.8.7 Archimedeanity revisited

Seidenfeld et al.’s [[67]] extra rationality axiom besides Property , which
allows them to prove their well-known representation result for coherent
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choice functions (that their coherent choice functions are dually atomic), is
an Archimedean one, as already mentioned in Section . In Reference [86),
Proposition 6], Zaffalon and Miranda show that the vacuous set of desirable
options satisfies a pair-wise variant of Archimedeanity only in some patho-
logical cases, and conclude from this that desirability is incompatible with
Archimedeanity. We have adopted their arguments, ignoring the fact that
the result in Reference [[86, Proposition 6] holds for a pair-wise variant of
Archimedeanity, and not necessarily for the version of Archimedeanity that
Seidenfeld et al. [67] use.

Using the version of Archimedeanity that Seidenfeld et al. [67]] consider,
we set out to do something similar here in the context of choice functions,
thereby strengthening our reasons for not adopting the Archimedean axiom.
Translated from horse lotteries to option spaces, and from choice relations
to rejection functions, Seidenfeld et al.’s [67]] Archimedean axiom (see Sec-
tion [2.4bg) can be written as:

For all A, A", A”, A] and A/ (for i in N) in Q such that the sequence A]
converges point-wise to A" and the sequence A/’ converges point-wise to A”’:

a. if (VieN)A] cR(AjUA]") and A’ cR(AUA") then A” cR(AUA");
b. if (VieN)A” CR(A!UA") and A € R(AUA") then A € R(AUA').

Example 7. Consider the option space )V = £ of gambles on a finite possibility
space X, and consider any maximal set of desirable gambles D € £. Let f
be a gamble on the boundary of D that also belongs to D, so that f € D and
(Ve eRs)f—¢¢ D, and therefore, by Proposition, (VeeRsg)-f+eeD.
We let correspond with D its least informative coherent compatible rejection
function R, which, as we will see, is not Archimedean. Consider indeed the
following option sets, for every i in N:

A ={0}, Af::{—f+%}—>A'::{—f} and Af’::{f+%}—>A"::{f}.

Consider any iin N. Then A € Ry (AjUA]") since —f + % -(f+ %A) =-2f+ %
belongs to D. Furthermore, A’ € Ry (AUA”) since 0—(—f) = feD. ButA” ¢
R (AUA"), contradicting Archimedeanity. Indeed: A” ¢ Rj(AUA") means
f€Ry({0,£}) or, in other words, —f € D, a contradiction. O

This shows that (at least some) maximal choice functions (based on binary
choice) are not compatible with the Archimedean axioms considered in Sei-
denfeld et al. [67]. Since it uses the version of Archimedeanity that Seidenfeld
et al. [67]] use, this observation is, in our context, all the more a reason to let
go off the Archimedeanity.
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2.9 REJECTION SETS

As we have come to appreciate in the previous sections, one of the drawbacks
of choice models is the technical difficulty in verifying the coherence axioms.
In this section, we try to remedy this situation somewhat by providing an equiv-
alent representation of choice functions in terms of those option sets that allow
a subject to reject the zero option, which may be interpreted as those option
sets that he should consider preferable to the status quo. We call them rejec-
tion sets. As we will see, this representation, in addition to capturing more
intuitively the ideas underlying coherence, also helps simplify the verification
of coherence in a number of particular cases.

2.9.1 A representation in terms of rejection sets

We give an equivalent representation of choice functions in terms of rejection
sets.

Definition 26 (Rejection set). For any option u and any natural number i, let

K,i={AeQ:ucR(A) and|A| =i} and K, = | JK,.. (2.28)
ieN

We call K, the rejection set of u.

K., is the collection of those option sets A of cardinality i such that u is re-
jected from A. Definition[26]provides an alternative representation for rejection
functions R (or choice functions for that matter): Given any u in )V and A in
Q such that u € A, the rejection set K, determines whether or not u belongs to
R(A). Indeed, ue R(A) < A €K, 5| < A € K,, and checking this for every u
in V and A in Q such that u € A fixes the entire rejection function.

We are going to characterise coherent choice functions in terms of these
rejection sets. We can restrict our attention to the case u = 0:

Proposition 64. Consider any choice function C and the family of rejection
sets {K, :u €V} it induces by means of Equation (2.28). Then

C satisfies Axiom[Cabpg < (Yu € V)Ko + {u} = K,.

Proof. For necessity, consider any option set A that includes 0. Then the option set
A+ {u} includes u, and since by Axiom R4t it holds that R(A +{u}) = R(A) + {u},
we conclude that A € K, if and only if A + {u} e K.

Conversely, for sufficiency, consider any option set A and any option « in V and
any v e R(A), then A € K,, whence by assumption A — {v} € K and as a consequence
A+{-v+(u+v)} =A+{u} € Kyry. Then indeed u+veR(A +{u}), so Axiom[Cdbhyg
holds. O
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Taking this result into account, in what follows we will restrict our attention
to rejection sets for which Ko+ {u} = K, for every u in V. We can then simplify
the notation above to

K;i=Kp;={A€Q:0ecR(A)and |A|=i} and K:=Ky={A€ Q:0eR(A)},
(2.29)
respectively. We can think of K as a straightforward generalisation of a set
of desirable options D¢: just as every element u of D is strictly preferred to
the zero option, similarly, for every element A of K, the zero option is rejected
from it. Note in particular the correspondence between K and sets of desirable
options:

Ky ={{0,u}:uecVand 0 R({0,u})} ={{0,u}:ueDc}.

Our next result provides a characterisation of the different coherent axioms in
terms of these sets:

Proposition 65. Consider any choice function C that satisfies Axiom [C4bjm,
and consider the sets K; and K defined in Equation 2.29). Then C satisfies
Axiom

() [Clpg if and only if (VA € Qp)(FuecA)A-{u}¢K;

(ii) [C2hx if and only if (Vu e Vs0){0,u} € Ky,

(iii) |C3aby if and only if (VA e K,A"€ Qp)(AcA’ = A’ eK);

(iv) |C3bpg if and only if (VA e K,uec AN{0})(A—{u} e K=A\{u} cK),

(v) [Cdab if and only if (VA € Qp, A € Rs0)(A e K < AA €K).

Proof. (i) Taking Axiom into account, Axiom holds if and only if
C(A) + @ for every A € Qg. This in turn is equivalent to u € C(A) for some u
in A, which by Axiom |[C4bjy is equivalent to 0 € C(A - {u}) or, in other words,
toA—{u} ¢K.

(ii) Under Axiom [C4th, Axiom|[Clpy is equivalent to (Vu € Vs0)0 ¢ C({0,u}), or,
in other words, to (Vu € V,0){0,u} € Ky.
(iii) This is immediate, taking Proposition [2Z4fg into account.
(iv) This is immediate, taking Proposition 23 into account.
(v) This is immediate, taking Proposition 27 into account. O

An immediate consequence is:

Corollary 66. A choice function C is coherent if and only if it satisfies Ax-
iom[C4bpy and the rejection set K it induces by Equation (2.29) is increasing,
scale invariant, contains {0,u} for every u € V. and satisfies the following
two properties:

(i) (VA€ Qy)(JueA)A—{u} ¢K;

(i) (VAeK,VueA)(A-{u} e K=A~{u}eK).
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The ‘at most as informative as’ relation & can be expressed very easily
using rejection sets: let K be the rejection set of choice function C, and K’ the
rejection set of choice function C’, then Cc C’ < K c K'. Next we characterise
the two additional Properties [C3p3 and [CGp3.

Proposition 67. Consider any choice function C that satisfies Axiom [C4bgg
Then C satisfies Property if and only if

(VA1 eK,VA € Qp)(AcA|cconv(A) = A eK). (2.30)

Moreover, C satisfies Property|Cps) if and only if for allnin N, all uy, ..., uy,
inVandall Wy, ..., W, in Ryp:

{0,uy,up,...,.un} e K< {0, uy,... Uity } € K.

Proof. The second statement is immediate, so it suffices to show the first statement.
For necessity, application of Property @5] tells us that, whenever A € A € conv(A),
then 0 € R(A;) implies that 0 € R(A), or, in other words, that A| € K implies that A € K.

Conversely, for sufficiency, consider two option sets A and A| such that A CA; ¢
conv(A). Consider any u in C(A ), then we want to show that u€ C(A}). FromueC(A),
infer using Axiom|[C4b]that 0 € C(A - {u}), or, in other words, that A — {u} ¢ K. On the
other hand, A €A} C conv(A) implies A — {u} CA| —{u} c conv(A) — {u} = conv(A -
{u}). So the assumption and A — {u} ¢ K implies that A; — {u} ¢ K, or equivalently,
that u € C(A;). Hence indeed C(A) € C(A). O

2.9.2  Particular cases

In this section, we consider a number of particular cases of choice functions
for which the representation in terms of rejection sets simplifies somewhat.

Purely binary choice functions

Let us characterise a purely binary choice function Cp, with D a set of desirable
options. Quite interestingly, but not surprisingly, its representation in terms of
rejection sets takes a simpler form—we only need the binary rejection set K,
of cardinality two:

Proposition 68. Consider any coherent set of desirable options D and let K
be the rejection set of Cp. Then K, = {{0,u} :ueD} and

K={Ae€Qy:{0,u} cA forsomeueD}={AecQp: (A €K;)A; CA}.

Proof. Consider any option set A in K. By Proposition @, infer that 0 € Rp (A) if
and only if AnD # @ and 0 € A. If |A| = 2, then this implies that A = {0, u} for some u in
D, and as a consequence, infer already that K, 2 {{0,u} : u € D}. Conversely, consider
any A’ in Ky. Then A" = {0, v} for some v in V. But since 0 € Rp (A"), we have ve D, so
Ky € {{0,u} : u e D}, showing that indeed K, = {{0,u} : u € D}. If, on the other hand,
|A| >3, then A 2 {0,u} for some u in D. But then 0 € Rp ({0,u}), so A 2 A’ for some A’
in K3, and therefore indeed K = {A € Q¢ : (341 € Ky)A| €A}, O
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Coherent choice functions on binary spaces

Next, we consider coherent choice functions defined on gambles on binary
possibility spaces. It turns out that, under Property [C&b3, they are determined
by rejection sets of cardinality two or three:

Proposition 69. Consider any coherent choice function C on the set of gambles
L(X) on a binary possibility space X: |X|=2. If C satisfies Property [C6f
then

K={A€Q: (34 eK,UK3)A| cA}.

Proof. Letus prove that for every A in K there is some A; in K, UKK3 for which A CA.

Consider any A in K. By applying Proposition% to the option set A N L, we
find, since max(A nLc) = {0} and (AN L) ~max(A) =AnL, that AnLgC
R(AN L), so Axiom implies that then An L9 € R(A). Since A € K and
therefore also 0 € R(A), by Axiom [withA :=AnL, Ay = {0}u(AnLy) and
Ay=A,s0A A ={0} and Ay~ A = An L] we find that then 0 € R(A N LS,) and
hence also A N LS, € K, so we can assume without loss of generality that An L = @.
There are two possibilities.

If AN Lo # @, then for any f in A 0 L5, Axiom [C2bg implies that 0 € R({0, f}),
whence the set {0, f} € A belongs to K. So we find indeed that A; = {0, f} in K; and
Aj cA.

If AnLso =@, then we have A = {f1,..., fu,81,.--,8m} for some n >0 and m >0
but max{m,n} > 1, where f; belongs to the second quadrant (i.e., f;(a) <0 < f;(b)) for
every i in {1,...,n} and g; belongs to the fourth quadrant (i.e., g;(a) > 0> g;(b)) for
every jin {1,...,m}. Let A; = ﬁi) >0and p; = é’/(%) >0 for every iin {1,...,n} and
jin {1,...,m}. Then, applying Property [C&3, we find that

OER(B) with B := {O,A«]fh--~7lnﬁ1,,u1g1.,.~-,,umgm}v

Observe that A;f;(a) = —1 for every i in {1,...,n}. Letting i* := argmax{A;f;(b) : i €
{1,...,n}}, we infer that

lkfk(b) <)Li"fi* (b) :>ﬂ,kfk ER({lkfhli*fi*}) :lkfk ER(B) for all k in {L...,n},

where the first implication follows from Axiom and the last implication follows
from Axiom . Similarly, pjg;(a) =1 for every jin 1,...,m, and letting j* =
argmax{p;g;(b): je{l,...,m}}, we infer that

Hege(b) < pjxgjx (b) = poge € R({pege, j*gj* })
= g €R(B) forall £in {1,...,m},

where again the first implication follows from Axiom [R2pg and the last implica-

tion follows from Axiom [R3gy If we now apply we deduce that 0 €
R({0, A fi,ujxgj+ }), whence 0 € R({0, fi+, g+ } ), applying Property @m Thus, we
have found a subset {0, f;+, g+ } of A with cardinality three that also belongs to K. [

Proposition [69| depends crucially on the assumption that |X| = 2, as our next
example shows. This example is heavily based on Reference [353]]
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COHERENT CHOICE MODELS

Example 8. Consider a ternary possibility space X, some n in N, and let f;
be the gamble given by f; = (—1, £’_%)’ for all kin {1,...,n}. Let us first
show that for each k in {1,...,n} we can find an expectation operator Ej, that
satisfies Ex(fi) > 0> Ei(f;) forevery jin {1,...,n} \ {k}.

To find such expectation operators, let E be the expectation operator as-

sociated with the probability mass function (O, nigk, - +2k) Then E(fi - fj) =

*n&lék)@k—(kw))— U=y >0, whence E(fi~ £7) > 0 if k # j. Moreover,

n(n+2k) =
E(fk) n(n+2k) >0.

If we now consider any A in (0, 1) and define E;, as the expectation operator
associated with the probability mass function (4, (1-2 ; +2k, (1-2):5). we
obtain Ex(fi — fj) = (1-A)E(fi— f;) >0 whenever k # j. Moreover, Ei(fi) =
-A+(1-2)E(fi) and Ex(fj) =-A+(1-A)E(f)),s

E(fi)
1+ E(fi)

E(f))

and Ei(fj)<0<=A>

Since, for every jin {1,...,n} ~ {k}, lféjz’f 3 1%{%) because E(f;) <E(fx),

we let A be an arbitrary element of

( i E(f))  E(f) )
jellmi{ky 1+E(f) " 1+ E(fr)

and for this A we find that E¢(fi) > 0> Ei(f;) for every j # k.

(71707 fk

Figure 2.6: Illustration of the gambles involved in Example [§]

2E(f,) > 0 implies that 1+E(f;) # 0; to prove that 1 +E(f;) # 0, note that E(f;) = J2k))

n(n+2k)’
so l+E(fj) = % is equal to 0 if and only if j(2k — j) +n(n +2k) = 0, because the
denominator of 1+E(f;) is strictly positive. Observe that j(2k— j) +n(n+2k) = j? - 2kj—2kn+n?

is equal to O if and only if j =
{1,...,n}.

w =k + (k+n), which is impossible since j belongs to
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2.10 EXAMPLES OF COHERENT CHOICE FUNCTIONS

Now, let Dy be the coherent set of gambles given by Dy := {f € L: E;(f) >
0}, and let Cp, be its least informative compatible coherent choice function.
Then, by Proposition % the choice function C = inf{Cp, : k€ {1,...,n}}
is also coherent, and by Proposition [563 it satisfies Property [Capz. If we
now consider the option set A = {0, fi,..., f,}, we find that Cp, (A) = { fi} for
every kin {1,...,n}, since Ex(fi) > 0> E(f;) implies that both f; and fi - f;
belong to Dy, for every jin {1,...,n} \ {k}. As a consequence, we find that
C(A)={f1,.--,/n}, whence A € K. However, for every k in {1,...,n} it holds
that Cp, (A~ {fi}) = {0}, using again that E;(f;) <0 for every j # k, therefore
C(AN{fx}) =A~{fr}. Therefore A has no proper subset that also belongs to
the rejection set K. O

It is a consequence of coherence that a choice function is uniquely deter-
mined by those option sets that allow us to reject the zero option, i.e., those
that are considered preferable to the status quo. In this section, we have inves-
tigated the structure of these sets and shown that the coherence axioms can be
expressed rather elegantly and intuitively in terms of these sets. In addition,
we have shown that all the necessary information is given by option sets of
cardinality two for purely binary choice functions, and with cardinality two
or three when the possibility space is binary and the choice function satisfies
Property [C@rs. Moreover, we have shown that this last result does not extend to
larger possibility spaces: determining an analogous representation for arbitrary
spaces is an important open problem.

2.10 EXAMPLES OF COHERENT CHOICE FUNCTIONS

Given a coherent set of desirable options, we can define a coherent choice
function by selecting undominated elements as in Equation (2.22)g3. How-
ever, these are not the only possible coherent choice functions: for instance,
any infimum of such coherent choice functions (see Definition [24g) is still co-
herent. This observation gives a procedure to define coherent choice functions
complying with a sensitivity analysis interpretation, where the underlying un-
certainty model is that of coherent sets of desirable options: we may consider
a set D of possible models and then the set of coherent choice functions they
determine; by taking the infimum of this set we end up choosing those options
that are considered acceptable by at least one of the possible models.

To end this chapter about coherent choice functions, let us give some inter-
esting examples of coherent choice functions that are sometimes considered in
the literature.

Example 9. Consider again the two-dimensional option space V = £ of gam-
bles on the binary possibility space X' = {H, T}, and let D an D; be the coher-
ent sets of desirable options given by

Dy ={feL(X):f(H)+f(T)>0}and D, ={f e L(X):2f(H) + f(T) >0}.
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COHERENT CHOICE MODELS

Then the choice function C = inf{Cp,,Cp, } is coherent. If we denote arbitrary
gambles f in L(X) as f = (f(H),f(T)), and if we consider for instance the
option set A = {(4,-4),(2,-1),(0,0),(-1,2)}, we obtain

C(A) =inf{Cp,,Cp,}(A) =Cp,(A)uCp,(A) ={(2,-1),(-1,2),(4,-4)}.

The first two options are elements of Cp, (A) and the last one is an element of
Cp,(A). O

As special cases, we may consider ‘infimum of purely binary’ choice func-
tions where some additional condition is imposed on the coherent sets of de-
sirable options. We will investigate two such situations below, although others
are possible. In Definition we focus only on sets of maximal coherent
sets of desirable options, which we introduced in Section 2.6, and found
first instances of in Section 2.8f35. Their interest lies in the fact that they are
related to probability mass functions, as discussed quite thoroughly in Refer-
ences [[13L[31}/58] in the context of gambles.

Definition 27 (M-admissible choice function). If D ¢ D is a set of maximal
coherent set of desirable options, the coherent choice function Cp is called
M-admissible. We will also denote it by C% as a reminder that the infimum is
taken over maximal sets.

In particular, we can consider the M-admissible choice functions for the set
D =Dp of all maximal coherent set of desirable options that include a coherent
set of desirable options D. In order not to overburden the notation, we let

Cp =Cp, =inf{Cp:DeDand DD}, (2.31)
and similarly to what we did before, we introduce the map
cM:D-C:Dw c% as defined in Equation (2.31)g7.

The following result can be regarded as a particular case of Proposi-
tion @g, where all the coherent sets of desirable options are maximal ones.
As we have seen there too, the diagram below commutes if we focus on sets
of desirable options, but this is no longer the case if we consider the more
informative model of coherent choice functions.

Proposition 70. Consider any coherent set of desirable options D' € D. Then
D'=Dcu and Cpy = C),.
DI

Proof. Consider any u in V, then

ue DC%, < 0¢Cy ({0,u}) by Proposition 53
< (YD eDp)0¢Cp({0,u}) by Definition 27y
< (VD eDplueD by Proposition 537
<ue(\Dp = ued’ by Proposition [52kg,
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2.10 EXAMPLES OF COHERENT CHOICE FUNCTIONS

Figure 2.7: Commuting diagram for M-admissible choice functions

proving the first statement. It then follows from Proposition&ﬂ that D is compatible
with CL]\;[,, and therefore from Proposition% that Cp =infCpr CL]\;[,. O

The inequality in Proposition (70| can be strict—meaning that Cpr Cg[, for

some coherent set of desirable options D'—as we will show in Example
below.

As another special case, we consider choice functions associated with
Levi’s notion of E-admissibility [48, Chapter 5]. They are based on a non-
empty set of probability mass functions. Consider a finite possibility space
X.

With any probability mass function p, we associate (as a special case of
Equation (2.26)) a set of desirable gambles

D, =Lsgu{feL:E,(f)>0} (2.32)
and a choice function C}, defined for all A in Q by

Cr(A)={feA:(VgeA)(E,(f)>E,(g)and f £ g)} forall A in Q. (2.33)

Proposition 71. The set of desirable gambles D,, and the choice function C,
are coherent and compatible, and moreover C,, = CDp'

Proof. By Proposition %, it suffices to prove (a) that D), is coherent; and (b) that
Cp=Cp,.

(a) is proven in Reference [82, Appendix F], for instance. In order to make this
dissertation more self-contained, we provide an explicit proof here. That Axiom [DIf7
holds, follows from 0 ¢ £, and E»(0) =0. Axiom holds by definition. For
Axiom , consider any f in D, and real A in R, then 0 < f and therefore 0 <
Af,or E,(f) >0 and therefore E, (A f) = AE, (f) >0, whence indeed A f € Dp,. For
Axiom% consider any f and g in Dy, then there are three possibilities. The first is
that both f and g belong to L., and therefore also f + g € L. The second is that both
Ep(f)>0and E,(g) >0, and therefore also E, (f+g) = Ep(f) +Ep(g) > 0. And the
third is that, without loss of generality, £, (f) >0 and g € L, whence E,(g) > 0 and
therefore E, (f+g) = Ep (f) +Ep(g) > 0. In all cases therefore indeed f+g € D).

For (b), consider any A in Q, use Equation (2.22)g to find that Cp, (A) = {f €
A:(VgeA)g—-f¢ Dy} and Equation 232) to find that g— f ¢ D) < (g—f ¢
Lo and Ep(g— f) <0). It then follows from Equation (2.33) that indeed Cp(A) =
Cp, (A). O
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This result allows us to introduce the following, second special case of ‘infi-
mum of purely binary’ choice functions.

Definition 28 (E-admissible choice function). With any non-empty set of prob-
ability mass functions ME] we associate the corresponding E-admissible
choice function CEA =inf{C,:pe M} = Cip,:permy-

Proposition 72. Given any non-empty set of probability mass functions M,
we have for all A in Q that

Chu(a) ={rea:(3p e M)E,(f) eargn;apr(g)}mCV(A).
ge

Proof. We infer from Definition [28[and Proposition that

Ciu(A)= U Cp,(A)= U {feA:(VgeA)g—f¢Dp),
peM peEM

where the last equality follows from Proposition 54 Now

(VgeA)g—f¢Dp = (VgeA)(f tgand Ep(g-f)<0)
< feCy(A)and (VgeA)Ey(g-f)<0),

where the first equivalence follows from Equation (2:32)~, and the second from Propo-
sition [6Tg. Hence indeed

Chu(a) = U {rea: (g ea)Ep(s=1) <0} nGv(4)
PE

={feA:(3p e M)(VgeA)Ep(g) <Ep(f)}nC(A). 0

The following proposition establishes a connection between M-admissible
and E-admissible choice functions.

Proposition 73. For any non-empty set of probability mass functions M,
e c;‘{M, where D pq = UpepqDp, €D.

Proof. 'We consider any p in M and prove that Cp, © Cgl{ . The proof follows by
taking the infimum inf,c p¢ over p € M on both sides of this inequality. Consider any
A in Q and assume that f ¢ Cg[{p} (A), so there is some D in f){l,} such that f € Cp,(A),

or equivalently, (VgeA)g—f ¢ D. Hence (YgeA)g~f ¢ Dp, because D, € D, and
therefore indeed f € Cp, (A). O

25 Although Levi’s notion of E-admissibility was originally concerned with convex closed sets
of probability mass functions [48| Chapter 5], we impose no such requirement here on the set M.
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2.10 EXAMPLES OF COHERENT CHOICE FUNCTIONS

The key for this result is that, for any probability mass function p, there is
in general more than one coherent set of desirable options D that is associated
with it by means of the formula

E,(f)=sup{ueR: f-ueD}. (2.34)

Among all the coherent sets of desirable options satisfying Equation (2.34)
with respect to a fixed p, the least informative one is the one given by Equa-
tion (2.32)igy, which is usually referred to as the set of strictly desirable gam-
bles associated with p within the imprecise probabilities literature. This in turn
gives rise to a coherent choice function that will be less informative than one
determined by a maximal set of options that is compatible with p by means of
Equation (2.34).

Thus, the choice between E-admissible and M-admissible coherent choice
functions can be made by considering our attitude towards imprecision, that
determines the use of strictly desirable or maximal sets of options: the former
are as conservative as possible, and make a choice only when it is implied by
the probability mass function p; while the latter are as informative as it can be
considering the axioms of coherence and the probability mass function p.

The following examples show why choice functions are more powerful
than sets of desirable options as uncertainty representations, and elucidate the
difference between E-admissible and M-admissible choice functions.

Example 10. Consider the situation where you have a coin with two identical
sides of unknown type either both sides are heads (H), or both sides are tails
(T). The uncertain variable that represents the outcome of a coin flip assumes
a value in the finite possibility space X := {H,T}. The options we consider are
gambles: real-valued functions on X, which constitute the two-dimensional
vector space R?, ordered by the pointwise order. We model this situation us-
ing (a) coherent sets of desirable gambles, (b) M-admissible choice functions,
and (c¢) E-admissible choice functions. In all three cases we start from two
simple models: one that describes practical certainty of H and another that
describes practical certainty of T, and we take their infimum—the most in-
formative model that is still at most as informative as either—as a candidate
model for the coin problem.

For (a), we use two coherent sets of desirable gambles Dy and D, express-
ing practical certainty of H and T, respectively, given by the maximal sets of
desirable gambles Dy := Loou{feL: f(H)>0} and Dr:= L ou{feL: f(T)>
0}. The model for the coin with two identical sides is then Dyn Dt = L. This
vacuous model Dy, is incapable of distinguishing between this situation and the
one where we are completely ignorant about the coin.

26The example can be trivially reformulated to consider an uncertain variable taking values in
a binary possibility space, with only one of those elements occurring; however we think the use of
a coin adds some intuition.
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For an approach (b) that distinguishes between these two situations, we
draw inspiration from Proposition [S7gg: instead of working with the sets of
desirable gambles themselves, we move to the corresponding choice functions
Cy = Cp,, and Ct = Cp,, where

Cy(A)={fecA:(VgeA)g-f¢Dy}=argmax{f(H): feA}nC,(A)
=argmax{g(T):gecargmax{f(H): fecA}}

Cr(A) =argmax{f(T): feA}nC,(A)
=argmax{g(H) : g cargmax{f(T): fecA}}

forall A in Q. We infer that |Ciy (A )| =|Cr(A)| =1 forevery A in Q: for instance
in the case of Cy, note that amongst all the options attaining the maximum
value on heads, exactly one of them is undominated. The M-admissible choice
function we are looking for is CI{V{)HADT} = inf{Cy,Cr}, which selects at most
two options from each option set. It is given by

CE/IDH’DT}(A) = (argmax{f(H): feA}uargmax{f(T): feA})nC,(A)

for all A in Q, and differs from the vacuous choice function Cy. Indeed, con-
sider the particular option set A = {f,g,h}, where f = (1,0), g =(0,1) and
h=(1/2,1/2). Then Cy}, 1, (A) = {f,g} #A =Cy(A).

For (c), the set of probability mass functions M consists of the two de-
generate probability mass functions: M = {py,pr}, where py = (1,0) and
pr =(0,1). The corresponding expectations Ey = Ep,, and Et = E,, satisfy
Eu(f)=f(H) and Er(f) = f(T) for all fin L. So we see that C),, = Cy and
Cp,; = Cr, and therefore this approach leads to the same choice function as the
previous one: CI{EPHWT} = CI{V{)H,DT} =inf{Cy,Cr}. O

The example above shows that the correspondence between desirability
and choice functions is not a complete inf-homomorphism.

Example 11. In this example, we illustrate the difference between E-
admissible and M-admissible choice functions. We consider the same finite
possibility space X':= {H, T} as in Example , with the same option space
and vector ordering. For both E-admissibility and M-admissibility, we each
time consider the least informative choice functions: the E-admissible choice
function ng associated with set of all probability mass functions M =X y, and

the M-admissible choice function C%IV associated with the set of all maximal
sets of desirable gambles Dp, = D. Since CEX and C%IV are the most conser-
vative E-admissible, respectively M-admissible choice functions, we wonder

about the relationship between them, as well as their relationship with the vac-
uous choice function C,. We find that CEX = Cll\)/lv. Indeed, consider any A in Q

and any f in C,]}’IV (A), being equivalent to 0 € Cg’[v (A-{f}) by Proposition
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whence
feCh (A) < (3D eD)(VgeA-{f})g¢D < (3DeD)A-{f}nD=0.

Since for every D in D, there is some probability mass function p in £y such
that D), ¢ D [it suffices to consider the probability mass function p correspond-
ing with D], we find that

feCh(A)= (3peZx)A-{f}nD, =3« (3peZx)feCp,(A).

or in other words, f ¢ C} (A) implies that f € Cy, (A), whence Cp (A) ¢
CE‘X (A). By the definition of the vacuous choice function, we have as an
intermediate result that C, £ ng c Cg[v.

Both inequalities are strict; to show that Cy # CEX, consider the option set
A:={0,f,g}, where f = (1,-1/4) and g = (—1/4,1). Because all options in A are
point-wise undominated in A, we find that Cy(A) = A, and in particular, that
0¢€Cy(A). On the other hand, it follows from Proposition [7 2z that

0¢CE,(4) = (3p € Z2)(02 p(H) - ;p(T) and 02~ p(H) +p(T)),

which would imply that (3p eXx) (02> %p (H)+ %p (T)), which is impossible.
More importantly, we also have that CEX * Cll\)’[v . Consider the option set A :=

{0, f,—f}, where f =(1,-1). Then for the specific probability mass function
p=(1/2,12) eXx, we find that 0 € C, (A), whence 0 € ng (A). To show that

Oe€ CE(A), infer that 0 = E,(0) = E, (f) = E,(—f), and use Proposition @]
as a characterisation for the E-admissible choice functions. On the other hand,
0€C) (A) is equivalent to f € D and —f ¢ D for some D in D. But f ¢ D and
—f ¢ D implies that —f € D and f € D by Proposition |5 I, a contradiction. So
0¢Cp, (A), whence G5, #Cp..

This example shows that Cy, =Cp, = Gy C)I:EX =Gy = Cglv. O

We can interpret the example above in terms of choice relations, in the fol-
lowing manner: in the case of a complete preference relation we always have
that {0} <¢ {u,-u} for every option u. This is not the case for those induced
by sets of strictly desirable gambles, such as the coherent choice function C,
in Example [I 1} which therefore cannot be obtained as infima of a family of
complete choice relations (as are those given by M-admissibility).

There are other coherent sets of desirable gambles that can be associated
with a probability mass function and that are intermediate between the strictly
desirable and the maximal ones. One example are the so-called lexicographic
sets of desirable gambles, which we will investigate in detail in Chapter dj3;
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Taking into account PropositionA0g, we can also define coherent choice func-
tions by taking the infimum of a family of coherent choice functions deter-
mined by such lexicographic sets. As we will see, this provides another ex-
ample of coherent choice function that admits an axiomatic characterisation in
some cases.

To conclude this section, we want to mention that there are other popular
choice rules besides maximality and E-admissibility, such as, amongst others,
I'-maximin, I'-maximax and interval dominance [71]. However, they are not
coherent: none of them is guaranteed to satisfy, amongst others, Axiom|[C4bpg.
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3

NATURAL EXTENSION

In the previous chapter, we have seen what a coherent choice function is, and
how it relates to other theories of uncertainty, through the connection with de-
sirability. We took for granted that the choice function is given, and coherent.

However, it is somewhat unrealistic to assume that the subject always spec-
ifies an entire choice function C: this means that he would have to specify for
every A in Q and every u in A whether or not he rejects u in A—whether or
not u belongs to R(A), or equivalently, whether or not u belongs to C(A)—
and this in a coherent fashion such that his assessment satisfies Axioms [Clpgr-
[C4m. Rather, a subject will typically specify a choice function only partially,
by specifying the rejection of some u from some A. We call this partial specifi-
cation of a choice function his assessment. Such an assessment can consist of
an arbitrary number of rejection statements; we do not want to rule out here
the possibility that the subject’s assessment consists of an uncountable collec-
tion of rejection statements. What does such an assessment imply about the
choice for other options and other option sets? In other words, given such an
assessment, what is the implied choice between other option sets, using only
the consequences of coherence?

We will define the natural extension, when it exists, as the least committal
coherent choice function that ‘extends’ a given assessment. In the following
section, we describe in more detail what assessments can look like, and what
we mean by ‘extending’ an assessment.
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NATURAL EXTENSION

3.1 ASSESSMENTS

The subject is typically allowed to make statements of the form “I reject u
from the option set B”P_-] meaning that his rejection function R should satisfy
u € R(B)—and equivalently, that his choice function C should satisfy u ¢ C(B).
He can express such a statement for several B in Q, and within one given B,
for several u in B. We do not require that, for a given B in 9, the subject
specifies the complete set R(B), nor that he considers all the option sets in
Q to reject options from. Instead, we allow that, for some option sets B, he
provides a subset of R(B)—or equivalently that he precludes some options in
some B from being an element from C(B). From this discussion, it is already
apparent that it is more meaningful or natural to give assessments in terms of
rejection functions than in terms of choice functions.

Indeed, we cannot reverse the role of C and R here: it makes no sense that
the subject provides us with a subset of C(B), since assessing less—specifying
a smaller subset of C(B)—would correspond to a more informative and less
conservative choice. Therefore, he should either provide us with a superset
A of C(B) such that A ¢ B, or with a subset of R(B). Both approaches are
equivalent, but the latter is more directly interpretable, which is why we will
assume here that the subject specifies his beliefs using rejection statements.

Formally, then, an assessment is a subset of

{(A,v):AeQ,veA},

whose elements are couples (B,u) whose interpretation is “the subject rejects
u from B”. At this point, we will require that the assessment should satisfy
Axiom : u is rejected from B if and only if 0 is rejected from B — {u}.
It therefore can be assumed that the subject gives his assessment directly in
the form of “I reject O from B”. Any assessment can therefore be reduced to a
subset of

{(4,0):A € Qo},

or, equivalently and more directly, any assessment is simply a subset of Q.
The subject collects option sets from which he rejects O in his assessment B €
Qp, which we regard as an incomplete specification of the subject’s choice
function. The interpretation is, again, that he rejects O from every B in .

Ideally, we want to ‘extend’ the assessment B to a coherent rejection func-
tion R that reflects the information in B, in the sense that 0 € R(B) for every B
in B:

Definition 29 (Extending an assessment). Given any assessment 3 € Qg and
any rejection function R on Q, we say that R extends the assessment B if
0 € R(B) for every B in B.

I'Throughout, when such a statement is given, we silently assume that u belongs to B.
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3.2 DEFINING THE NATURAL EXTENSION

Under certain conditions, it is possible to find an extension that is coherent, as
we will see in the following sections. At this point, we can already mention
that the property of extending an assessment is closed under (arbitrary) infima:

Proposition 74. Consider any assessment B € Qg and any non-empty collec-
tion R of rejection functions that extend BB. Then inf R extends B.

Proof. Since R extends B, we have that (VB € B)(VR € R)0 € R(B), and therefore
also that (VB € B)0 € Nger R(B) = (infR)(B), so inf R indeed extends B. O

Some assessments are stronger than others—or, in other words, imply oth-
ers. For instance, a subset of some assessment is again an assessment, which
is implied by—and therefore weaker than—the former one. Let us formalise
this.

Definition 30. Given any two assessments By € Qqy and B, € Qy, we say that
B, is at least as strong as B, if (VB € B,)(3B) € B1)B; < B.

Let us verify whether a subset of an assessment is indeed at least as weak as
its original assessment. If B, € By, then (VB; € By)(3B; € B1)B) = By, so by
Proposition 33rj(D]and Definition[30] B; is indeed at least as strong as 3. The
importance of this at least as strong as relation for assessments lies in the fol-
lowing proposition, which will be important for the proof of Corollary 88qg.

Proposition 75. Consider any two assessments By € Qg and B, € Qg such that
By is at least as strong as By, and any coherent rejection function R on Q. If
R extends B, then R extends B;.

Proof. Consider any B; in 3. Then B; < B, for some B in By, and therefore, because
R extends By, we have that 0 € R(B) ). By Proposition 34 then also 0 € R(B;). Since

the choice of B, was arbitrary in B,, we infer that 0 € R(B;) for all B, in B;, so R
indeed extends 13;. O

3.2 DEFINING THE NATURAL EXTENSION

Now that we have discussed how a subject may specify an incomplete assess-
ment B of his rejection function, we are ready to define the natural extension
of this assessment.

Definition 31 (Natural extension). Given any assessment B € Qy, the natural
extension of B is the rejection function

E(B)=inf{ReR: (VB eB)0ecR(B)} =inf{R eR:R extends B},

where we let inf@ be equal to idg, the identity rejection function that maps
every option set to itself.
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NATURAL EXTENSION

We can equivalently define the natural extension as a choice function—
or a choice relation for that matter—instead of a rejection function, but that
turns out to be notationally more involved, which is why we have decided to
use rejection functions. The translation to the other types of choice models is
straightforward, also for the remaining results in this section.

Corollary 76. Consider any two assessments B) € Qg and By € Qq such that
B\ is at least as strong as By. Then E(B,) € E(By).

Proof. By Proposition [75, {R € R:Rextends Bi} € {R € R: R extends B, }, and
therefore indeed £(B;) = inf{R € R : R extends B, } ¢ inf{R € R : R extends B} =
E(By). O

Definition 3] is not very useful for practical inference purposes: it does
not provide an explicit constructive expression for £(B). To try and remedy
this, consider the special rejection function Rp based on the assessment B,
defined as:

Ra(A) = {ueA :(3A"€ Q)(A" 24 and (¥ve {u} U (A'\A))
(A= {(v})nVeo 2@ or (3B € B,3p € Rop) {v} + uB $A'))} 3.1

forall A in Q.

Although the expression for R seems involved and, admittedly, inelegant,
its interpretation should be clear. An option u can be rejected from A—is
an element of Rz(A)—in two ways: by considering the option set A itself
(corresponding to choosing A" = A in Equation (3.1)), or some strictly larger
option set A’ (corresponding to choosing A’ 5 A in Equation (3:1)).

Let us focus first on the case that A’ = A. Then there are again two ways
to reject an option u from A: trivially, meaning that u < v for some v in A
(and equivalently (A - {u}) NV, # @, or equivalently u ¢ maxA), or using
the assessment B, meaning that {u} + uB < A for some B in B and p in R,.
Taking into account coherence, and more particularly Axiom , 0eRp(B)
(and therefore also B € BB) implies u € R({u} + uB) for all u in R, whence,
by Proposition B4, {u} + uB < A implies that u € Rg(A).

If on the other hand A’ 5 A, then an option u is rejected from A if u is
rejected from A" and, additionally, all the supplementary options in A’ \ A are
rejected from A’, using at least one of the two ways as before. The idea is that
then Axiom guarantees that u is rejected from A.

The rejection function Rp satisfies some interesting properties. For in-

stance, it always satisfies the rationality Axioms [R2bg-{R4bg.

Lemma 77. Consider any assessment B < Q. Then R satisfies Axioms[R2pg—
m' V)
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3.2 DEFINING THE NATURAL EXTENSION

Proof. We check Axioms in the following order: Axiom and
[R4bty, and only then R34y, and[R3bhy, because Propositions 24fg and 23 then allow

us to prove easier equivalent variants of Axiom[R3bg

For Axiom [R2, consider any u and v in V such that u < v. We need to show
that u € Rg({u,v}), so consider the option set A = {u,v}, and let A’ be equal to A in
Equation (B.I). Since u < v, also 0 < v—u, so (A" = {u})nV.o={0,v-u}nV.o # @.
Therefore indeed 0 € Rg({u,v}).

For Axiom [R4gbg, we show that R satisfies the equivalent version (R4a[T)zy. So
consider any A in Q, A in R, and u in A, and assume that u € Rg(A). Then there is
some A’ 2 A in Q such that

(Wve{ubu(A' A (A - {v})nVog =@ or (IBeB,FueRy0){v} +uB<A").

3.2)
We need to prove that then Au € Rg(AA), so consider the option set AA. Note that
AA’ 2 LA, and consider any v/ in {Au} U (AA" N\ AA)—so v/ = Av for some v in {u}u
(A" N A). Infer that (A" — {v}) NV, # & implies that (AA" - {4/}) NV, = @. Also,
by Proposition (3B e B,3u e Ryo){v} +uB < A’ implies that (3B’ € B,3u’ €
Rso){v'} + u'B" < AA" [consider B’ = B and ' = Au > 0]. Therefore indeed Au €
Rp(AA).

For Axiom [R4bpy, we show that R satisfies the equivalent version (R4b[T)pg. So
consider any A in Q, and u and w in A, and assume that u € Rg(A). Then there is some
A’ 2 A such that Equation (3.2) holds. We need to prove that then u+w € Rz (A + {w}),
so consider the option set A +{w}. Note that A’ + {w} 2 A + {w}, and consider any v' in
{u+wlu((A"+{wH) N (A+{w}))—sov' =v+wforsome vin {u} U(A'\A). Infer that
A {wy—{v+w}=A"—{v}—so (A - (v} Vg2 @ = (A +{w}-{v+w})nV, o #
. Also, by Proposition {v} +uB <A’ implies that {'} + uB < A"+ {w}—so
(3B e B,Au eRyo){v}+uB <A’ implies that (3B € B,3u e Ry0) (V' } +uB < A"+ {w}.
Therefore indeed u+w € Rg(A +{w}).

For Axiom R34y, due to Proposition 24kg, and because we just have shown that
Rp satisfies Axiom [R4bg, it suffices to show that 0 € Rg(A) = 0 € Rg(A U {u}) for
all A in Q and u in V. So consider any A in Q and u in V, and assume that 0 € Rg(A),
meaning that there is some A’ 2 A in Q such that

(Vve{0}u(A’ \A))((A'— {vPHnVog+@or (IBeB,3uecRy){v}+uB sA').
(3.3)
We need to prove that then 0 € Rz(A U {u}): we need to find some A" 2A U {u} in Q
such that

(Vve{0}u (A"~ (Au{u})))
((A"—{v})rﬂ})o #@or (3BeB,IueRyg){v} +uB sA").

If u € A, then the proof is done: it suffices to consider A" = A’, so assume that u ¢ A. We
state that the particular choice A” := A" U {u} 2 A U {u} satisfies the equation above. To
prove this, infer first that {0} u (A"~ (Au{u})) c {0} U(A’\A) [indeed, if u ¢ A", then
{0}u (A"~ (Au{u})) = {0}u (A’ \A); if on the other hand u € A’, then {0} U (A"
(Auf{u}))={0}u(A"~ (Au{u})) c {0} u(A’~A)]. Consider any v in {0} u (A" \
(Au{u})). Thenve {0}u(A"\A), whence, by Equation (3:3) (A’ - {v})nV, o # o—
implying that (A” — {v}) NV, # @ since A’ cA”"—or (3B € B,3u € Ry) {v} + uB <
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A'—by Propositionimplying that (3B € B,3u e Ryo){v} + uB < A”. Therefore
indeed 0 e Rg(Au{u}).

For Axiom[R3bbg, due to Proposition23}), and because we have already shown that
Rp satisfies Axiom R4y, it suffices to show that 0 € Rg(A) = 0 Rg(A \ {u}) for all
Ain QanduinRg(A)~{0}. Soconsider any A in Q and uin Rg(A) \ {0}, and assume
that 0 € R (A ), meaning that there is some A’ 2 A in Q such that Equation (3:3)~ holds.
Because also u € Rg(A), there is some A}, 2 A in Q such that

(Vve{u}u(A, \A))((A,', -{v})nV.o+or (IBeB,IuecRyg){v}+uB $A{,).
34
We need to prove that then 0 € Rz(A ~ {u}): we need to find some A” 2A \ {u} in Q
such that

(Vve{0}u (A"~ (AN {u})))
((A"={v})nVeg#@or (3BeB,IueRy){v} +uB<A").

We state that the particular choice A” := A’ UA}, 2 A \ {u} satisfies the equation above.
To prove this, infer first that {0} U (A"~ (A~ {u})) = ({0} U (A"~ (A {u})))u({0}u
(AL~ (A (1)) = ({0} U (A"~ A)) U (A4~ (A~ () = ({03 U (A"~ A) ) u ({ud U
(AN A)). Consider any v in {0} U (A"~ (A~ {u})). Then ve{0}u(A'\A) or
ve{u}u(AjNA). Ifve {0} U(A'\A), then by Equation 33)~ (A"~ {v}) NV, + o—
implying that (A" - {v})n V. # @ since A’ c A" —or (3B € B,3p € Ryp) {v} + uB <
A'—by Propositionimplying that (3B € B,3u eRyp) (v} +uB<A” . Ifve {u}u
(A; N A), then by Equation B34) (A - {v}) n V.o # @—implying that (A" - {v})n
V.o # @ since A}, A" —or (IB € B,3u e Ry){v} + uB < A, —by Proposition
implying that (3B € B,3u € Ryg){v} + uB < A”. Therefore indeed 0 € Rg(A \ {u}).

O

A second interesting property of Ry is that it extends B. This is necessary if
we want to use Rg as a more constructive expression for the natural extension.

Lemma 78. Consider any assessment B € Q. Then Rp extends B.

Proof. By Deﬁnition% we need to prove that 0 € Rg(B) for all B in B. So consider
any B in BB. By Equation (3-I)jgg, it suffices to prove that there is some A 2 B in Q such
that

(Wwe{0lu(ANB))((A-{v})nVag#@or (3B" € B,3u eRyg){v} +uB <B).
We will show that the particular choice A := B satisfies this condition. Indeed, {0} U
(ANB) = {0}, so we need only consider v=0. Let B := B and t := 1, then {v} + uB' =
{0}+1B =B <B, using Propositionin the last step. So we have found an option

set A 2 B such that, for every vin {0} U (A \ B), we have {v} + uB’ < B for some B’ in
B and u in R, whence indeed 0 € Rz(B). O

So now we know already that R satisfies the rationality Axioms [R2pg-
and extends B. In general, there are other rejection functions with these
properties, but we are interested in the least informative one. The following
proposition guarantees that Rz is the least informative rejection function with
these properties.

94



3.3 ASSESSMENTS AVOIDING COMPLETE REJECTION

Proposition 79. Consider any assessment B € Qq. Then Rg is the least infor-
mative rejection function that satisfies Axioms [R2bt-R4g and extends B.

Proof. We already know from Lemma @ and Lemma that Rp satisfies Ax-
ioms [R2%pq-{R4by and extends B, so it suffices to show that Rj is the least informative
such rejection function. Consider any rejection function R’ that satisfies Axioms
and extends 3. We will show that Rz € R’, or, in other words, that Rg(A) <R’ (A)
for all A in Q. Since both Rg and R’ satisfy Axiom , it suffices to show that
0ecRp(A) = 0¢cR'(A) for all A in Q. So consider any A in Q and assume that
0€Rp(A). Infer already that then 0 € A. By Equation (3I)gz, there is some A’ 2 A
in Q such that

(Vve {O}U(A'\A))((A'—{v})nv>o +@or (IBeB,3neRyo){v}+uB sA').

Consider any v in {0} U (A"~ A). Then, by the equation above, (A"~ {v}) NV, ¢ * —
and therefore v < u for some u in A’, whence by Axiom veR ({u,v}), so by
Axiom , veR'(A")—or {v} +uB < A’ for some B in B and yt in R,p—and there-
fore, since R’ extends B, 0 € R’(B), so by Axiom , we have that 0 € R/([JB),
and using Axiom , that v e R'({v} + uB), and therefore finally, using Proposi-
tion % we infer that v e R'(A"). So we have shown that v € R'(A") for every v
in {0} U (A’ \A), and therefore {0} U(A’\A) cR'(A"). Use Axiom [with
A=A"\A, A1 :={0}u(A"~A) and A5 = A"; then A} \ A = {0} since 0 c A c A" and
Ay~ A = A since A € A'] to infer that then indeed 0 € R’ (A). O

3.3 ASSESSMENTS AVOIDING COMPLETE REJECTION

To investigate under which conditions the natural extension of an assessment
is coherent, we need to know whether the assessment can be extended to a
coherent rejection function. The question we need to answer, is: “When is an
assessment B3 extendible to a coherent rejection rejection function?”

After inspection of the rationality axioms [RIpgHR4pg, we see that all ax-
ioms but the first are productive, in the sense that application of these axioms
allows us to identify new rejected options within, possibly, new option sets.
Axiom however is a destructive one: it indicates how far our rejections
can go, and where the inferences should stop. Indeed, it requires that, within
a given option set A, not every element of A may be rejected. In other words,
it requires that, for any given option set, we should choose at least one of its
elements. Therefore we need to be careful and avoid assessments that lead to
a violation of Axiom [R1Ipg, or to a complete rejection of some option set.

Definition 32 (Avoiding complete rejection). Given any assessment B € Qy,
we say that B avoids complete rejection when Rg satisfies Axiom [R I

The reason why we decided to call this property avoiding complete rejection is
clear: given any assessment 13 ¢ Q that avoids complete rejection, the special
rejection function R satisfies Axiom [RIpg—in other words, R never returns
the complete option set.
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Example 12. To give an example of an assessment B that does not avoid
complete rejection, consider first B:= {{0}} ¢ Qy. By Proposition further
on, R extends B, and therefore 0 € Rg({0}): R does not satisfy AxiomR1pg,
so 3 does not avoid complete rejection.

Actually, this assessment leads to the trivial rejection function Rz =idg
that, evaluated in any option set A, returns the complete A. Indeed, consider
any A in Q; we will show that u € Rg(A) for every u in A. By Proposition[79}.
further on, R satisfies Axioms [R2pg-R4p, so in particular, by Axiom [R4bpg,
ue RB({u}) for every u in A. Therefore, by Axiom % [with Ay = {u},

={u} and A := A; then A, C A since u € A], we find that indeed u € Rz(A)
for every uin A.

As a second example of an assessment that does not avoid complete re-
jection, consider B := {{0,u},{0,—u}} ¢ Qp for an arbitrary u in V. Again
by Proposition further on, Rg extends B—so 0 € Rg({0,u}) and O ¢
Rp({0,-u})—and satisfies Axioms R2%pg{R4y By Axiom [R4bbg from
0 € Rp({0,—u}) we infer that u € Rg({0,u}). Using that 0 € Rg({0,u}), we
infer that {0,u} = Rg({0,u}), contradicting Axiom [Rlpg. Therefore B does
not avoid complete rejection. O

There is an interesting characterisation for ‘avoiding complete rejection’.
This characterisation is important: it will for instance help us in Chapter 7z
to study the natural extension of other types of assessments, namely structural
assessments. It also significantly simplifies the task of checking whether an
assessment avoids complete rejection.

Lemma 80. Consider any assessment B < Q. Then B does not avoid complete
rejection if and only if there is some A’ in Q such that

maxA’'=A" and 0e A" and (VveA")(3B e B,3u e Ry){v}+uB<A’. (3.5)

Proof. Use Lemma% to infer that Ry satisfies Axioms . Therefore, by
Corollary @E’ B does not avoid complete rejection if and only if 0 € Rg({0}). Use
Equation (3.T)jgz to infer that 0 € Rg({0}) if and only if there is some A’ in Q such that
0eA’ and

(WweA)((A'={v})nVeg#@or (3BeB,IueRy){v} +uB<A"). (3.6)

We show that this is equivalent to Equation (3:3). Sufficiency is fairly immediate. If
Equation (3:3) holds, then by definition there is some A" in Q such that in particular
0cA”and (VveA")(IBeB,3p eRyg){v} +uB < A’, and therefore Equation B.6) will
definitively hold.

Therefore, it suffices to show necessity. So assume that there is some A" in Q
such that 0 € A" and that satisfies Equation (3.6). Let A" = maxA’, which is non- empty
because of Proposition [31fpy. Then (Vv eAY(A" - {v})nV.0 =@, so since A” c A’,
Equation (3.6) 1mp11es that then (VveA”) (3B e B,3p e Ryp){v} +uB < A’, and using
Proposition [33(ii)&(iv)| therefore (Vv € A”)(HB eB,3ueRy){v}+uB<A”. If
0eA”, then the proof is ﬁnished. So assume that 0 ¢ A”. Consider any u in A" and let
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A:=A"-{u}. ThenmaxA=A,0¢A and (VveA)(IBeB,FpueRyg){v+u}+uB<A".
Using Proposition therefore indeed (Vv e A)(3B € B,3u € Ryg){v} + uB <
A" —{u} =A. O

34 NATURAL EXTENSION OF ASSESSMENTS THAT AVOID
COMPLETE REJECTION

The discussion after Equation (3-I)jgg tells us that the rejection function Rp
seems to serve, loosely speaking, as the least committal coherent extension of
the assessment 3. Let us formalise this idea, and show the connection between
Equation (3.T)gy and the natural extension &(B).

Theorem 81 (Natural extension). Consider any assessment B € Q. Then the
following statements are equivalent:
(1) B avoids complete rejection;
(ii) There is a coherent extension of B: (3R eR)(VB € B)0 e R(B);
(i) £(B) #idg;
(iv) E(B)€R;
(v) E(B) is the least informative rejection function that is coherent and ex-
tends B.
When any (and hence all) of these equivalent statements hold, then £(B) = Rp.

Proof. This proof is structured as follows: we first show that (V)
subsequently that whenever any (and hence all) of these four equivalent conditions hold,
then £(B) = Rp, and finally, that

For the first part, that [[D}={GDk={iv)={V)] we will show the circular chain of im-
plications after which we will prove that [(iv)] and [(V)] are equiva-

lent.

To show that implies since there is a coherent extension of B, the set
{ReR: (VB eB)0ecR(B)} of coherent rejection functions that extend B is a non-
empty. Use Proposition [A0rg to infer that its infimum is indeed a coherent rejection
function.

That implies is an immediate consequence of the fact that the rejection
function idg fails to satisfy Axiom[R1fg [indeed, idg(A) = A for every A in Q], and is
therefore not coherent.

To show thatimplies assume that £(B) #idg and ex absurdo that there is
no coherent extension of 3. Then {R ¢R: (VB e B)0cR(B)} =@, soby Deﬁnition%
&(B) =idg, a contradiction.

We finish the first part by showing that We clearly only have to show
that implies |(v)} since states, amongst other things, that £(B) is a coherent
rejection function, and it therefore implies So assume that[(iv)| holds—that &(B)
is a coherent rejection function. We first show that £(B) extends B. Since £(B @E‘

we have that {R € R : R extends B} is non-empty, and therefore, by Proposition

its infimum £(B3) extends B. Assume ex absurdo that [(v)] does not hold—so £(B) is
not the least informative rejection function that is coherent and extends B. We know
already that £(B) is coherent [by and that it extends . So the only possibility
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left, is that there is a less informative coherent rejection function R’ = £(B) that extends
B. Therefore 0 ¢ R'(A) and 0 € £(B)(A) for some A in Q. Infer that 0 € £(B)(A) <
0€ Nper (vaesyoer(s) R(A) = (YR eR)(((VB € B)0 € R(B)) = 0 € R(A)). s0 in
particular for the coherent rejection function R’, we have that ((VB € B)0 e R'(B)) =
0eR'(A). Since R’ extends B, the implicant is true, so 0 € R'(A), a contradiction.
Therefore indeed holds.

Subsequently, we prove that £(B) = Rg whenever any (and hence all) of the equiva-
lent statements hold. By Proposition[793), Rz is the least informative rejec-
tion function that satisfies Axioms and extends B. Therefore Rz c £(B),
so Rg(A) cE(B)(A) c A for all A in Q, where the second set inclusion follows by
the coherence of £(B). This implies that Rg(A) c A for all A in Q, so Ry satisfies
Axiom [RIpg. We conclude that R is the least informative rejection function that is
coherent and extends B, so by [(V)}~ indeed R = £(B).

We finish the proof by showing that[[D}~ «<>[iD}~. For necessity, by Proposition[793)
we know that Ry satisfies Axioms[R2pgR4pg and extends B. Since BB avoids complete
rejection, by Definition [32}3) we furthermore know that Ry satisfies Axiom [Rlj, and
hence it is a coherent rejection function that extends . So we showed that[(D}~ ={GD}-.

For sufficiency, we already know that[(iD}~ implies that Rz = £(1B), and that £(B)
is a coherent rejection function (see [(iv)~), so R is a coherent rejection function,
and hence in particular it satisfies Axiom [RIpg Therefore BB indeed avoids complete
rejection. O

If an assessment avoids complete rejection, then so does any weaker as-
sessment:

Corollary 82. Consider any two assessments B) € Qg and B, € Qq such that
By is at least as strong as B,. If By avoids complete rejection, then so does ;.

Proof. Since B; avoids complete rejection, by Theorem there is a coherent ex-
tension R of 151. Because B is at least as strong as I3, by Proposition [73p7 R extends
also B, whence, again by Theorem [T}~ 3, avoids complete rejection. O

Similarly as for other imprecise probabilities models such as desirability,
we will impose no requirements on the completeness of the model; see Ref-
erences [18,/82] for reasons why: even after extending an assessment using
the natural extension, the resulting rejection function is not guaranteed to be
exhaustive. With a rejection function being not necessarily ‘exhaustive’ we
mean that it is a non-exhaustive description of the subject’s beliefs. Further
elicitation may very well result in additional rejections of the zero option, but
the subject may be unwilling or incapable to specify them. Hence, we will
not require a rejection function to be exhaustive, nor will we interpret it in this
way. See Example [T4jg for an illustration of a similar idea.

Using Theorem [8T]., we can prove a counterpart of Reference [31, The-
orem 3] explaining the relationship between avoiding complete rejection and
maximal choice models:
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Proposition 83. Consider any assessment B < Qq. Then B avoids complete
rejection if and only if there is some maximal rejection function in R that ex-
tends B.

Proof. Sufficiency follows readily from Theorem using that R R.

For necessity, assume that 13 avoids complete rejection. Infer from Theorem [8 7
that £(B) is coherent and extends B. Use Proposition i€ to infer that £ () is dom-
inated by a maximal rejection function R that dominates £(B), and therefore indeed
extends B. O

3.5 NATURAL EXTENSION AND DESIRABILITY

Let us compare our discussion of natural extension with the case of binary pref-
erences and desirability, which we introduced in Section . A desirability
assessment B €V is usually (see for instance Section 1.2 of Reference [57], and
also Reference [31]) a set of options that the agent finds desirable—strictly
prefers to the zero option. Of course, any desirability assessment B €V can
be transformed into an assessment for rejection functions: we simply assess
that O is rejected in the binary choice between 0 and u, for every option u in
B. The assessment based on B is therefore given by Bp = {{0,u} :u € B};
clearly B and Bp are in a one-to-one correspondence: given an assessment
Bp that consist of an arbitrary family of binary option sets, we retrieve B as
B=U(Bg~{0}) = (UBg)~{0}.

Given any desirability assessment B €V and any set of desirable options
D cV, we say that D extends B if B< D.

Proposition 84. Consider any desirability assessment B €V and any set of
desirable options D € V. Then D extends B if and only if Rp extends Bg.

Proof. Consider the following equivalences:

Dextends B<>B<cD < (YueB)ueD
< (YueB)0eRp({0,u})
< (VB €Bg)0eRp(B') < Rp extends Bg. O

For desirability, the Axioms [D2s7{D4k7 are the productive ones, while the
only destructive axiom is Axiom [DIfz The property for desirability that cor-
responds to avoiding complete rejection for choice models, is avoiding non-
positivity, commonly formulated as (see for instance Reference [31, Defini-
tion 1])]

posi(B) NV =2 (3.7)

2 If the vector space V is the set of all gambles, the condition is called avoiding partial loss;
see Reference [57]. A very similar but slightly weaker condition is called avoiding sure loss; see
also for instance Reference [82] Section 3.7].
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for the desirability assessment B € V. The interpretation is clear: an assessment
must never imply, using scaling and combination—Axioms E;ﬂ and
and hence by applying posi to the assessment B—the desirability of an option
in Vg().

Theorem [§17 is the equivalent for choice models of the natural extension
theorem for desirabilityﬂ whose proof inspired our proof of Theorem 8 Ify7. To
make this thesis more self-contained, let us state this natural extension theorem
for desirability.

Theorem 85 (Natural extension for desirability [31, Theorem 1]). Consider
any desirability assessment B €V, and define its natural extension a

EP(B) =inf{D eD:Bc D}.

Then the following statements are equivalent:
(1) B avoids non-positivity,

(ii) B is included in some coherent set of desirable options;

(iii) EP(B) = V;

(iv) EP(B) eD;

) ED(B) is the least informative set of desirable options that is coherent

and includes B.

When any (and hence all) of these equivalent statements hold, then EP(B) =
posi(V.oUB).

Let us go back to our natural extension Theorem [§1fy7 (for choice models)
and consider a desirability assessment B €V, and its completely binary (choice
models) assessment Bg. If B avoids non-positivity, then we wonder whether
we can retrieve, using Theorem , the formula EP(B) = posi(V.oUB), as
Theorem [83]indicates.

Theorem 86. Consider any desirability assessment B €Y. Then B avoids
non-positivity if and only if Bg avoids complete rejection, and if this is the
case, then €(Bg) = Rev(p).

Proof. We start with the first part, that B avoids non-positivity if and only if Bp avoids
complete rejection. For necessity, since B avoids non-positivity, by Theorem [83] we
have that B ¢ D for some coherent set of desirable options D. Consider the coherent
rejection function Rp. Since (Yu € B)u € D, we find that (Yu € B)0 € Rp ({0,u}), and
therefore (VB € Bp)0 € Rp (B). So we have found a coherent rejection function Rp that
extends Bg, and therefore, by Theorem , Bp indeed avoids complete rejection.

3We leave Axiom out of this discussion since applying it can never result in the addi-
tional desirability of options in V<.

4For a very general form, see Reference [31, Theorem 1].
SWe let inf@ = V.
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3.5 NATURAL EXTENSION AND DESIRABILITY

For sufficiency, since Bp avoids complete rejection, by Theorem (YueB)0e
R({0,u}) for some coherent rejection function R. Consider the coherent set of desirable
options Dg = {u€V:0eR({0,u})}. Since (VueB)0ecR({0,u}), we find that B €
Dg. So we have found a coherent set of desirable options Dr for which B € Dg, and
therefore, by Theorem|[83] B indeed avoids non-positivity.

We now prove the second part, that £(Bg) =R en(p)- Since B avoids non-positivity,
by Theorem @ its natural extension is given by the coherent set of desirable op-
tions E2(B) = posi(V, o UB). Similarly, since Bz avoids complete rejection, by Theo-
rem|8 Ij7}, its natural extension is given by the coherent rejection function €(Bp) =Rp, -
So it suffices to show that R, = Rpusi(v, ,up)- Since both rejection functions are co-
herent, what we should prove can be even further reduced: by Axiom|[R4bpy it suffices
to prove that 0 € R, (A) < 0 € Ryo4i(1, gup)(A) forall A in Q.

We first prove that 0 € R, (A) = 0 € Ro5i(v_,up) (A) forall A in Q. So consider
any A in Q such that 0 € Ri3, (A). Then, by Equation (3.T)jgz, there is some A’ 2A in Q
such that

(Vwe{0tu(A'~A)((A" - {v})nVog =@ or BweB,IueRy0){v}+{0,uw} <A").

(3.3)
Without loss of generality, let A = {0,uy,...,u;} for some k in N, and A} =AU
{v1,...,v¢} for some £ in Zsg. Then {0} U (A"~ A) ={0,v(,...,v¢}, and therefore,
by Equation (3.8),

(A' NV.o#@or (IweB,u eRy0){0,uw} $A/) and

0)
(Vie{l,....t))((A"={vi})n Voo =@ or (GweB,Iu e Ryg) {vi v+ uw} < A”)

(i)

For clarity, as indicated we abbreviate the two expressions involved as (i) and (ii), and
find implications for each of them. Observe that Expression (i) is equivalent to

(IweB,Fp eRog, I’ €A )(0<w or uw < 0 or uw < w'),

taking into account that 0 € A’. Since B avoids non-positivity, and therefore w £ 0 for
every w in B, this is equivalent to

(AweB,3u eRyg, 3w’ € A")(0<w or uw = w'),

which by LemmaEm is in turn equivalent to (3w € B, 3w’ e A")w' € posi(V,qu {w}).
Therefore, since posi(VsoU{w}) c posi(VsoUB) for every w in B, this implies that

A’ nposi(V.gUB) # @. (3.9)
Observe using Proposition B3(v)| that Expression (ii) is equivalent to
(A" =) Veg =@ or (GweB, A eRup){0,uw} A" = {v;},
and therefore, since 0 € A" — {v;}, this is also equivalent to

(A= {viHnVog=@or (weB, 3 eRyg){uwl <A - {v;}.
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Taking into account that A’ = {0,uy,...,ux,v1,...,v¢}, and therefore also that O belongs
to A’ — {v;}, we find another equivalent expression:

(IweB,Fp eRog, I’ €A )0 <w —vjor uw = w' —v;),

which by Lemma Em is in turn equivalent to (3w € B, € Ryg, I’ e A )w' —v; €
posi(V,.ou{w}). Therefore, since posi(V,ouU{w}) ¢ posi(V.oUB) for every w in B,
this implies that

A" N (posi(VagUB) +{v;})  @. (3.10)
Combining the two Implications (3.9)~ and (3.10) of Expressions (i) and (ii) respec-
tively, we find that Equation (3-8).~ implies that

A’ nposi(VsguUB) @ and (Vie {1,...,01)A" n(posi(VooUB) + {v}) #@. (3.11)

We now prove that this implies that A nposi(V»gUB) # @. To this end, infer that, by
Equation (3T1), in particular A" nposi(V.oUB) # @, so w; € posi(V,UB) for some
wy in A’ If w € A, the proof is done, so assume that w; € A’ \ A and therefore w; = Vi,
for some jj in {1,...,¢}.

By Equation B:TT)), A" (posi(VsgUB) +{v;, }) # @, so wy € posi(VsgUB) + {v}, }
for some wy in A’. Remark that posi(V,oUB) +{v;,} € posi(VsoUB), because v},
belongs to posi(VsgUB), and therefore the proof is done if wy € A, so assume that
wy € AN A and therefore w, =vj, for some j, in {1,...,£}. If j, = ji, thenv; =v;, €
posi(V,oUB) +{v}, } and therefore 0 € posi(V; o UB), contradicting the avoiding non-
positivity of B, so jo € {1,...,.£}~{j }.

By another application of Equation (3IT), we find that A" n (posi(V.qUB) +
{vj,}) # @, so ws € posi(VogUB) +{vj,} € posi(V.ogUB) + {v, } € posi(V»oUB)
for some w3 in A”. If w3 € A the proof is done, so assume that w3 = v i, for some j3
in {1,...,0}. If j3 € {j1,j2}, then O € posi(VsoUB), contradicting the avoiding non-
positivity of B, so jz € {1,....0} ~{j1,j2}-

We can go on in the same vein until after ¢ steps we have shown that A N
posi(V,oUB) # g—and then the proof is done—or have found some j; in {1,...,¢} \
{J1s---»je=1} such that vj, € posi(VsoUB) +{v;,_, } Sposi(VsoUB) +{vj,,} - ¢
posi(VsoUB) +{vj, }. Equation (3-TT)) then tells us that A" nposi(V.oUB) +{vj,} # @,
s0 wy € posi(VsgUB) + {vj,} € posi(VogUB) +{vj,_, } S-S posi(VsgUB) + {v} }
for some wy in A’. Then wy # v; for all j in {1,...,¢}, because, otherwise, O €
posi(Vsg UB), contradicting the avoiding non-positivity of B. Hence wy € A, so in-
deed A nposi(VsoUB) # @.

Since 0 € A, by Proposition therefore indeed 0 € Rp,oi(1), yuB) (A).

We now prove that 0 € Ryoi(v, ,up)(A) = 0 € R, (A) for all A in Q. So consider
any A in Q such that 0 € R(y, ,up)(A), whence, by Proposition 0eA and
A nposi(V.gUB) # @, and therefore u € posi(VsoUB) for some u in A. Then u > 0
or u > Z;‘:llkvk for some kin N, Ay, ..., A in Ryg, and vy, ..., v in B. Because
we already know from Theorem@ that Rp,, is a coherent rejection function, if u > 0
then by Axiom [R1fg, 0 € R, ({0,u}). On the other hand, if u > S, Av;. by the
assessment Bg, we have that 0 € Rg, ({0,v;}) for all i in {1,...,k}, and therefore by
Axiom [R4bj also that 0 € Rz, ({0,A;v;}) for all i in {1,...,k}. Use Proposition |32y
to infer that then also 0 € Rp, ({0, Zf-‘zl Aivi}), and therefore, by Proposition Em ii)
also 0 € R, ({0,u}). So in any of the two cases, we find that 0 € Rg, ({0,u}), whence
by Axiom|[R3gg [with 4 := {0}, A} = {0,u} and A, = A] indeed 0 € R, (A). O
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3.5 NATURAL EXTENSION AND DESIRABILITY

Actually, Theorem [8€jqg consists of three remarkable statements: The first
statement is that the natural extension of a purely binary assessment Bpg, for
some B C V), is a rejection function that is purely binary itself; the second one
is that its (binary) behaviour is exactly described by the set of desirable op-
tions posi(V.oUB); both statements are conditional on Bg avoiding complete
rejection—which is furthermore, as a third statement, equivalent to B avoiding
non-positivity.

Focussing on this second statement, for any desirability assessment B €V
that avoids non-positivity, the natural extension £(Bg) (for choice models)
induces the binary choice D¢ g, reflected by posi(V..oUB). To see this, The-

orem guarantees that £(Bg) = Rposi(v, jup)> Where by Theorem Em
posi(V-oUB) is a coherent set of desirable options and by Proposition |58kg,
therefore indeed Dg ) = posi(VsoUB).

To summarise these statements, consider the commuting diagram in Fig-
ure 3.1}, where we have used the maps

EP:P(V) > D:B~ EP(B),

Be:P(V) > Qu:B— B :={{0,u} :ueB},
E:P(Qy) ~R:B-E(B),
De:R->D:R—>Dg={ueV:0e¢R({0,u})},
Re:D—->R:Dw—Rp,

with EP(B) defined in Theorem &(B) in Definition and, as usual,
Rp given by Rp(A) ={ucA:(VYveA)yv—u¢ D} for all A in Q. Start with
a desirability assessment B C V) that avoids non-positivity. Taking the natural
extension for desirability commutes with taking the corresponding assessment
(for choice models), then the natural extension, and eventually going back to
the set of desirable options corresponding to this natural extension. Further-
more, taking the natural extension of the corresponding assessment (for choice
models) commutes with taking the natural extension for desirability, and then
going to the corresponding rejection function.

In my opinion, one of the most important consequences of Theorem [8Gjog
is that the natural extension (for choice models) of a purely binary assessment
that avoids complete rejection, is a rejection function that is purely binary it-
self, in the sense that it is derived from a set of desirable options. If the as-
sessment 3 is not binary, then nothing guarantees that Ry is derived from a
set of desirable options. Moreover, it might be that Rz is not even an infimum
of such rejection functions: in Example [IGfrg, using a non-binary assessment,
we construct such a coherent rejection function. This shows that our notion
of coherent choice allows for a richer theory than a theory that would model
choice using sets of sets of desirable options.

But what can we say about the binary part D¢y of the implications of
a non-binary assessment B ¢ Qp? It turns out that the following collection of
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ED D
B EV(B) =Dg(py)
B. R.| |D.
£ _
Bg E(Bg) = Ren(p)

Figure 3.1: Commuting diagram for the natural extension for binary assess-
ments

desirability assessments is importantﬂ
Ap={{up:BeB}: (VBeB)ugecB~{0}}.
Note that each element of Ap has cardinality | 5.

Example 13. To gain a feel for what Ag is, consider the assessment B3 =
{{0,u,—u}} € Qp. Then Ap = {{u},{-u}}, and we interpret each element
of Ag as a desirability assessment. Similarly, consider the assessment B’ :=

{{0,u1,u2},{0,v}} € Qp. Then Agr = {{u,v},{uz,v}}. O

Proposition 87. Consider any assessment B ¢ Qy. Therﬂ

Rpcinf{Rgn(,) : A € Ag and A avoids non-positivity}
:inf{Rposi(V>0uA) 1A € A and A avoids non-positivity}.

As a consequence, Dg, € D, where we leﬁ

Dg ::inf{ED(A) :A € A and A avoids non-positivity}

= N posi(V.gUA).
AeAp
posi(A)NV<o=

Proof. Consider any A in Ag. We will first show that the assessment B4 = {{0,u} :
ueA} is at least as strong as B. By Definition 30y and Proposition B3{(i)] it suffices
to show that (VB € B)(3B’ € B4 )B' < B, so consider any B in B. Then by definition,
there is an element up of B that belongs to A, and therefore, B = {0,up} € By. Since

6We assume that |B| > 2—so that B contains at least one option different from 0—, for every
B in B. If this is not the case, then B does not avoid complete rejection, since it assesses that 0
should be rejected from {0}. This assumption is weaker than avoiding complete rejection, and it
guarantees that A is well defined.

"Here we let inf@ = idg.
8Here we let inf@ = NnNa=V.
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3.5 NATURAL EXTENSION AND DESIRABILITY

both 0 and up belong to B, therefore B’ < B, and we have shown that B, is indeed at
least as strong as 3. Infer already that, by Corollary@, therefore E(B) c £(By).

There are two possibilities: either (i) {A € Ag : A avoids non-positivity } + @, or (ii)
{A € Ap : A avoids non-positivity } = &.

If (i) {A € A : A avoids non-positivity } # &, we will show that then B avoids com-
plete rejection. Consider any A in Ag that avoids non-positivity. By Theorem@m,
then 54 avoids complete rejection. Since we have already shown that the assessment
By is at least as strong as the assessment B, use Proposition@ to infer that 3 indeed
avoids complete rejection.

Since A avoids non-positivity, by Theorem W'm‘] therefore £(B4) =R ep(a)- Be-
cause B avoids complete rejection, by Theorem Bl7 £(B) = Rg, s0 Rg E Rep(4).-
Since the choice of A in Ag was arbitrary—as long as A avoids non-positivity—
, therefore indeed Rp & inf{Rgn( Ay A€ Ap and A avoids non-positivity}. By The-
orem EP(A) = posi(VsgUA), so indeed also Rp © inf{Rpo5i(v gua) 1 A €
Ap and A avoids non-positivity }, proving the first part of the proposition. This also
shows that

Dg = N posi(VsoUA).
AeAp
posi(A)NV<o=2

Using Propositions and@, we infer from Rg € Rgp(4) that Dgy; © gD(A).
Again, since the choice of A in Az was arbitrary—as long as A avoids non-positivity—,
therefore indeed Dg,, S Dp, proving the second part of the proposition.

If (ii) {A € Ap : A avoids non-positivity } = &, then the statements become vacuous:
Dg,; €V and R E idg, and therefore indeed true. O

Proposition [87] provides an outer—more informative—approximation for
the natural extension, that is especially useful for its pairwise behaviour, cap-
tured by its corresponding set of desirable options. The inequalities can be
strict—meaning that Dg, ¢ Dg and similarly for the expression that involves
Rp—as we will show in Example T8z

Note also that the (non-strict) inequalities are tight, in the sense that
they can become equalities. This is for instance the case when the assess-
ment B is a purely binary assessment g, derived from a desirability as-
sessment B €V \ {O}H To see this, Theorem implies that Bg avoids
complete rejection if and only if B avoids non-positivity, and, if this is the
case, then Rp, = Ryosi(v,,up), What, since Ap, = {B}, is indeed equal to
inf{Rposi(v,yua) : A € A, and A avoids non-positivity }. The equality Dgy, =
Dg,, follows then at once.

A consequence of Proposition[87}—and therefore of Theorem [8@jmg—is the
following sufficient condition for an assessment to avoid complete rejection,

The restriction that 0 cannot belong to B is because then B consists of binary sets, and it
therefore guarantees that Ag, is well defined; see Footnote[6] This is a weaker requirement that
avoiding non-positivity: if 0 would belong to B, then B would not avoid non-positivity.
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that is easier to check@]

Corollary 88. Consider any assessment B< Q. If (3D €D)(VB e B)BnD #
@, then B avoids complete rejection.

Proof. Since (VB € B)BnD # @ for some D in D, there is an element A’
of Apg such that A" ¢ D. Therefore, by Theorem [85m A avoids non-
positivity, so {A € Ag : A avoids non-positivity} # @ and hence inf{Rgp4) : A €
Ap and A avoids non-positivity} is a coherent rejection function. Using Proposi-
tion Rp cinf{Rgp(4) : A € A and A avoids non-positivity }, so it satisfies Ax-
iom [Rlpg. Since by Proposition it also satisfies Axioms [R2pgHR4pq) and extends
B, Rp is a coherent rejection function. Hence there is a coherent extension of 13, so by
Theorem [T}y, therefore indeed B avoids complete rejection. O

3.6 EXAMPLES

Let us gain more insight in some aspects of the natural extension of a given
assessment, by means of some examples.

The first example is related to the idea of the non-exhaustive interpreta-
tiorPI] that we generally adopt. When the subject gives an assessment B € Qp,
almost alwayg “| there will be option sets B for which 0 € Rz(B) that do not
belong to B. This is as expected, as R is a coherent extension of 3, and due
to some combination of different sets in I3, we can infer the rejection of 0 from
other option sets.

In the example we will consider an assessment B that avoids complete
rejection and that consists of only one option set B € Qp, and examine whether
this is also possible within this single assessment: are there non-zero options
u in B such that u € Rg(B)? Clearly, if max(B \ {0}) # B\ {0}, then, since
Rp is coherent, by Proposition [31jr, this is the case, so we will additionally
assume that max(B \ {0}) = B~ {0}. At this point, bear in mind that such
additional rejections are impossible for single purely binary—or desirability—
assessments.

Example 14 (Exhaustive interpretation). We will work with the special vector
space of gambles V = £ on a binary possibility space X = {H, T}, ordered by
the standard point-wise ordering <.

The assessment we consider is B = {B}, where B = {0, f,g} with f =
(f(H), f(T)) = (-1, %) and g = (—%,2). Note that, by Corollary this as-
sessment avoids complete rejection: for instance, the coherent set of desirable

101¢ is an open question whether this condition is also necessary.
!1See Section .

12That is, unless the rejection function R defined as (VB € Q)(Yue V)ueR(B) < B—{u}eB
is coherent.
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options D = posi(V.ou{f}) satisfies DNnB = {f, g} + @. We will show that—
in addition to 0 € Rg(B) by the assessment—also f € Rg(B), or equivalently,
by Axiom [R4bpg, 0 € Rg(B —{f}), being an implication of the assessment,
but not directly assessed as such. To this end, by Equation (3:T)jg3, we need to
show that there is some A 2 B—{f} in Q such that

(Vhe{0Ju(A~N(B-{f1)))((A-{h})nLsp+zor (ueR,o){h}+uB<A).

We will show that the particular choice A = B—{ f} satisfies the equation above.
Indeed, then {0} u (A~ (B-{f})) = {0}, so we need only consider & =0. It
suffices to show that {0, uf,ug} =uB <B-{f}={-f,0,g— f} for some u
in Rsg. Clearly, 0 in uB is dominated by 0 in B—{f}. Also, since f(H) <0
while pf(H) >0 and pug(H) > 0, the only possibility for uf and ug to be
dominated, is uf < g— f and ug < g— f. So if we can find some u in R such
that (—u, §) =uf <g—f=(-3,3) and (-3 44,2) = g <g—f = (-3,3), then
we have shown that f € Rz (B). For instance the choice p = % satisfies the two
inequalities: indeed, (-3, %) < (-1, %) and (—%, 1)< (—%,%).

In order to visualise what happens in this example, consider Figure [3.2]
where the gambles involved—O0, f and g—are indicated. The assessment B is
{{0,f,g}}; f is indicated in dark because it is the gamble of importance, for

which we find that f € Rg({0, f,g}). O
T
8
[}
7
° 0
H

Figure 3.2: Illustration of the gambles involved in Example

As a more technical example, we investigate whether in Equation (3.T)gy
the superset A’ 2 A can be replaced by A itself: does it suffice to always con-
sider the particular choice A’ = A? We are motivated by the fact that this
would simplify the expression for Rp significantly, and we feel strengthened
by the observation that in many cases this clearly suffices—see, for instance,

the proofs of Lemmas and[78pz, and Example

Example 15. Again, we will work with the special vector space of gambles
V = L on a binary possibility space X = {H, T}, ordered by the standard point-
wise ordering <.
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The assessment we consider is B := {B}, where B = {f,0,¢} with f =
(f(H),f(T)) = (-1,1) and g = (2,-2). Note that, by Corollary [88g, this
assessment avoids complete rejection: for instance, the coherent set of desir-
able options D = posi(V.guU {f}) satisfies DnNB = {f} # @. We are interested
in the particular option set A = {(—%, %)70, g}, and want to know whether we
can derive that 0 € Rg(A), or in other words, whether there are A’ 2 A in Q
such that

(Vhe{0}U(A'~NA))((A = {n})nVeg# @ or (3 eRy0){h}+uB<A").

We will first show that this is indeed the case. Let A’ = Bu{(-3 3 2)} =
{(=3.3),(=1,1),0,(2,-2)} 2 A. Then {0} u (4"~ A) = {(-1,1),0} = {£,0},

so it suffices to check that

(A'0V>o @ or (JueRy)uUB $A’) and

To see that this holds, since B € A’ and by Proposition we have that B <
A’. Furthermore, infer that {f} +1B = {(-3 3 2 ,(-1,1),0} cA’, and therefore,
again by Proposition 1ndeed {f}+ éB <A’. So we conclude that 0 ¢
Rp(A).

If we only consider A’ = A, then {0} u (A’ ~A) = {0}, so we only need
to check whether uB < A for some U in R>o, or in other words, whether
((=p,1).0, (2, ~200)y = {1 f,0. 8} < {(-3,2),0,8} = {(~2.2).0,(2.-2)}
for some p in R.¢. For every non-zero element of B there correspond exactly
one element in A in the same quadrant, so the condition becomes u > 2, u< 2,
u<1andpu >1 for some i in R,g, which is impossible. So by only consider-
ing the particular choice A’ = A, we would incorrectly conclude that 0 ¢ Rg(A),
and therefore, it does not suffice to only consider the particular choice A" = A
in Equation (3.T)gz.

In order to visualise what happens in this example, consider Figure [3.3]
where the gambles involved—O0, f, g and (—%, %)—are indicated. The assess-
ment is indicated by circles (O), the option set A by grey disks (), and the
additional gamble that defines A’ by a dark disk (e). O

Many important choice functions—or rejection functions or choice rela-
tions for that matter—are infima of purely binary choice models: consider, for
instance, the E-admissible or M-admissible choice functions. It is an important
question whether all the coherent choice functions are infima of purely binary
choice functions, since, if this question answered positively, this would imme-
diately imply a representation theorem of coherent choice functions in terms
of purely binary ones. If this question is answered in the negative, choice
functions would constitute a theory that is more general than sets of desirable
gambles in two ways: not only because it allows for more than binary choice,
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Figure 3.3: Illustration of the gambles involved in Example [T5gn

also because it is capable of expressing preferences that can never be retrieved
as an infimum of purely binary preferences. From this discussion, it should be
clear that this question is a very important one

Below we will answer this question in the negative: we will define a special
rejection function Ry, based on some particular assessment 3 € Qy, and prove
that it is no infimum of purely binary rejection functions

Example 16 (Is every coherent choice function an infimum of purely binary
choice functions?). As in the previous examples, we will work with the special
vector space of gambles ) = £ on a binary possibility space X' = {H, T}, ordered
by the standard point-wise ordering <.

We consider a single assessment 3 := {B}, where B consists of a gamble
and one scaled variant of it, together with 0: The assessment we consider is
B:={0,f,Af} with f a gamble and A an element of R and different from 1.
If f € Lo then B does not avoid complete rejection, and if f belongs to L.,
then the assessment is trivial, and hence Rz = Ry. So assume that f belongs to
(L<oULsp)¢; for convenience assume that f(H) <0< f(T)E] Without loss of
generality, we may assume that A > IFE] The idea is that B consists of 0 and

13In fact, during my research for this dissertation, the question whether there are coherent
choice functions that are no infima of purely binary choice functions, arose naturally on different
occasions, and was crucial for several properties. It was only when we found the expression of the
natural extension that it became possible for us to answer it.

4This example can be related to Example 3 in Reference [61]], where Schervish et al. show
that in the context of E-admissibility, a rejected option may be undominated by any chosen one in
a pairwise comparison (and even by any option in the convex hull of the chosen options), provided
that the set of probabilities is not closed.

3The other possibility is f(T) <0 < f(H), but the conclusions are analogous.

161f 2 < 1, then we can relabel f and Af: we let f:=Af and A := % >1,s0 B={0,f,Af} =

{0,217, F}.
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two gambles that lie on the same line through 0, and on the same side of that
line; see Figure [3.4]for an illustration of the assessment.

Note that, by Corollary [88gg, this assessment indeed avoids complete re-
jection: for instance, the coherent set of desirable options D := posi(V.oU{f})
satisfies DN B = {f,Af} + @. Therefore, Rp is a coherent rejection function.
To prove that Rp is no infimum of purely binary rejection functions, we first
show the intermediate result that 0 ¢ Rz (A ), where A := {0, f}. To prove this,
assume ex absurdo that 0 € Rg(A), and infer using Equation that then
there would be some A’ 2 A in Q such that

(Vhe{0}u(A'~NA))((A"={h})nLso# @ or GueRyo){h}+uB<A").
(3.12)
At this point, remark already that A’ # A: indeed, if ex absurdo A’ = A, then
{0}u(A’~A) ={0}, so we need only consider / = 0. Infer that A’ N Lo =&
and (VL € R,0){0,1uf, uA f} #{0, f}, a contradiction, and therefore A’ 5 A.

T
span{f} + L0

0 H

span{ f}
assessment 3: O
option set A: e

Figure 3.4: Illustration of the assessment and some relevant sets of gambles
for Example[T6].

Without loss of generality, we let A" := {0, f,hy,...,h,} > A where n be-
longs to N and hy, ..., h, to £, so {0} u(A’~A) ={0,hy,...,h,}. Then, by
Lemma [89rz, we find that (maxA’) n{0,hy,...,h,} # @. As an intermediate
result, we show that (maxA”) N (span{f}+Lso) = @. To see this, since {0, f} N
(span{f}+Ls0) = @, infer that (maxA’) N (span{ f} + Lso) € {h1,...,h,}, and
assume ex absurdo that (maxA”) n(span{f}+Lso) # @. Let h be an element of
argmax{g(T):ge (maxA")n(span{f}+Ls0)}, then h(T) + uA f(T) > h(T),
$0 h+ A f € {h}+uB is undominated in (maxA’) N (span{f}+ Lso) whence
{h}+uB # (maxA")n (span{ f} + Ls0) for all y in Ry. Note that, since & be-
longs to span{f} + Lso, also 7+ 1A f belongs to span{ f} + L for every i in
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Rso. Therefore, since an element of span{ f} + L can never be dominated by
an element of (span{f}+L-)¢ =span{f} + LSOIT_TI also {h}+uB £ max A’ for
all u in R,. By Proposition B3{(i)[&{(iv)| therefore also {h} + uB # A’ for all
U in R,o. Since h belongs to maxA’, also A’ - {h} n Lo = @, a contradiction
with Equation (3:12). So we have that (maxA’) n (span{f} + Ls0) = @, and
therefore, again because an element of span{f} + Lo can never be dominated
by an element of span{f} + L, also A" n (span{f} + Ls0) = 2.

T

/74.
h |'

/13.

Figure 3.5: Illustration of a specific option set A’ := {0, f, hy,...,hs}, for which
we know that A" n (span{f} + Ls0) =&

Now that we know something about the shape of A’—namely, that A’ n
(span{ f}+ L) = @—, we go back to Equation (3.12), and consider first 4 =0.
Then A’ N Lso + @ or (I € Ryg)uB < A’. Since A" n (span{f} + Ls0) = @,
in particular A’ N L5 = @, so the only possibility left is (I € Ryg)uB <
A’, or, in other words, {0, uf,udf} < {0, f,hi,...,h,} for some u in Ry.
There are three possibilities: if (i) i = 1, then h; > A f—and therefore, since
A’ n(span{f}+ Ls0) = @, necessarily h; = A f—for some i in {1,...,n}; if (ii)
u= % then h; > %f—and therefore, since A’ N (span{f} + Ls0) = &, neces-
sarily h;j = %f—for some j in {1,...,n}; and finally, if (iii) u ¢ {%, 1}, then
hi > pf and hy > uA f—and therefore, since A’ n (span{f}+Ls9) = @, nec-
essarily i = uf and hy = uA f—for some k and £ in {1,...,n}. In any case,
we find that {hy,...,h,} nposi{f} + @. Without loss of generality, let & be
the unique gamble in {Ay,...,h,} nposi{f} with highest value in T: {h;} =
argmax{g(T):ge{hi,...,h,} nposi{f}}. Then, since h; € {0} U (A" \A), by
Equation (3:12)), we have that (A" = {h;})n Lo # @ or (U € Ryo){h1} + UB <
A’. Since A'n (span{f}+Ls0) = @ and h; € posi{f}, we find in particular
A'n({h1}+L50) =@, whence, using Lemma[3{r, (A’ {h}) Lo = 2. There-

To see this, note that (span{f} + L) is a coherent set of desirable gambles, whence, by
Axioms% and% any gamble dominating some desirable gamble is desirable itself.
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/7,'

@
Af
@
f
0

case (i): u=1
B:O A:e

@o——

T T
/l/
Af
® u o Iy
i ff@ E
s H
O Onmmmed
0 H 0 H

case (ii): u = %

case (iii): u ¢ {%, 1}

%B:O A: e uB: o A:e

Figure 3.6: Illustration of the three different cases mentioned

fore necessarily {hy,hy +uf,hy +uAf}={h}+uB <A’ for some u in Ryy.
Note that both iy + 1 f and h; + A f belong to posi{ f}, and have a value in T
that is strictly higher than /; (T). But at least one of &; + lLf or hj + LA f is not
equal to f, and therefore an element of {Ay,...,h,} Nnposi{f}, a contradiction
with the fact that hy € argmax{g(T) : g € {hy,...,h,} nposi{f}}. Therefore
indeed 0 ¢ Rig(A). For an illustration of the argument, see Fi gure

hi+2ufs : T
c./ll +uf
/I] o)
Af
hy ®
f
/Ij,.
@o——>
0 H

Figure 3.7: [Illustration of the contradiction, using h;, the gamble in
{h1,...,h, } nspan{f} with the highest value in T: both h; + . f and hy + uA f
have a higher value in T, and at least one of them is not equal to f

So we have found a rejection function R that does not satisfy Axiom[Rof]
[0€Rp({0,f,Af}) but0¢ Rz ({0, f})]. and therefore, by Proposition[5€ks, R
is no infimum of purely binary rejection functions. O
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Lemma 89. Consider any option sets A = {0,u1,...,uy} such that maxA =
A, and A" =Au{vy,...,v,}, with meN and n € Zyy. Then (maxA’)n
{0,v1,...,vn} #+ @

Proof. For notational convenience, let A,’< =Au{vy,...,v} for all kin {0,...,n}.
Then we need to prove that (maxAy)n{0,v(,...,va} # @. We will use induction
on n. For the base case n = 0, infer that Aj = A, and therefore 0 € maxAj = Ay,
whence indeed (maxAg) N {0} # @. Consider now the case n > 0. Then by the induc-
tion hypothesis, we may assume that (maxA!,_;)n{0,vq,...,v, 1} # @, and therefore
maxA,g_l ¢{uy,...,um}, meaning that (i) 0 € maxA;_] or (ii) v; € maxA:l_] for some i
in {1,...,n—1}. Assume now ex absurdo that maxA},  {u,...,um}.

Ifi)0e maxA;Fl, then (Vw €A;71 )0 £ w, and therefore, since 0 ¢ maxAi,, necessar-
ily 0 < v,. But, since < is transitive, then (Vw eA,'1_1 )vn £ w, and, since < is irreflexive,
we can extend this to (Yw € Aj,)v, £ w. Therefore v, € maxAj, a contradiction. So, if
(i) holds, we infer that maxAj, ¢ {uj,...,um}.

If (ii) v; € maxA/_; for some i in {1,...,n—1}, then (Vw € A/_,)v; ¥ w, and
therefore, since v; ¢ maxA,, necessarily v; < v,. But, since < is transitive, then
(Yw EA:,_l )vn ¥ w, and, since < is irreflexive, we can extend this to (Vw € A;)vn £w.
Therefore v, € maxA,, a contradiction. So, also if (ii) holds, we infer that max A}, ¢
{M] g ,Mm}.

So we have showed that indeed (maxA;)n{0,v{,...,vn} = @. O

To gain a feel for what Proposition [§7mz means, we will consider two
simple assessments 3, and find the outer approximation Dy of Dg,,, mentioned

in Proposition [8 .

Example 17. We will work with the special vector space of gambles V = L
on a binary possibility space X = {H, T}, ordered by the standard point-wise
ordering <.

The first example is purely qualitative. Let

B:={{0,/1,/2}.{0,81,82,83}} € Qo,
as indicated in Figure [3.8].. The set Az is given by

As={{fi,.e1}. {182}, {183}, {f2. 811 {2,825 {2,831},

and its subset that avoids non-positivity is

Hh.eih {80 {0813 {83, {f2.83} )

Each of these desirability assessments leads to a coherent sets of desirable
gambles, as indicated in Figure [3.9r3. Therefore, since D is the intersection
of all these sets of desirable gambles, we see that D = L is the vacuous set
of desirable gambles, shown in Figure @m Then also Dg, = D = L5 is
the vacuous set of desirable gambles: the behaviour of Rz on pairwise option
sets is vacuous! This does not imply that Rz is vacuous: indeed, for instance

0eRs({0, f1,/2})-
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® 81

)

[ ]
o
83

Figure 3.8: Illustration of the gambles in UB

Without taking care, we might (incorrectly) conclude from this example
that inf{Rp,i(1, ,ua) : A € A and A avoids non-positivity} is the vacuous re-
jection function, and hence, Proposition 87z would (incorrectly) imply that
Rp is the vacuous rejection function. However, this is not true: indeed, con-
sider for instance the option set A" := {0, f1, f2}. Then A’nD # @ for all of the
sets of desirable gambles D in Figure whence 0 € (inf{Rposi(v_yua) 1 A €
Ap and A avoids non-positivity } ) (A”).

As a second, more general, example of Proposition , let B' =
{{0,f,g}}, where f and g are any fixed gambles such that f(H) <0 < f(T)
and g(T) <0 < g(H), of which a particular instance is indicated in Fig-
ure 3.11jrg. By Corollary B’ avoids complete rejection: indeed, let
D :=posi(LsoU{f}), then DnB’ = {f} + @ for the only—and hence every—
B'={0,f,g} inB'.

We wonder what the binary behaviour Dg, of Rp is. To this end, we will
use Proposition to find an outer approximation for it. Note that Ags =
{{f},{g}}, and each of these desirability assessments avoid non-positivity, so
we need to find the infimum of posi(L-oU{f}) and posi(LsouU{g}), whose il-
lustration is drawn in Figure @ﬂ] This infimum is Dgr = L+, and therefore
the only possibility is Dg,, = L59. So we see that the natural extension of a
single assessment consisting of 0 and a gamble in each of the non-trivial quad-
rants, has vacuous pairwise behaviour! This generalises to bigger possibility
spaces. O

This example clearly shows how Proposition comes in very handy
to find an outer approximation of the implications of a given assessment. The
approximated binary behaviour was found to be exact here.

In the next example, we revisit Example [I6jgg) in the light of Proposi-

tion 87z
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T T
° posi(LsoU{f1,21}) ° posi(LsoU{f2:811})

e 81 . 81
82 posi(L50 U {f1.82}) 82

® .

Nil N
0 H 0 H
[ ) [
) f2
[ ] [ ]
g3 83
T
T .
e posi(LsoU{f2,83})
. - ° posi(LsoU{f2,82}) 2 ° 81
82 °
f [ ]
° 1
i
0 H
0 H o
° f2
)
[ )
° 83

83

Figure 3.9: Illustration of the sets of desirable gambles corresponding to the
elements of {A € Ap : A avoids non-positivity }

Example 18 (Binary behaviour of a non-binary assessment). We consider the
same assessment BB:= {B}, where B = {0, f,A f} with f a fixed gamble on X =
{H, T} such that f(H) <0< f(T) and A > 1. We showed that Rz is no infimum
of binary rejection functions, and that its behaviour is intrinsically non-binary:
we found that 0 ¢ Rg({0,f}) but 0€ Rg({0, f,Af}). In this example, we are
looking for the binary implications of this assessment, so we wonder what Dg
is. We showed that BB avoids complete rejection, so by Theorem 817 R is a
coherent rejection function, and using Proposition 53 we therefore already
know that Dg,, == {ge L:0€ R5({0,g})} is a coherent set of desirable gambles.

Recall also that 0 ¢ Rg({0,f}), so, quite surprisingly, f ¢ Dg, and, us-
ing Axiom therefore Dg, nposi{f} = @, even though the assessment
B ={{0,f,Af}} states that O is rejected from O and two different gambles
on the ray posi{f}. Considering the purely binary assessments {{0,f}},
{{0,Af}} and {{0,f},{0,Af}} that avoid complete rejection, note that by
Theorem the respective sets of desirable gambles based on their natural
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)
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Figure 3.10: Illustration of the gambles in Dg

Figure 3.11: Illustration of the gambles in UB’

extensions are given by posi({f}ULso), posi({Af}uLso) and posi({f,Af}uU
L0) respectively. But these three set of desirable gambles are all equal to
each other, and they all lead to the desirability of f, and therefore differ
from Dg,. So a natural question is: ‘What is Dg,?" We will show that
Dgry = L5 +posi{0, f}.

To show that Dg, S Ls0 + posi{0, f}, first we will show the weaker
statement that Dg,; € posi(LsoU {f}); see Figure for an illustration of
L0 +posi{0, f} and related sets of gambles, where full lines and grey points
are included in the set, and dotted lines and white points excluded. To this end,
use Proposition [87mg to infer that Dg,, € D, where

Dg = N posi(VsgUA)

AeAp
posi(A)NV<o=3

and A ={{f},{Af}}. Therefore D = posi(LsoU{f})nposi(LsoU{Af})=
posi(LsoU{f}), whence indeed Dg, € posi(LsoU{f}), or, in other words,
using Lemmal[ljg, Dr,; € L50U (posi{f})u (Lso+posi{f}). Since we already
know that Dg,, nposi{f} = @, therefore indeed Dg,, € L50U (L5 +posi{f}) =
L0 +posi{0, f}.
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posi(LsoU{f}) posi(LsoU{g}) Dp:

Figure 3.12: Ilustration of posi(L-oU{f}), posi(L>oU{g}) and its intersec-
tion Dy

T T T
f £ S
OT H oT H oT H
Lo +posi{f} Lo +posi{0, f} posi(LsoU{f})

Figure 3.13: Illustration of Lo +posi{f} c Lo +posi{0, f} c posi(LsoU{f})

Note that this also shows that the inequalities in Proposition can be
strict. Indeed, D, S Lo +posi{0, f} c posi(Lsou f) = Dg. Also, as we
have seen, both of the desirability assessments A in Ag lead to the same
set of desirable gambles posi(Lso U {f}), therefore inf{Rpos(v jua) * A €
Ap and A avoids non-positivity } = Rposi(zoouif))- We have shown in Exam-
ple [16ma that 0 ¢ R5({0, /1), while 0 € Ryogi(2,u{sy) ({0, £}), and therefore
indeed R = inf{Ryoqi( £ ,ua) : A € Ap and A avoids non-positivity }.

To show that Lo +posi{0, f} € Dg,, consider any g in Lo+ posi{0, f}.
We will show that then g € Dg,;, or, equivalently, that 0 € Rz(A), where A :=
{0,g}. If g belongs to L0, by Axiom[R1pg then 0 € Rg({0,g}), so assume that
g ¢ Ls0. Then g(H) <0< g(T). As aresult, in particular g € £ +posi{f}. To
show that 0 € Rg(A), we need to find some A" 2 A in Q such that

(Vhe{0}u(A'NA))((A"={h})nLso # D or (3 eRyg){n}+uB <A").
(3.13)
We state that

A’::Au{u'ﬁkf:keNandﬁk_l < s(H) }

u'f(H)
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where we let i := ij(TT)) >0and B:N—> Rk = Z?:l(%)i_l, and fy =0,

satisfies Equation (3.13).~. Since A > 1, therefore % € (0,1), and, since f3

forms a geometric progression, we infer that 8 satisfies the following proper-

ties: B =A - l(%)k for all kin N, so 3 is increasing and limy_, ;o0 B = A.
Before we show that A’ satisfies Equation (3.13)).~, we first show that it

belongs to Q—that it is finite. We need to show that B;_; < % fails to
g(H)

WO for some k in N.

Since limg_, ;00 Br = A this happens exactly when ”g,'%i) < ?L Infer, using
that f(H) <0< f(T) and g(H) <0< g(T), that

g() _Af(T)g(H) _,  f(T) ¢(T) _ f(T) _ g(T)
W)~ fEm) T ) g(m) T )] ()

Since g € L5 +posi{g}, therefore g > w f for some y in Ry. Therefore g(H) >
wf(H)—because g(H) <0 and f(H) <0, equivalently |g(H)| < |uf(H)|—and

g(T) > uf(T), with one of the two inequalities strict. Then indeed % =

“’f ]f(((fTi)N < Iigil , so we have showed that ”‘5,7;1({&) < A and therefore indeed that

A’ belongs to Q. For notational convenience, we let k be the biggest k in N

such that f;_; < %, and hy == u'Bif for every kin {1,...,k}. Figure|3.14
shows an illustration of A’, which in this example is {0, g, hy sha, 3, ha}, since
4 is the first index k for which A (H) is smaller than g(H); therefore k = 4.

hold for some k in N: we will show that f;_; >

T
o Au'f(T)=g(T
" u f(T) =g(T)
L e hy=p'Bsf
ha = Paf hy = ' Baof
hi=p'f
g(H) 0] H

Figure 3.14: Ilustration of A" = {0,g,hy,ha, h3,hy }

We are now ready to show that A’ satisfies Equation (3:13).~.. Note that
{0}u(A"~A)={0,hy,...,ht}. So we need to show that A'n L+ @ or uB <A’

(H)
l“(l‘/uf//m))
in(451)

18T see this, observe that B_; > g >4

2 WO , being a positive real number

if and only if % <1
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for some u € Ry, and, for every k in {1,...,k}, that (A" - {l}) N Lso # &
or {h}+ B <A’ for some g in Ryo. We start with 2 =0. We will show
that uB < A’ for some u € Ryo. Let g =u’, then uB ={0,u'f,Au'f} =
{0,hy, A’ f}. Since p' = ff((TT)), therefore Au’ f(T) = g(T), and since g be-
longs to Lsq + posi{f}, therefore also Au’f(H) < g(H), so Au'f < g, and
hence uB < {0,h1,g}. But {0,h,g} € A’, whence by Proposition B3rDI{()]
indeed uB < A’. Next, we will show that (A" —{h;})n Lo # @. We state that

hi < g. To see this, since k is the biggest k in N such that ;_; < %, we have
that 8 > %, or, in other words, that /; (H) < g(H). Furthermore, since we

have already shown that 8; < A forall kin N, and that Ay’ f(T) = g(T), we have
that i (T) = u' B f(T) <A’ f(T) = g(T), so indeed Ay < g. Since g belongs to
A’, this proves that indeed (A"~ {hz})n Lo # @. Finally, we will prove, for all
kin {1,...,k—1}, that there is some py in R.o such that {/;} + B < A’.
Consider any k in {1,....,k—1} and let y = 5-(2 - Br) > 0. Note that
=5 (A-B) :“,(1_%):“,(1_(1_(%)]()):ﬂ/(%)kzul(ﬁkﬂ_ﬁk)'
Then

{hic} + uB = {hg, hy + e f i + A f }
= {hk,ﬂlﬁkf+ﬂ,(ﬁk+l =B f 1 Bef + %(l —ﬁk)/lf}

= {hie, o' B /- A S} = {hic by, A S )

We already know that p'Af is dominated by g, whence {h;}+ B <
{hi,hiy1,8}. But {h,hie1,8} € A’, whence by Proposition in-
deed {ht}+ wB <A’. So we have shown that Equation holds,
whence 0 € R3({0,¢}), and therefore indeed Lo + posi{0, f} € Dg,. Since
we already know that Dg,; € L0 +posi{0, f}, this means that indeed Dg, =
L0 +posi{0, f}: this is the binary behaviour that is incorporated in Rj.

Compare this with the purely binary assessments B’ := {{0, f}} € Qp and
B"={{0,f+€}:€eRy} € Qp, where f is the same fixed gamble as before.
Both B’ and B avoid complete rejection, since, with D :=posi(LsoU{f}) we
have ((VB' € B")B'nD # &) < {0,f}nD +@ < {f} + @ and

((VB"eB")B"nD + @) < ((VeeRs(){0,f+&£}nD # @)
< ((VeeRy){f+€}+2),

which are both true. Therefore, by Corollary indeed B’ and B avoid
complete rejection, and by Theorem [817, their respective natural extensions
Ry and R are coherent. Since both the assessments B’ and B’ are binary
assessments, by Theorem [8@jqy, therefore R and Ry are binary rejection
functions, derived from posi(£soUB’) and posi(LsoUB'") respectively, where
B =U(B'~{0})={f}and B" =U(B" ~{0}) ={f +€:€ €Ryp}. Therefore
Rpr = Ryosi(£.ou{s}) and, using Lemma , Rp =R vposi{0.f}-
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We will show that R is strictly bounded by Rz~ and Ry, in the sense that
Rpn © Rp © Ryr. First, we will show that Rz # R # Rr. Note that R does
not satisfy Axiom [R@3, as we have shown in Example [I6fgg, while, using
Proposition [563 and since they are derived from a set of desirable gambles,
both Rp and Rps do satisfy Axiom [R€3. Therefore indeed R~ # R # Rpr.
So it suffices to prove that Rg» € Rg € Ry. Since all three rejection functions
involved are coherent, it suffices to show that 0 € Rgn(A) = 0 € Rg(A) and
0eRp(A)=0¢eRp (A) for every A in Q. To show that Rz © Rg, consider
any A in Q and assume that 0 € R (A ). Therefore, since Rg» =R posi{0,1}»
equivalently 0 € A and A n (L5 +posi{0, f}) # @, whence there is some h
in A such that i belongs to Lo+ posi{0,f}. Since we have shown earlier
in this example that Dg, = L5+ posi{0, f}, therefore 0 € Rz({0,4}). Using
Axiom R3apg [with A :=A, A, = {0} and A; := {0,/}] then indeed 0 € R5(A).
Since the choice of A was arbitrary, we have shown that Rz © R, and since
they are not equal, therefore indeed Rz~ c Rg. To show that Rg € R/, note
that the assessment B’ is at least as strong as B: indeed, {0, f} < {0,f,A1f}, so
by Definition B0y B’ is indeed at least as strong as B. By Proposition [76,
then Rp E Rpr and since they are not equal, therefore indeed Rz = Rgr. So we
conclude that Rg © R c Rp/: Rp is strictly bounded by Rp and Ryr.

We summarise our comparison in the next table, where A is any element of
QsuchthatOeA.

@? Binary behaviour 0 rejected from A
Rpr yes  Dgy, =Ls0+posi{0,f} < An(Lso+posi{0,f}) #

= Anposi(Lsou{f})+@
<=An(Lso+posi{0,f}) +@

Rg yes  Dgg, =posi(Lsou{f}) <= Anposi(Lsou{f})+@

For Rp = Ryosi(£.quif)) @and Rpr =Rp_4hosifo,7}» the rightmost column fol-
lows from Proposition @] and for Rp, this is a consequence from the fact
that Rz c Rg c Rpr.

I want to highlight that the difference between Rz, Rgr and Rpz» shows
itself in option sets that have parts in common with posi(LsoU{f}) but not
with L0+ posi{0, f}, so in option sets A such that

An(posi(LsoU{f}))+@and A ¢ (Ls0+posi{0,f})°.

Indeed, for such option sets, 0 ¢ Rz (A), 0 € Rgr(A), and it is undetermined
whether 0 belongs to Rg(A). Let us investigate what this means. Since A N

(posi(L50U{f})) # @, by Lemmal[lj,
Anposi(f) +@or An(Lso+posi{0,f}) @,

Rz no  Dgy=Lso+posi{0,f}

but since A € (L0 +posi{0, f})¢, therefore
Anposi(f) +a,
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so the border posi{f} is the important part of A C (Lso + posi{0, f})¢ to de-
termine whether 0 € Rz (A) and 0 € Rg(A). This shows that Rz has complex
border behaviour—more complex behaviour than desirability can model. We
see that, besides their generalisation towards non-binary choice, choice models
are capable of modelling even more complex border behaviour than desirabil-
1ty.

As a final remark, I would like to draw attention to some subtlety, by
comparing with Example [T4fgg: in that setting, there we found that f €
R ({0, f,g}), where f and g are two specific gambles such that f(H) <0<
f(T) and g(H) <0 < g(T)—just as in this example, but they do not lie on the
same ray through 0. We found that f € Rz ({0, f,g}), which, taking into ac-
count that 0 € R({0, f,g}), by Axiom [R3bfy means that 0 € Rz({0,g}), and
therefore Dg,; 2 posi(LsoU{g}). By combining this with Proposition ,
we find that Dg, = posi(LsoU{g}). So in Example @m the outer approx-
imation of the binary behaviour given in Proposition [87qz is exact, while in
Example [T6gg, it is not. This observation hints at the reason why it is difficult
to find an exact connection between B and the binary behaviour Dg, of Rz,
other than the outer approximation of Proposition or by calculating Rp
explicitly: even in these easy examples where |X| = 2 and the assessments are
relatively small, it is hard to predict when Proposition@m gives D, exactly,
and when it gives an outer approximation for it—and it is even harder to see
the reason for this. ¢

Lemma 90. Consider the possibility space X = {H,T} and the linear space
L of gambles on X. Consider any hin (Ls0U L), and let A:={h+€:€¢
Rso} € L. Then posi(LsgUA) = Lo +posi{0,h}.

Proof. We first show that posi(LsoUA) S L.+ posi{0,i}. Consider any f in
posi(L59UA). By Lemma [lf then f € L, Uposi(A) U (Lsg+posi(A)). If f be-
longs to L, then it belongs to L. + posi{0,4} since 0 € posi{0,h}. If f belongs
to posi(A) U (L5 +posi(A)) = Lo +posi(A) then f > Y7 Agfy, where n is an el-
ement of N, Ay, ..., A, are elements of Ryg and Ay, ..., h, belong to A. For every
kin {1,...,m} therefore hy = h+ g, for some & in Rsq, so f > Yi_; (Lh+4ig) =
(Zhei Akh) + 2521 Ax&, and because Yy ; Axg > 0, then f > Y7 ; Agh. Therefore
f € Lso+posi{h}, so in particular indeed f € L + posi{0,/}.

Conversely, to show that L.+ posi{0,4} € posi(LsgUA), consider any f in L5+
posi{0,4}. By Lemma [§p then f € L0 or ph < f for some p in Ryg. If fe Ly
then f € posi(Ls9UA) which proves the desired statement, so assume that ph < f for
some U in Ryg. If 2 =0, then f € L.( and the proof is done, so assume that i + 0.
We therefore may assume that f belongs to the same quadrant as s—if this is not the
case, then necessarily f € L., for which we have just shown that then the desired
statement holds. Note that then either (i) f(H) <0< f(T) and h(H) < 0 < h(T), or (ii)
f(H)>0> f(T) and h(H) > 0> h(T).

We will show that f belongs to posi(LsoUA). To do so, we will show that f =
Apth+ ¢ for some A and € in R, whence f € posi{h+ ﬁ} Cposi(A) cposi(LsoUA).

We state that A := % and € = % both belong to R, and
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satisfy f = Auh+e€. Since f and & belong to the same quadrant, it is clear that A belongs
to Ryo. To show that also € belongs to R, infer from f > uh that f(H) > uh(H) and
f(T) > uh(T), where at least one of the inequalities is strict.

If (i) f(H) <0< f(T) and h(H) <0 < h(T), then |f(H)| < |uh(H)| and f(T) >
uh(T), where at least one of the inequalities is strict, and every term involved
is non-negative. ~ Therefore f(T)|uh(H)| > |f(H)|uh(T), whence f(T)h(H)| >
|f(H)|A(T), so f(T)h(H) < f(H)A(T). Since h(H) < h(T), this implies that indeed
€= W belongs to Rs. On the other hand, if (ii) £(H) >0 > f(T) and
h(H) > 0> h(T), then f(H) > uh(H) and |f(T)| < |uh(T)|, where at least one of the in-
equalities is strict, and every term involved is non-negative. Therefore |f(T)|uh(H) <
F(H)|uh(T)], whence [£(T)h(H) < F(E)[A(T)|, so f(T)A(H) > F(H)A(T). Since
h(H) > h(T), this implies that indeed & = W
The proof is complete if we prove that f = Auh+ €. To show this, note that indeed

f(H) - f(T) S(T)h(H) - f(H)A(T)

Apuh(H)+¢€ = R(H) = h(T) h(H) + 7(H) — h(T)

_ SH)RH) - f(T)R(H) + f(T)h(H) - f(H)A(T)
h(H) - h(T)

_ SH)AMH) - F(H)A(T) _

N h(H) - h(T) = /()

belongs to Ry.

h(H) —h(T)
h(H) —h(T)

=f(H)

and

J(H) - f(T) S(T)h(H) - f(H)A(T)

Auh(T)+e= H(H) — A(T) h(T) + 7(H) — (T

_ SO)A(T) - F(T)A(T) + f(T)(H) - f (H)A(T)
h(H) - h(T)

_ f(MhH) - f(T)A(T) _

N h(H) - h(T) =fM

h(H) —h(T) _
h(H) -h(T) ~

£T). O

3.7 DISCUSSION

In this chapter, we have investigated the natural extension of choice functions,
found an expression for it, and characterised the assessments that have coher-
ent extensions. We made the connection with binary choice, and showed how
the well-known natural extension for desirability follows from our natural ex-
tension.

One of the open problems is whether the condition in Corollary [88g is
also necessary for an assessment to avoid complete rejection. This is impor-
tant, because it would imply that Proposition 87z always obtains a non-trivial
outer approximation of Ri. Furthermore, it would imply the following useful
property of any coherent rejection function R

(3IDeD)(VA€ Q)(0eR(A)=AND # @),

191f the converse statement of Corollary would hold, then we could derive this property
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which I feel is a crucial property to find a representation of coherent choice in
terms of desirability.

At this point, it is unknown whether this converse statement of Corol-
lary [88frmg holds. What is hopeful, is that some ‘obvious’ counterexamples fail.
Indeed, taking Example [T@qg) in mind, we could focus our hope on the assess-
ment B={{0, f,Af},{0,-f}}. Since Dn{0, f,Af} =@ or Dn{0,-f} = & for
all D in D/?’|this might serve as a counterexample. The only thing we need to
show for it to be a valid counterexample, is that R satisfies Axiom@m. Since
Ry satisfies Axioms and [R4bpg [by Lemma [T7]], by Corollary 26 it
suffices to check whether or not 0 € Rg({0}), or equivalently, using Equa-
tion (3.1I)gz, that there is some A’ in Qp such that

(VgeA")(A'nV.g#@or (IBeB,3ueRy){g}+uB<A").

The option set A’ := {0, f,Af} satisfies this equation: for g =0, take B =
{0,f£.2f} and = 1, then {g} +uB = {0, £.Af} < {0, f,A £} = A'; for g = f,
take B={0,—f}and L =1, then {g} +uB = {f,0} < {0, f,A f} =A’; and finally,
forg=Af,take B={0,—f}and u=A, then {g} +uB={Af,0} <{0,f,Af}=
A’. So Ry does not avoid complete rejection, and therefore this assessment B
cannot serve as a counterexample. Furthermore, this reasoning also rules as-
sessments like B’ := {{0, f},{0,-f}} out as valid counterexamples: since the
assessment B’ is at least as strong as B3, by the contraposition of Corollary
also B’ does not avoid complete rejection.

simply by considering the assessment Bg := {A € Q:0€R(A)} ¢ Qp. Since R is the smallest
coherent extension of itself, Theorem @ then implies that R, = R, so Br avoids complete
rejection.

2070 see this, if ex absurdo DN {0, f,Af} + & and D n {0,—f} + & for some D in D, then
{f,-fteDor {Af,-f} cD. By Axioms and% therefore 0 € D, a contradiction with

Axiomgm
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REPRESENTATION

In Chapter we have seen that the coherent choice functions, or coherent
rejection functions or coherent choice relations for that matter, form a belief
structure (see Proposition [63f). However, many of the imprecise probability
models (see Section[2.8.6h) extant in the literature satisfy the additional prop-
erty of being dually atomic (see Proposition [52g for sets of desirable options),
making them strong belief structures [23]].

The relevance of strong belief structures is discussed at length by De
Cooman in Reference [23]. They guarantee that every coherent model is the
infimum of its dominating maximal models. Often, the maximal models are
easy to work with, and have nice properties. For instance, as shown in Propo-
sition , every maximal set of desirable options D has the very useful prop-
erty that either u or —u belongs to D, for every u in V'~ {0}. This is of crucial
importance for many results—like the result in Proposition [62fr showing that
Cp is a maximal choice function whenever D is a maximal set of desirable
options.

The coherent choice functions considered by Seidenfeld et al. [67]—whose
rationality axioms and their relation with our notion of coherence we dis-
cussed in Section [2.4pg—do form a strong belief structure [67, Theorem 4].
Their maximal choice functions are exactly those that are representable by a
probability—utility pair, and every coherent (in their notion) choice function is
an infimum of such choice functions.

Up to now, for our notion of coherence, we have ignored the question of
whether they can be represented in terms of maximal (or ‘easy’) choice func-
tions. To answer this question, we need to take a closer look at two related
questions. First, we need to know which are the maximal choice functions,
and second, we need to find out whether every coherent choice function is in-
deed represented in terms of those maximal choice functions—is an infimum
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of its dominating maximal choice functions. With respect to the first question,
in Proposition [62fg we have already found a subset of the maximal choice
functions: we have shown that {Cj : D € D} c C. Furthermore, its proof relies
on the useful property that Cy, identifies exactly one option to be chosen, from
within any option set: (VA € Q)|Cj(A)| = 1. Ideally, we would like to have
that these Cp, constitute all the maximal choice functions, since this would
guarantee that all of them satisfy this nice property.

However, in Example[I G, we have essentially already shown that in gen-
eral we cannot expect to have representation in terms of maximal choice func-
tions that represent only binary choice:

Example 19. Consider the rejection function Rp that is the natural exten-
sion of the assessment B = {0, f,Af} where 0 <A # 1. In Example [16yg,
we have shown that Rp is no infimum of purely binary rejection functions. A
fortiori, it therefore is no infimum of Rp, with D in D. This shows that, if
R={R ok D € D}, then not every coherent rejection function R is an infimum
of its dominating rejection functions in R: indeed, consider for instance Rj.
Furthermore, it shows that, if every coherent rejection function is an infimum
of its dominating rejection functions in R, then R o {Rﬁ :De ﬁ}: indeed, if
Rp = inf{ﬁ eR:RpcC R}, then, since Rg is no infimum of Rp, with D in D,
necessarily there are R in R that are not purely binary. O

This clearly shows that coherence is not sufficient to obtain a representation
for our choice functions in terms of maximal elements that represent binary
choice. We will therefore need to add additional properties (or axioms) in order
to try and guarantee such a representation. Since Seidenfeld et al.’s [67] choice
functions do have this nice representation, we seek inspiration in their two
additional axioms (Archimedeanity and the convexity Property[C53). Because
Archimedeanity is hard to reconcile with desirability (see Reference [86] and
Section[2.8. 7). we will focus initially on their convexity axiom only.

In the first part of this chapter—Sections . THA. J—, we investigate in
detail the implications of Seidenfeld et al.’s [67]] convexity axiom in our con-
text. We will prove that, perhaps somewhat surprisingly, for purely binary
choice functions, convexity is equivalent to being representable by means of a
lexicographic probability measure. This is done by first establishing the im-
plications of convexity in terms of the binary comparisons associated with a
choice function, giving rise to what we will call lexicographic sets of desir-
able gambles. These sets include as particular cases the maximal (see Sec-
tion [2.8.3kg) and the strictly desirable (see Section [2.8.6f) sets of desirable
gambles. Although in the particular case of binary possibility spaces these are
the only two possibilities, for more general spaces lexicographic sets of gam-
bles allow for a greater level of generality, as one would expect considering the
above-mentioned equivalence.
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A consequence of our equivalence result is that we can consider infima
of choice functions associated with lexicographic probability measures, and
in this manner generalise, or subsume as special cases, the examples of E-
admissibility and M-admissibility discussed in Section 2.10ky. It will follow
from the discussion that these infima also satisfy the convexity axiom. As one
particularly relevant application of these ideas, we prove that the most conser-
vative convex choice function associated with a binary preference relation can
be obtained as the infimum of its dominating lexicographic choice functions.

In the second part of this chapter, we will prove the negative result that
the coherent choice functions that satisfy the convexity property [C3p3) are not
representable by {Cj, :De ﬁ}, and not even by lexicographic choice functions.
We will present a counterexample in the case of a binary possibility space.

4.1 PURELY BINARY CHOICE FUNCTIONS AND PROPERTY [C3]

We have seen in Example [3z that not every purely binary choice function
satisfies Property [Co3: for the specific coherent set of desirable options D
considered there, the corresponding choice function Cp fails to satisfy this
property. However, there are other sets of desirable options D for which Cp
does satisfy the convexity axiom. They are identified in the next proposition.

Proposition 91. Consider any coherent set of desirable options D. Then the
corresponding coherent choice function Cp satisfies Property[C3p3) if and only
if D is a convex cone, or in other words, if and only if posi(D¢) = D¢, or
equivalently, posi(D°)nD = @.

Proof. Proposition@z] guarantees that Cp is a coherent choice function.

For necessity, assume that posi(D®) # D€, or equivalently, that posi(D) nD # @.
Then there is some option « in D such that u € posi(D®), meaning that there are 7 in N,
A, ..., AginRyg and uy, ..., uy in D€ such that u = Y3 Agug. Let A = {0,uy, ... un}
and A; :=A U {u}. Due to the coherence of D [more precisely Axiom [D3g7], we can
rescale u € D while keeping the uy fixed, in such a way that we achieve that ;_; A =
1, whence A € A; < conv(A). We find that 0 € Cp(A) by Proposition [53 because
AnD=2,but0¢Cp(Ar) because u € D, so A; nD + @. This tells us that Cp does not
satisfy Property [C3p3], because clearly Cp (A) ¢ Cp(A;).

For sufficiency, assume that Cp does not satisfy Property @5] Therefore, there
are A and A} in Q such that A €A Cconv(A) and Cp(A) ¢ Cp(Ay), or, in other words,
such that u e Cp(A) and u ¢ Cp(A;) for some u in A. Consider such A and A} in Q,
and u in A. Due to Axiom [C4bpy, we find that 0 € Cp (A —{u}) and 0 ¢ Cp (A; — {u}),
or equivalently, by Proposition S5, that A — {u} ¢ D and A; - {u} nD # @. But
A1 —{u} cconv(A) - {u} = conv(A — {u}) c posi(A — {u}) € posi(D), so posi(D) N
D+ . O

This proposition seems to indicate that there is something special about coher-
ent sets of desirable options whose complement is a convex cone too. We give
them a special name that will be motivated and explained in the next section.
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Definition 33. A coherent set of desirable options D is called lexicographic if
posi(D) = DS, or, equivalently, if posi(D°)nD = @.
We collect all the lexicographic coherent sets of desirable options in Dy..
Any maximal coherent set of desirable options is also a lexicographic oneﬂ
Proposition 92. We have that D c Dy..

Proof. Consider any maximal set of desirable gambles D, and arbitrary n in N, uy,
...sun in D and Ay, ..., Ay in Ryg. Then since all —u; € DU {0} by Proposition [5Ig,
we infer that —Y}_; Aguy € D U {0}, because the coherent D is in particular a con-
vex cone. If 33 ; Ay =0, then Y _; Ayuy € D by Axiom . If S5 Ay # 0,
then — ¥°7_; Awuy € D, and since coherence [more specifically, a combination of Ax-
ioms [DIf7 and [D4f7] implies that a coherent set of gambles cannot include both a
gamble and its opposite, we conclude that, here too, Y}_; Aguy € D. Therefore, D° is
indeed a convex cone, so D belongs to Dy.. O

4.2 LEXICOGRAPHIC PROBABILITY SYSTEMS AND DESIR-
ABILITY

In this section, we embark on a more detailed study of lexicographic sets of
desirable options, and amongst other things, explain where their name comes
from. We will restrict ourselves here to the special case where V is the linear
space L(X) of all gambles on a finite possibility space X, provided with the
component-wise order < as its vector ordering.

We first show that the lower expectation functional associated with a lexi-
cographic D is actually a linear prevision (we refer to Section [2.8.6m and Ref-
erences [51},/72}[82]] for more information about lower and linear previsions):

Proposition 93. For any D in Dy, the coherent lower prevision Ppoon L(X)
defined by

Pp(f)=sup{ueR: f-peD} forall finL(X)
is a linear prevision.

Proof. Consider any f in £ and € in Ry, then we first prove that f € D or € - f € D.
Assume ex absurdo that f ¢ D and € — f ¢ D. Then, because by assumption posi(D°) =
Df is a convex cone, we also have that f +&— f = € ¢ D, which contradicts Axiom .
Now, Walley [82, Theorem 3.8.3] guarantees that for any such D, the corresponding
functional Pp, is indeed a linear prevision. O

IThis can actually be obtained as a corollary to a result by Hammer [40, Theorem 2], by taking
into account that maximal sets of desirable gambles are semispaces and that lexicographic sets of
desirable gambles correspond to hemispaces. To make this thesis more self-contained, we give a
proof using the coherence axioms of sets of desirable gambles we are employing in this paper.

128



4.2 LEXICOGRAPHIC PROBABILITY SYSTEMS AND DESIRABILITY

4.2.1 Binary possibility spaces

To get some feeling for what these lexicographic models represent, we first
look at the special case of binary possibility spaces {H, T}, leading to a two-
dimensional option space V = L({H,T}) provided with the point-wise order.
It turns out that lexicographic sets of desirable options (gambles) are easy to
characterise there, so we have a simple expression for Dy .

Proposition 94. All lexicographic coherent sets of desirable gambles on the
binary possibility space {H, T} are given by (see also Figure ):

Dy :={Dy,D,,Dy:pe(0,1)}u{Do, D1} ={Dy:pe(0,1)}ub,
where

Dp = {A(p-Tggy): A €R}+ Lo =span({p ~ Iy }) + Lso
D)y :=Dp u{A(p-Tgmy): A € Rg} =Dy uposi({Ijmy —p})
Dy =Dy U{A(p-Iy): A €Rug} = Dpuposi({p —Ijy })
Do:={feL:f(T)>0}uLso
Dy={feLl:f(H)>0}uLls

Sorall p in (0,1).

Proof. We first observe that every set of desirable options in {DP,DI;,DE 1p €
(0,1)}u{Dg,D;} is coherent. Indeed, for any p in (0,1), Dp is the smallest coherent
set of desirable gambles corresponding to the linear prevision Ej, with p := (p,1-p),
while Dg and D}; are maximal coherent sets of desirable gambles corresponding to the
same linear prevision Ej. Finally, Dy is the maximal (and only) coherent set of desir-
able gambles corresponding to £, with p := (0, 1), while Dy is the maximal (and only)
coherent set of desirable gambles corresponding to E, with p := (1,0).

We now prove that we recover all lexicographic coherent sets of desirable gambles
in this way. Consider any lexicographic coherent set of desirable gambles D. Then Py,
is a linear prevision, by Proposition so Pp, is characterised (i) by the mass function
(1,0), (ii) by the mass function (0, I@W (iii) by the mass function (p,1—p) for some
p in (0,1). If (i), the only coherent set of desirable gambles that induces the linear
prevision with mass function (1,0) is D € Dy. If (ii), the only coherent set of desirable
gambles that induces the linear prevision with mass function (0, 1) is Do € Dy.. If (iii),
there are only three coherent sets of desirable gambles that induce the linear prevision
with mass function (p,1-p): Dp, Dg and DE, and all are elements of Dy . O

In the language of sets of desirable gambles (see for instance Section 2.8z
or Reference [57]), this means that in the binary case lexicographic sets of
desirable gambles are either maximal (see Section or strictly desirable
(see Section with respect to a linear prevision.
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Figure 4.1: The lexicographic coherent sets of desirable gambles on the binary
possibility space {H, T}, with p € (0,1).

4.2.2 Finite possibility spaces

We now turn to the more general finite-dimensional case. We assume that the
number of different outcomes—the cardinality of X—is n in N, throughout
this section.

Recall that a lexicographic order <; on a vector space V of finite dimen-
sion ¢ is defined by

u<pve (Ike{l,.... 0} )(ux <viand (Vje{l,....k=1})u;=v;),

and denote, as usual, its reflexive version <; as u <; v < (u < voru=v) for
any two vectors u = (uj,...,up) and v=(vy,...,v¢) in V.

Definition 34 (Lexicographic probability system). A lexicographic probabil-
ity system is an (-tuple p = (p1,...,p¢) of probability mass functions on a
possibility space X. We associate with this tuple p an expectation operator
E,=(Ep,,...,Ey,), and a (strict) preference relation <, on L(X), defined by:

f<p 8= E,(f) <L Ey(g) forall fand g in L(X),

where, for every h in L(X), we let E,(h) = (Ep, (h),...,Ep,(h)), an element
of an (-dimensional vector space. We call ¢ the number of layers of the lexico-
graphic probability system.

4.1

We refer to work by Blume et al. [[7]], Fishburn [37]] and Seidenfeld et al. [64]
for more details on generic lexicographic probability systems. The connection
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between lexicographic probability systems and sets of desirable gambles has
also been studied by Cozman [16] and Benavoli et al. [|6], and the connection
with full conditional measures by Halpern [39] and Hammond [41]]. Below,
we first recall a number of relevant basic properties of lexicographic orders in
Propositions 03] and [97].. We then provide a characterisation of lexicographic
sets of desirable gambles in terms of lexicographic orders in Theorem [[01jrz3

Remark that the reflexive Versio <, of <, defined by <, g = E,(f) <.
E, (g) for all f and g in L is a total order on L (see Reference [7]).

An important feature of preference relations <, based on lexicographic
probability systems is the incomparability relation ||, defined by: f ||, g if
and only if f £, g and g £, f, for all f and g in L. Since <, is a total order, it
follows that

fllpg=E(f)=Ey(g) = (Vke{l,....t})E, (f) =Ep(3), 4.2)

for all f and g in £. Finally, it also follows that

ftregeg<pforglly, feE(g) <L Ey(f) forall fandgin L. (4.3)

Proposition 95. Consider any lexicographic probability system p with € lay-
ers. Then <, is a strict weak order, meaning that <, is irreflexive, and both <,
and ||, are transitive. As a consequence, the binary relation #,, is transitive as
well.

Proof. This is a consequence of Equations (4.1, (4.2) and {.3), taking into account
that <; and <; are transitive, and that < is irreflexive. O

In what follows, we will restrict our attention to lexicographic probability
systems p that satisfy the following conditionﬂ

(VxeX)(Fke{l,....0})pe(x) > 0. (4.4)

This condition requires that there should be no possible outcome in X’ that has
zero probability in every layer. It is closely related to the notion of a Savage-
null event |60, Section 2.7]:

Definition 35 (Savage-null events). An event E € X is called Savage-null if
(Vf.ge L)Ef <, 1gg. The event & is always Savage-null, and is called the
trivial Savage-null event.

2This is not the usual way of deriving an irreflexive relation from a reflexive one: usually, we
define f <, g« (f<pgor f=g)forall fandgin L.

3This condition is weaker than the requirement in Reference [|6] that the stochastic matrix
identified with p has full rank.
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Proposition 96. Consider any lexicographic probability system p with ¢ lay-
ers. Then Condition (4.4)~ holds if and only if there are no non-trivial Savage-
null events.

Proof. For the direct implication, assume that p satisfies Condition @.4).~, and con-
sider any non-empty event £ ¢ X. Consider any x in E, then Ig > 1(,) so Ep, (Ig) >
Ep,(Ijyxy) forevery ke {1,....0}. Also, Ep(0) < Ep (I, ) by Condition @.4)-~, so
OIg <p 1Ig whence 1Ig £, Olg and hence, by Definition , E is indeed no Savage-
null event.

For the converse implication, assume that p fails Condition (#.4).~. Then there is
some x” in A such that py(x*) = 0 for all k in {1,...,¢}, and therefore Ep, (f;y) =
0=Ep, (glx+y) forall fand gin £ and kin {1,....0}, s0 Ep (fIy) = Ep(glipey)
for all f and g in £. This implies that SUexy 2p glyyry forall fand g in L, so indeed
there is a non-trivial Savage-null event {x* }. O

‘We now link the lexicographic ordering <, with the preference relation <p
based a set of desirable gambles D, as defined in Section [2.83. We begin
with an auxiliary result, showing that <, also—just like <p—is a strict vector
ordering compatible with the natural order < on gambles.

Proposition 97. Consider any lexicographic probability system p with { lay-
ers. Then <, is a (strict) vector order compatible with <: it is irreflexive,
transitive and

() f<pgef+rh<,8+h=Af <, Ag;

(i) if there are no non-trivial Savage-null events, then f < g = f <, g,
forall f, gand hin L and A in Rsy.

Proof. 1t is clear from Proposition that <p is irreflexive and transitive. Let us
prove the remaining statements.

(i) This follows from the definition of <, and the linearity of expectation operators.

(ii) Assume that there are no non-trivial Savage-null events. Use Proposition [96] to

infer that then Condition (@.4).~ holds. Consider any f in £ such that 0 < . Then

0< f—s00< Ep (f) forevery kin {1,...,0}—and 0 < f(x*) for some x* in X.

Then py(x*) >0 for some kin {1,...,£} by Condition @.&)-, 50 0 < Ep (I1,+}).

Use f(x")[{+y < f to infer that then also 0 <, Ep(f), whence indeed 0 < f.

Since we just have showed that [(1)| holds, this immediately implies the desired

result. O

We will establish a link between lexicographic probability systems and
preference relations associated with lexicographic sets of desirable gambles.
We refer to papers by Cozman [|16} Section 2.1] and Seidenfeld et al. [64] for
other relevant discussion on the connection between lexicographic probabil-
ities and partial preference relations. Our proof is somewhat reminiscent of
the representation of conditional probabilities by Krauss [46]], and will make
repeated use of the following separation theorem [43], in the form stated in
Reference |82, Appendix E1]:
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Theorem 98 (Separating hyperplane theorem). Let W, and W, be two convex
subsets of a finite-dimensional linear topological space B. If 0 € W) n W), and
int(W1) nWh = @, then there is a non-zero continuous linear functional A on

B such that
A(w) >0 forall win Wi and A(w") <0 for all w' in W).

If Wi and W are finite, W) non-empty, and Yi2) Liw; — Y i lw;, # 0 for all
mandninN, all Ay, ..., Ay in Ryg with A; > 0 for at least one i in {1,...,m},
all i, ..., y in Ry, all wy, ..., wy in Wi, and all Wi, ..., w), in W, then
there is a non-zero continuous linear functional A on B such that

A(w) >0 forall win Wi and A(w") <0 for all w' in Wj.

Two clarifications here are (i) that we will apply the theorem to linear sub-
spaces of £, which is a linear topological space |82, Appendix D] that is finite-
dimensional because &’ is finite, and (ii) that when the linear topological space
is finite-dimensional, the assumption int(W;) # & that is mentioned in Refer-
ence [82, Appendix E1] is not necessary for the separating hyperplane theorem
to hold, as shown in Reference |43} Theorem 4B].

Our proof will also make use of the following two lemmas.

Lemma 99. Consider any coherent set D of desirable gambles on a fi-
nite possibility space X, and consider any linear subspace A € L. Then
int(cl(DNA))ND = @, where int is the topological interior and cl the topo-
logical closure.

Proof. We first prove int(cl(D)) n D = @. To show this, we will use the fact that D,
and therefore also cl(D), is a convex set. Since the interior of a convex set is always
included in the relative interior ri of that convex set (see Reference |10, Section 1.3]),
we find that int(cl(D)) cri(cl(D)). A well-known result [[10, Theorem 3.4(d)] states
that ri(cl(C)) =ri(C) for any convex set C in a finite-dimensional vector space, whence
int(cl(D)) cri(D). Butri(D) is a subset of D, so int(cl(D)) ¢ D, and hence indeed
int(cl(D))nD" = @.

Now consider D N A, a subset of D. Since both cl and int respect set inclusion, we
find that int(cl(D nA)) cint(cl(D)) € D, whence indeed int(cI(DNA))nD =g. O

Lemma 100. Consider any non-zero real linear functional Ay on the n-
dimensional real vector space L, and any sequence of non-zero real linear
functionals Ay defined on the n—k+ 1-dimensional real vector space ker Ay_1 =
{feLl:N—1(f)=0} forall kin {2,...,L}, where £ €{2,...,n}. Assume that
all Ay, are positive in the sense that (¥ f € LsondomAy ) (Ar(f) > O),Elfor all
ke{l,...,L}. Then for each k in {2,...,L} the real linear functional Ay on
ker Ay_; can be extended to a real linear functional I'y on L with the following
properties:

4We let dom Ay, be the domain of the functional Ay.
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(i) forall fin Lso: Tx(f) >0;
(i) Ty(1) > 0;
(iii) kerI'ynkerA,_; =kerAy,
(iv) forall finkerAg_1: Ti(f) > 0 <= Ap(f) >0.

Proof. Consider any k in {2,...,¢}. Since the real functional A; on the n—k+ 1-
dimensional real vector space kerAy_; is non-zero, there is some A in ker Ay_; such
that Ay () > 0. We will consider the quotient space V/I, a k-dimensional vector space
whose elements [f] = {f} + kerAy, are the affine subspaces through f, parallel to the
subspace ker A, for every f in £L(X). We first show that it follows from Theorem
that there is a non-zero linear functional I’y on V/I such that

(1) <0 for all u in W} = {[~T(y]:x € Xy}, and
Te(u) >0 foralluin Wy = {[ ]} u{[I]:xe X} (45)

where we let X = {x € X: ]I{x} ¢ kerA;} ¢ X. The set X} is non-empty: since ker Ay is
n —k-dimensional, at most 7 —k of the linearly independent indicators Iy, x € & may
lie in ker Ay, so |X| > k. To show that we can apply Theorem, we prove that the
condition for it is satisfied: Y7 ; Aiw, — oy ukw,% #0forallmandninN, all A, ...,
Am in Ryq with A; > 0 for at least one i in {1,...,m}, all iy, ..., Uy in Ry, all w{, .
wy in Wkl, and all W%, ey Wh in W,g . Since Wkl and W,g are finite, it is not difficult
to see that it suffices to consider Y7, Aw, = A[y] + Yrex, Ar[Lxy ] and XL, ujw; =
= Yxex, Mx[Igyy ] So assume ex absurdo that A[hy] + ¥, (Ax + ) L] = 0, or
equivalently, that Al + ¥ e, (Ax + )¢y € ker Ay for some pe >0, A >0and 4 >0
for all x in A}, where A or at least one of {4y :x € X} } are positive. Let X} := {x € Xy
Ax+ Uy >0} and g = ng;(l/{(lx + )l ), then we know that A1y +g € ker Ay.

There are now a number of possibilities. The first is that A = 0, whence X} # @
and therefore g € kerA; € --- € kerA;. This implies that 0 = A;(g) = ZXGX;(JLX +
/.LX)AI(]I{X}). Since I;y >0 and A is positive, we find that I,y € kerA; = domAp
for all x in X7. This in turn allows us to conclude that 0 = A(g) = er)(;(l)ﬁ
llx)l\z(ﬂ{x})- Since I,y > 0 and A; is positive, we find that I,y € kerA; = domA;z
for all x in X,’c. We can go on in this way until we eventually conclude that 0 = Ay (g) =
er)(,’{(lx + W) Ag (Lgyy). Since L,y >0 and Ay is positive, we find that I, € ker Ay
for all x in X}, a contradiction.

The second possibility is that A > 0. If now X} = @, we find that 1/, € ker Ay,
whence AA; (/) = 0, a contradiction. If X} # @&, we find that Al +g e kerAg € -+ €
kerA;. Since Ay € kerAy_; € --- € kerAy, this implies that g e kerA;_; € -+ S ker A
too. This implies that 0 = A;(g) = erxi(lx + M) A1 (Igxy). Since Iy >0 and Ay is
positive, we find that I (x) € ker Aj = domA; for all x in X,'(. This in turn allows us to
conclude that 0 = A (g) = rex: (Ax+ px) Az (I, ). Since I,y >0 and Ay is positive,
we find that I,y € kerAp = domAj for all x in X,'(. We can go on in this way until we
eventually conclude that 0= A;_;(g) = Lrex! (Ax+ ) Ag—1 (Igxy )- Since Iy >0 and
Ay_1 is positive, we find that }I{X} e ker Ay_1 =domA for all x in X1,<~ This now allows
us to rewrite Ahy + g eker Ay as 0= Ak(lhk +g)= lAk(/’lk) + ZXEXL (Ax + Ly )Ak(H{x} )
Since I,y >0 and Ay is positive, this implies that A (/) <0, a contradiction. We
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conclude that, indeed, there is a non-zero linear functional Iy on V/I that satisfies

Equation {3).

We now define the new real linear functional I';, on £(X) by letting

i (f) =Tk ([f]) for all fin L£(X).
Observe that, since f = erxf(x)]l{x}, this leads to

() = 3 FOT([Tg]) = X T[Ty ]),
xeX xeX;,
where the second equality follows from Iy, € ker A, and therefore (I {x}] =0, for all
x € X\ Xy If we also take into account Equation (@3)), this proves in particular that[(D)]
and[(i)] hold.

For the rest of the proof, consider any f in kerA;_; and A := //\\:((iﬁ )) , a well-defined
real number because A (h;) > 0. Then 0= Ap(f) - AA(hy) = A (f = Ahy), so f—
Ahy e kerAy. As aresult, [f] = [Ahy] and therefore Ty (f) = Tu([f]) = Te([Ah]) =
AT ([1]). Substituting back for A, we get the equality:

L () Ak(he) = D[] Ae (f)-

Since both A (%) >0 and T ([/]) > 0 [by Equation @3)], we see that [ (f) and
Ar(f) are either both zero, both (strictly) positive, or both (strictly) negative. This

proves and O

Theorem 101. Consider any lexicographic probability system p = (p1,...,p¢)
that has no non-trivial Savage-null events. Then the set of desirable gambles
D,={f¢€ L:0<, f} corresponding with the preference relation <, is an
element of D1.—a coherent and lexicographic set of desirable gambles. Con-
versely, consider any lexicographic set of desirable gambles D in Dy. Then
its corresponding preference relation <p is a preference relation based on
some lexicographic probability system p = (p1,...,pe) that has no non-trivial
Savage-null events.

Proof. We begin with the first statement. We first show that D), is coherent. For
Axiom % infer from 0 £, 0 by the irreflexivity of <) [see Proposition that
indeed 0 ¢ D). For Axiom [D2s7, consider any f in L. Use Proposition 07z to
infer that 0 <, f, whence indeed f € D,. For Axiom[D3g, consider any f in D and
A in Ryg. Then 0 <, f, and hence 0 <, A f using Proposition 07z Therefore indeed
Af eDp. For Axiom %, consider any f and g in Dp, whence 0 <, f and 0 <p g.
From 0 <p g infer that f <, f+g by Proposition@m, and using 0 <p f,thatO<p f+g
by the transitivity of <, [see Proposition@m]. Therefore indeed f+g e D).

So it only remains to show that posi(D},) = D,. Consider any f and g in D}, and
any Ay and A, in R,, then we must prove that A; f + A»g € DY,. Since by assumption

04p f and 0 £, g, Equation (3)37 guarantees that
Ep (f) <LEp (0) =0 and Ep (g) <L Ep(O)

By the linearity of the expectation operators,

Ep(A1f+228) <L Ep(0) =0,
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whence 0 £, A1 f + A2g. Therefore indeed A f +Arg € Dj,.

For the second statement, we consider any D in D;, and we construct a lexico-
graphic probability system p with no non-trivial Savage-null events and such that <,
equals <p. Define the real functional A; on £ by letting A (f) :=sup{aeR:f-aeD}
for all £ in L. Proposition 03z guarantees that A is a linear functional. Its kernel
kerA; is an n— 1-dimensional linear space[’| where, as usual in this section, n is the
finite dimension of the real vector space L—the cardinality of X. Since both D¢ and
ker A are convex cones, so is their intersection D nkerAj, and it contains 0 because
0€ D and 0 € ker A;. Using similar arguments, we see that D nkerA is either a con-
vex cone or empty. When D nkerA; = @, let £:= 1, and stop. When D nkerA; # &, it
follows from Theoremm that there is some non-zero (continuous) linear functional
Aj on ker Aj such that

A>(f) <Oforall fin D nkerA; and Ax(f) >0 for all fin D nkerA;.

[Apply Theorem with B=kerA;, W, = D° nker A and Wi = cl(D nkerA;) (the
topological closure of D nkerA; in kerAj); then int(W;) n W, = @ by Lemma ,
and 0 e Wi nW,.] ker A, is a n—2-dimensional linear space. Also, D nker A is either
empty or a non-empty convex cone. If it is empty, let £ := 2; otherwise, we repeat
the same procedure again: it follows from Theorem 0§y that there is some non-zero
(continuous) linear functional A3z on ker A, such that

A3(f) <0forall fin D nkerAy and A3(f) >0 forall fin D nkerAs.

[Apply Theorem with B =ker Ay, W, = D nker A and Wy = cl(D nkerA,) (the
topological closure of D nkerA; in kerA,); then int(W;) N\ W, = @ by Lemma 99y,
and 0 e W nW,.] ker A3 is a n — 3-dimensional linear space. Also, D nker A3 is either
empty or a non-empty convex cone. If it is empty, let £ := 3; if not, continue in the same
vein. This leads to successive linear functionals Ay defined on the n — k + 1-dimenional
linear spaces ker A;_; such that

Ax(f) <Oforall fin D nkerA;_; and Ag(f) >0 forall finDnkerAy_;. (4.6)

This sequence stops as soon as D nker Ay = @, and we then let £ := k. Because the finite
dimensions of the successive ker Ay decrease with 1 at each step, we are guaranteed
to stop after at most n repetitions: should D nker Ay # @ for all k€ {1,...,n—1} then
ker A, will be the 0-dimensional linear space {0}, and then necessarily D nkerA, = @.
For the last functional Ay, we have moreover that

Ay(f)>0forall fin DnkerAg_y. 4.7)

To see this, recall that by construction Ay(f) >0 for all f in D nkerAy_y, and that
DnkerAy=@.

In this fashion we obtain £ linear functionals A, ..., Ay, each defined on the kernel
of the previous functional—except for the domain £ of A;. We now show that we can

prevision—so A is a linear map from the n-dimensional linear space L to R. Since A is a linear
map, its kernel is closed under addition and scalar multiplication, so it is a linear space, and by the
rank-nullity theorem, its dimension is (dim£) —dimR =n—1.

3To see that kerA; is a linear space, note that by Proposition Ay = Pj, is a linear
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turn the Ay, ..., Ay into expectation operators: positive and normalised linear function-
als on the linear space £. Indeed, consider their respective extensions I, ..., I'; to
L from Lemma[I00fz3, and let I'y := A;. They satisfy Iy (1) >0 for all k € {1,...,¢};
see Proposition [93frzg and Lemma [T00z§(i0)} Now consider the real linear functionals
on L defined by E| =T, and E(f) = %E{; forall kin {2,...,¢} and f in L. It is
obvious from Proposition [93j7g and Lemma [TOQ3(D)] that these linear functionals are
normalised and positive, and therefore expectation operators on L. Indeed each E} is the
expectation operator associated with the mass function p; defined by py(x) = E; (I { x})
for all x in X. In this way, p = (py,...,py) defines a lexicographic probability system.

We now prove that p has no non-trivial Savage-null events, using Proposition D653
Assume ex absurdo that there is some x™ in X’ such that py(x*) = Ex(Ij,«) = 0 for all
kin {1,...,£}. Then Iy« €kerl'| = kerA; and [y € kerDy for all k in {2,...,0}.
Invoke Lemma to find that Tg,«y € kerAj nkerD; = kerAy. Repeated ap-
plication of this same lemma eventually leads us to conclude that I +) € kerAy_; and
Iy+y € kerAy. Since also Ig«y € D and hence Iy,«y € D nkerAy; [Axiom @zﬂ,
Equation implies that Ay(Ij,+}) > 0, a contradiction.

It now only remains to prove that <p is the lexicographic ordering with respect to
this lexicographic probability system, or in other words that

feD <0< (Ei(f),...,E(f)), forall fin L.

For necessity, assume that f € D. Then E| (f) > 0 by the definition of Aj. If E| (f) >
0, then we are done. So assume that E1(f) =0. Then f € kerA; and Ay(f) >0 by
Equation @6). Again, if Ay(f) >0, we can invoke Lemma [100jrz3(iv)] to find that
I'>(f) > 0 and hence E>(f) >0, and we are done. So assume that Ay(f) = 0. Then
f ekerAy and A3(f) > 0 by Equation (#.6). We can go on in this way, and we call k
the largest number for which E;(f) =0 forall jin {1,...,k—1}, or in other words, the
smallest number for which E;(f) > 0. Then k < /¢ by construction—see Equation @.7)—
, whence indeed 0 <; (E|(f),...,E¢(f)).

For sufficiency, assume that 0 <;. (E{(f),...,E¢(f)), meaning that there is some
kin {1,...,£} for which E;(f) =0=T;(f) for all jin {1,...,k—1} and E(f) >0,
whence also I'y(f) >0. So fekerI'; forall je {l,...,k—1} and therefore repeated
application of Lemma [TOQfzf(iiD)] tells us that f ¢ kerA; for all j ¢ {1,...,k—1}. Since
Ik (f) > 0, we infer from Lemma[100x(iv)] that also Ag(f) > 0, whence indeed f € D
by Equation (#.6). O

We conclude that the sets of desirable options in Dy, are exactly the ones
that are representable by a lexicographic probability system that has no non-
trivial Savage-null events. This is, of course, the reason why we have called
the coherent sets of desirable options in Dy := {D e D : posi(D¢) = D¢} lexico-
graphic.

This does not mean, however, that the correspondence between the two
families is bijectiveﬁ Indeed, consider the binary possibility space X' = {H, T}

That two different lexicographic systems (represented as stochastic matrices of full rank)
may be associated with the same coherent set of desirable gambles can also be inferred from an
example by Benavoli et al. [6, Example 1].
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and the lexicographic systems p = (p1,p2) and p’ = (p1, p5), associated with
the respective mass functions p; = (1/2,1/2), po = (0,1) and p), = (1/4,3/4) on
{H,T}. Then p and p" have no non-trivial Savage-null events. However, D, =
Dy ={feL:f(a)+f(b)>0o0r f(b)=-f(a) >0}, so we see that there are two
different lexicographic probability systems that map to the same lexicographic
set of desirable gambles. Note, however, that <, and <, are both equal to
<«p—and therefore equal to each other, so <), = <,;—, as is also guaranteed by
the following corollary.

Corollary 102. Consider any coherent lexicographic set of desirable gambles
D in Dy and any lexicographic probability system p that has no non-trivial
Savage-null events. Then <p =<, < D =D,. As a consequence, given any
coherent lexicographic set of desirable gambles D in Dy, then <p = <p for
all lexicographic probability systems p that have no non-trivial Savage-null
events such that D, = D.

Proof. For the first statement, infer the following chain of equivalences:

<p=<p<=(VfeLl)(0O«p f<0<p f) by Proposition 7m0
<= (VfeL)(feD < feDp) by the definitions of <p and D),
<D =Dp.

The second statement now follows immediately. O

This corollary is important, since it guarantees that <, and <, differ if and
only if D), and D, differ: it rules out that two different preference relations <,
and <y (based on two different lexicographic probability systems p and p' that
have no non-trivial Savage-null events) map to the same coherent lexicographic
set of desirable gambles D), = D,,. More information about this relation—and
also taking updating into account—can be found in work by Benavoli et al. [6]],
which builds on the important lexicographic separation theorem by Martinez-
Legaz [49].

The second part of our Theorem can also be obtained as a conse-
quence of an earlier result by Martinez-Legaz and Vincente-Pérez 50, Corol-
lary 3.5], considering that lexicographic sets of desirable gambles are hemis-
paces and relying on the representation of lexicographic probability systems
as stochastic matrices. This result was also used by Benavoli et al. [6] in
their study of the connection between sets of desirable gambles and sets of
lexicographic probability systems. It makes use of the aforementioned lexi-
cographic separation theorem [49], which is arguably more directly suited for
our purpose than the more general separation results (see Theorem O8ryy) we
borrowed from Walley [82]]. However, we feel that there is value in our more
direct proof, since it is more directly tailored to, and ‘translated’ in, the lan-
guage of sets of desirable gambles.
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We can also characterise the maximal sets of desirable gambles elegantly
using lexicographic probability systemsﬂ Introduce kerE),

l
kerE, = [\ kerE,, (4.8)
k=1

as the intersection of the kernels associated with the expectation operators as-
sociated with p: it is the set of gambles that have expectation zero for every
expectation operator in p.

Proposition 103. Consider any lexicographic probability system p with £ lay-
ers, and let D, = {f € L:0<,, f} be a (not necessarily coherent) set of desir-
able gambles)®| Then kerE, = (D, u-D,). As a consequence, the following
two statements are equivalent:

(i) D, eD;

(ii) kerE, = {0}.
In any of these equivalent cases, { > n, and p has no non-trivial Savage-null
events.

Proof. For the first statement, that kerE, = (D, U-D), )€, consider any f in £ and the
following equivalences:

fekerEp < Ep(f)=0<« (04, fand f £, 0)
< (04p fand 0 £y —f)
< (f¢Dpand —f¢Dp)
< (feDjand fe-D,) < feDyn-DY = (Dpu-Dp)°,

where third equivalence follows from Proposition 033

We now prove that kerE, = {0} implies that p has no non-trivial Savage-null
events. Assume ex absurdo that p has a non-trivial Savage-null event. By Proposi-
tion 93y, there is some x in X' such that py(x) =0, implying that Ep, (I;,}) = 0, for
all kin {1,...,¢}. But then I\ € kerEjp, contradicting kerE, = {0}.

To prove thatimplies assume that ker £, # {0}. Because every E, is a linear
operator, 0 e ker Ep, and therefore f € kerE,, for some f e L\ {0}. We have just shown
that kerEp = Dj, n—D5, s0 f ¢ Dp, Aand —f ¢ Dp for some fin £\ {0}. Proposition
guarantees that then indeed D) ¢ D.

To prove thatimplies assume that kerE, = {0}. Then we know already that
p has no non-trivial Savage-null events, so by Theorem @E, D) is a coherent set
of desirable gambles. Since kerE), = {0}, we see that E, (f) #0, so 0 <y Ep(f)—and

"The characterisation in Proposition can also be obtained as a consequence of work by
Benavoli et al. [6] Proposition 8], by noting that the lexicographic probability systems p for which
kerE, = {0} are exactly those whose corresponding stochastic matrices are orthonormal.

8Since in Theorem lm we only have defined such sets of desirable gambles for lexico-
graphic probability systems that have no non-trivial Savage-null events, we need to define it here
in this more general context as well.
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hence 0 <, f, so f € Dp—or 0<; E,(—f)—and hence 0 <, —f, so —f € D,—for every
fin £~ {0}. Use Proposition @ to infer that then D) is indeed a maximal set of
desirable gambles. ‘

To show, finally, that then ¢ > n, assume that kerE, = r]i:lkerEpk = {0}, so
dimkerE, = 0. Note that dimkerE,, =n—1 for every k in {1,...,£}, and therefore,
by the dimension theorem [5, Theorem 2.18]

dim(kerEp, nkerEp, ) =dimkerE,, +dimkerE,, —dim(kerEp, +kerEp,)
>(n-1)+(n-1)-n=n-2,

and similarly

dim(kerEp, nkerEp, nkerEp, )
=dim(kerEp, nkerEp, ) +dimkerEp, —dim((kerEp, nkerEp, ) +kerEp,)
>(n-2)+(n-1)-n=n-3.

Going on in this way, we eventually find that dim ﬂizl kerEp, > n—{. This shows that
dimE, =0 indeed implies that ¢ > n. O

4.2.3 Savage-null events revisited

That there are no non-trivial Savage-null events in this representation should
not surprise us. To gain some insight as to why, we consider a lexicographic
probability system p = (py, ..., p¢) that has some non-trivial Savage-null event
E, so conditioning on E is ill-defined. However, there are coherent sets of
desirable gambles D that correspond with it, in the sense that f <, g = f <p g
(or equivalently, 0 <, f = feD) forall f and g in L: indeed, conside

14 k-1
D, ::£>0u{fe£,:0<pf}:£>OUU{fe ﬂkerEPj:EPk(f)>0}, (4.9)
k=1 j=1

which is coherent due to Lemma [104!

Lemma 104. Consider D), as defined in Equation @.9). Then D, is a coherent
set of desirable gambles, and f <, g = f <0 gforall fandgin L.

Proof. We first prove that D), is coherent. For Axiom% recall that Ep, (0) =0 for
all kin {1,...,¢}, and that O ¢ L., so indeed 0 ¢ D},. Axiom is trivially satisfied,
because of the definition (9) of D;,. For Axiom consider any f in £ and A in
R, and recall that f € N\Z| kerE,, < Af € \Z{ kerEp,, Ep,(f) >0 < Ep (Af) >0,
and f>0< Af >0, so f €D implies that indeed A f € D. Finally, for Axiom ,
consider any f and g in Dj,. If f>0and g>O0then f+g>0so0 f+geD). If f>0
and there is some k in {1,...,¢} such that g € ﬂﬁ;} kerE); and Ej, (g) > 0, then, since

9We let M@ = L in this expression.
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Ep(f+g)2Ep;(g) forall jin {1,...,£}, we see that there is some K <kin {1,...,0}
such that f+g € ﬂ];»,:_ll kerEp; and Ep,, (f+8) >0, so f+geDj,. If the role of f and g
are switched, then a similar reasoning shows that, again, f+g e D'p. Finally, if both f
and g belong to U£=1 {he ﬁ/;-;% kerEp, : Ep, (h) >0}, then let k" be the smallest number
in {1,...,¢} for which Ep,, (f) >0 and k" the smallest number in {1,...,¢} for which
Ep,.(g) > 0. Define k :=min{k’,k"’}, then E,,,(f+g) >0and Ep,(f+g) =0 forall j in
{1,...,k—=1},soindeed f+g € D),.

The second statement is immediate from the definition in Equation {.9). O

D;, extends <, in the least informative way: it is the smallest coherent set of
desirable gambles such that « Dy, 2<p. Since conditioning is never problematic
for coherent sets of desirable gambles [31]], using D;, we can condition on ev-
ery non-trivial event—even the Savage-null event E: conditioning on E yields
the vacuous set of desirable gambles.

To develop our understanding even further, we look at ker E,, as defined in
Equation (.83 Since every kerE,, is a n— 1-dimensional linear subspace,
kerE, is a linear subspace whose dimension is not higher than n—1. Since
for every x in E, Iy, e kerE, for every k in {1,...,£}, we have that I,y €
kerE,, so kerE, includes span{l,, : x € E}, and therefore dimkerE), > |E|.
We distinguish between two cases: dimkerE, >2 and dimkerE), = 1.

If dimker E,, > 2 then the following lemma guarantees that D;, cannot be a
lexicographic set of desirable gambles.

Lemma 105. If dimkerE), > 2 then D;, is no lexicographic set of desirable
gambles.

Proof. 1f |E| = 1—say E = {x}—then consider any f # 0 in ker £}, such that f(x) =0.
This is always possible since dimkerEp > 2. Let g1 =1y + f and g5 =1y - f. We
claim that g ¢ L5 and g, ¢ L.o. To see that g ¢ L+, assume ex absurdo that g| =
{4 + f € L5, and therefore f(x") >0 for all x’ in X. This implies that Ep, (f) >0
for all k in {1,...,¢}. Since f # 0 and f(x) =0, there is some x* in X'\ {x} for which
f(x*)>0. But since x* ¢ E = {x}, we find that Ep, (f) >0 for some k in {1,...,/},
contradicting that f e kerE,. The proof that g, ¢ L is completely similar. Since both
Iy and f are elements of kerE), so are g1 and g, and therefore Ep, (g1) =0=Ep, (g2)
for all kin {1,...,¢}. This tells us that g; € D;,C and g, € D;f, but their sum g; + g, =
ZH{X} €eLsp,80 f+g¢ D;,C. Hence D;, is not lexicographic.

If |[E| > 2, consider any two different x and y in E and let gy =21 (xy ~Lgyy and go =
2]1{),} _H{x}' Then 81 ¢ £>0, 82 ¢ [,>0, and Ep,‘ (g] ) =0= Epk(gz) for all k£ in {1, . 74},
50 g1 € Dy and g, € D}y, but their sum gy + g5 = Iiey +1y) € L5050 f+g¢ D}y Hence,
here too, D;, is not lexicographic. O

In its turn, this non-lexicographic D;, can be extended to some lexicographic
set of desirable gambles in a number of ways. For instance, the extension
should contain at least one of g; and g; (defined in the proof of Lemma [T03)),
indicating already one choice to be made.
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On the other hand, if dimkerE,, = 1 then necessarily |E| = 1—say E = {x}—
and then kerE), = span{]I{x} }. Then D;, is a lexicographic set of desirable gam-
bles, despite the fact that p has non-trivial Savage-null events, by the following
lemma.

Lemma 106. If dimkerE, =1 then D;, is a lexicographic set of desirable
gambles.

Proof. Consider any f and g in Dj;. Then f ¢ L5, g ¢ L0, 0 4p f and 0 4, g. By
Proposition e infer that f 4, f+g and hence, using the transitivity of #,

[see Proposition Eill' ,04p f+g. Assume ex absurdo that f+g ¢ D;c, then it can
now only be that f + g € £ and therefore Ep, (f +g) >0 for every k in {1,...,¢}, and
F(x*)+g(x*)>0forsome x* in X. If x* ¢ E then Ep,, (f+g) >0 forsome kin {1,...,¢}
and therefore 0 <, f +g, a contradiction. This tells us that necessarily x* = x, and also
that f(z) +g(z) =0 for all z in X'\ {x* } We infer from this that Ep, (f+g) =0 for all k
in {1,...,£}, whence f+g ekerE) = span{l,, }. There are now two possibilities. The
first is that both f and g belong to span{I (=) }. Since f+g € L+, this implies that either
feposi{ly} or g e posi{l;,,}. Butthen fe Ly or g€ L5, a contradiction. The
second possibility is that neither f nor g belong to span{l;,; } = kerE),. This implies
that there is some kq in {1,...,£} such that E;,(f) =0 for all jin {1,...,k; — 1} and
Ep,, (f) #0, and therefore Ep, (f) <0, because 0 £, f. Similarly, there is some k; in
{1,....¢} such that Ep; (g) =0 forall jin {1,....ky — 1} and E} (g) + 0, and therefore
Ep,, (g) <0, because 0 £p g. If we now let k:=min{ky,ky }, we see that Ep, (f +g) <0,
whence f + g ¢ kerEp, a contradiction. O

Interestingly, when we start out with some p that has non-trivial Savage-
null events, this argument leads us to its least informative coherent extension
D;,, which is a lexicographic set of desirable gambles: it is representable by a
lexicographic probability system that has no non-trivial Savage-null events, by
Theorem [T0Tj3)

When dimkerE), > 2, we have seen that D;, is not lexicographic, but it can
be extended in a number of ways to a lexicographic set of desirable gambles.
When dimkerE), = 1, then its smallest coherent extension D;, is also lexico-
graphic. By Lemma then <« Dy, = <pr where p is the lexicographic proba-
bility system (p1,...,pe_1,Pe, Pes1) and pgyq is any probability mass function
such that kerE, nkerE,,,, = {0}, for instance p/4 =I,,. So we have found
a lexicographic probability system p’ without non-trivial Savage-null events
that represents D;,: it suffices to add a well-chosen layer. In other words, when
importing the language of sets of desirable gambles, we can regard p as having
an extra layer that avoids problems with conditioning.

Lemma 107. Consider any lexicographic probability system p = (p1,...,pe),
and assume that E = {x} is the only non-trivial Savage-null event. Import the
notation above, then < =<y where p’ is some new lexicographic probability
system p' = (p1,...,pe—1, P, Prs1), and peyy is any probability mass function
such that kerE, nkerE,,  ={0}.
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Proof. To prove that < Dy, S <prs consider any gamble f in £ for which 0 <oy f. Then
fe D;, whence 0 < for0<p, f. If 0 <p f then 0 <,/ f and the proof is done, so assume
that 0 £, f. Then 0 < f implies that f(x") =0 for all x" in X'\ {x}—and hence Ep, (f) =
0 forall kin {1,...,£}—, so f(x) > 0. Therefore, f e kerEp, so f ¢ kerEp,,,, whence
Ep,,, (f) >0 and therefore indeed 0 <,/ f.

To prove that <, € < D, consider any gamble f in £ such that0 <, f. Then 0 < f,
in which case f € Dj,, whence 0 < py, f and the proof is done, or Ep, (f) =0 for all k in
{1,....¢} and Ep,,, (f) > 0. Then f e kerE) =span{l;,; }, so f = A, for some A in
R. But Ep,,, (A1 ,}) >0 implies that A >0, so f € L5, and indeed f € D). O

When dimker £, = 1, there is only one coherent way of defining the initially
ill-defined conditionals on E = {x}. Indeed, when there is only one outcome
x, the unique conditional set of desirable gambles on E is the vacuous set of
desirable gambles. This should be contrasted with the case where dimkerE,, >
2: now there are multiple ways of defining the conditionals on E, all leading
to non-vacuous conditional sets of desirable gambles.

4.3 LEXICOGRAPHIC CHOICE FUNCTIONS

Lexicographic probability systems can now also be related to specific types of
choice functions, through Proposition QIjrz7: given a coherent set of desirable
options D, the most conservative coherent choice function C whose binary
choices are represented by D¢ = D satisfies the convexity property if and
only if D is a lexicographic set of desirable options. We will call Cy, := {Cp :
D e DL} the set of lexicographic choice functions.

Looking first at the most conservative coherent choice function that corre-
sponds to D and then checking whether it is ‘convex’, leads rather restrictively
to lexicographic choice functions, and is only possible for lexicographic D:
convexity and choice based on Walley—Sen maximality are only compatible
for lexicographic binary choice. But suppose we turn things around some-
what, first restrict our attention to all ‘convex’ coherent choice functions from
the outset, and then look at the most conservative such choice function that
makes the same binary choices as present in some given D:

inf{C € C: C satisfies Property [C3pg and Dc = D}.

We infer from Propositions A0kg and [f 7 that this infimum is still ‘convex’
and coherent. It will, of course, no longer be lexicographic, unless D is. But
the following theorem tells us it still is an infimum of lexicographic choice
functions, and therefore adds further weight to our growing suspicion that lex-
icographic choice functions have a central part in a theory of ‘convex’ coherent
choice functions without Archimedeanity.

Theorem 108. Consider an arbitrary coherent set of desirable options D. The
most conservative coherent choice function C that satisfies Property and
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Dc = D is the infimum of all lexicographic choice functions Cry with D' in Dy
such that D < D':

inf{C € C: C satisfies and D¢ =D} =inf{Cpy : D' e Dy and D D'}.

Proof. Denote the choice function on the left-hand side by Cie, and the one on the
right-hand side by Cyjgp. Both are coherent, and so by Axiom completely char-
acterised by the option sets from which 0 is chosen. Consider any A in Qf, then we
have to show that 0 € Cies ({0} UA) < 0 € Cigni ({0} UA).

For the direct implication, we assume that 0 € Cler ({0} UA), meaning that there
is some C* in C that satisfies Property , Dc+ =D and 0 € C* ({0} UA). We have
to prove that there is some D in D such that D ¢ D* and D* nA = & [by Proposi-
tion Pzl and we will do so by constructing a suitable lexicographic probability sys-
tem, by a repeated application of an appropriate version of the separating hyperplane
theorem [Theorem [P&rz3l, as in the proof of Theorem [T01jz3

To prepare for this, we prove that posi({0}UA)ND = @. Indeed, assume ex absurdo
that posi({0} UA) N D # @, so there is some f € D such that f € posi({0} UA). Then
there is some A in Ry such that g == A f e conv({0} UA). Let A" :=A u{g}, so {0}u
A’ c conv({0}UA), whence 0 € C*({0} UA") by Property @, if we recall that 0 €
C*({0}uA). But f € D implies that g € D, and since D¢+ = D, also that g € D¢+, or
equivalently, 0 € R*({0,g}), by Proposition @3] Axiom then guarantees that
0eR* ({0} UA"), a contradiction.

It follows from this observation that we can apply Theorem D8z to show that there
is some non-zero linear functional A; on £ such that

A (f) <0forall finposi({0}uA) and A;(f) >0forall finD. (4.10)

[Apply Theorem with B = L, W, = posi({0} UA) and W; = D u {0}, then
int(W;) n W, = @ since int(W;) € D, and 0 e Wy nW).] Its kernel ker Ay is an n— 1-
dimensional linear space, where n is the dimension of £L—the cardinality of X. Since
both D and kerA; are convex cones, their intersection kerA; N D is either empty or a
convex cone. When kerA; nD = @&, we let £ := 1, and stop.

When kerA| nD # @, it follows from the same version of the separating hyperplane
theorem that there is some non-zero linear functional A, on ker A such that

Aa(f) <O forall finkerA; nposi({0}UA) and Ap(f) >0 for all f in ker A} nD.

[Apply Theorem with B=kerAj, W, =posi({0} UA)nker A; and W = (kerA|n
D) u {0}, then int(W;) n W, = & since W, < posi({0} UA) and int(W)) € D, and
0e Wi nW,.] ker A, is a n—2-dimensional linear space. As before, D nkerA; is either
empty or a non-empty convex cone. If it is empty, let £ := 2; otherwise, repeat the same
procedure over and over again, leading to successive non-zero linear functionals Ay on
ker Ay_1 such that

Ar(f) <0 forall finkerAg_;nposi({0} UA) and Ag(f) >0 forall f inkerAz_1ND,
4.11)
until eventually we get to the first k such that D nker Ay = &, and then let £ := k and stop.
We are guaranteed to stop after at most n repetitions, since ker A, is the 0-dimensional
linear space {0}, for which D nkerA,, = @. For the last functional Ay, we have that

Ay(f)>O0forall fin DnkerAy_y. 4.12)
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To see this, recall that by construction Ay(f) >0 for all f in D nkerAy_y, and that
DnkerAys=@.

In this fashion we obtain £ linear functionals A, ..., Ay, each defined on the kernel
of the previous functional—except for the domain £ of A;. We now show that we can
turn the Ay, ..., Ay into expectation operators: positive and normalised linear function-
als on the linear space L. Indeed, consider their respective extensions I';, ..., [y to £
from Lemma and let I'y := A;. They satisfy I';(1) >0 for all k in {1,...,£¢};
see Proposition 935 and Lemma [TOQr33(i1)] Now consider the real linear functionals

on L defined by E(f) = 12’;%8 for all k in {1,...,£} and f in £. It is obvious from
Lemma [100j33)(1)| that these linear functionals are normalised and positive, and there-
fore expectation operators on L. Indeed, each E} is the expectation operator associated
with the mass function py defined by py(x) = Ex(I;,y) for all x in X. In this way,

p=(p1,...,py) defines a lexicographic probability system.

‘We now prove that p has no non-trivial Savage-null events, using Proposition@m.
Assume ex absurdo that there is some x* in X such that p (x™) = Ex (I3 ) = 0 for all
kin {1,....0}. Then I« ekerl'; =kerA; and I;«y e ker[ for all k in {2,...,¢}.
Invoke Lemma @@to find that Ij,«y € kerAj nkerl’; = kerA,. Repeated ap-
plication of this same lemma eventually leads us to conclude that I ,+y € kerAy_; and

Ii+y € kerAy. Since also Ig,y € D and hence Ig«y € D nkerAs [Axiom ,
Equation @.12) implies that Ay(I{,+y) > 0, a contradiction.

If we now let D* := {f € £L:0 < (E1(f),-.-,E¢(f))}, then D* e DL by Theo-
rem . If we can show that D € D* and A nD* = @&, we are done. So first, consider
any f in D. Then A;(f) > 0 by Equation .I0). If A;(f) >0 then also E(f) >0
by Lemma and therefore f € D*. If Aj(f) =0 then Ay(f) >0 by Equa-
tion @TI). If Ao (f) > O then also E»(f) >0 by Lemma[I0Q{ii)RdGiv)} and therefore
feD*. We can go on in this way until we get to the first k for which Az(f) >0, and
therefore also E(f) >0 by Lemma whence therefore f € D*. We are
guaranteed to find such a k because we infer from Equation @12) that A,(f) > 0. This
shows that indeed D ¢ D*.

Secondly, consider any f in A. Then A;(f) <0 by Equation @I0). If
A1(f) <0 then also Ej(f) <0 by Lemma and therefore f ¢ D*. If
A1(f) =0 then Ap(f) <0 by Equation @IT). If Ay(f) <0 then also E>(f) <0 by
Lemma and therefore f ¢ D*. If we go on in this way, only two things
can happen: either there is a first k for which Ay (f) <0, and therefore also E;(f) <0
by Lemma whence therefore f ¢ D*. Or we find that A;(f) <0, and
therefore also Ej(f) <0 by Lemma(l00rg3i(i)i&(iv)} for all k€ {1,...,¢}, whence again
f ¢ D*. This shows that indeed AnD” = &.

For the converse implication, assume that 0 € Crign ({0} UA). We must prove that
there is some C in C that satisfies Property , Dg=D and 0 C({0} UA). We claim

that € = Cright does the job. Because we know by assumption that 0 € Cyigne ({0} UA),
and from Propositionsw and@ that Cyigp is coherent and satisfies Property
it only remains to prove that D¢, = D. To this end, consider any f in £ and recall the
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following equivalences:

J€Dc,y < 0 € Rijgne ({0, /}) [Proposition 53]

< (VD' eDL)(DcD = 0eRp({0,f})) [definition of inf]

<= (VD' eDL)(DcD' = feD') [Proposition 53]

< feD, [Propositions and P2zl
which completes the proof. O

As a consequence of this result, we also have that, for any coherent set of
desirable options D,

inf{C € C: C satisfies[C3pg and D € D¢} = inf{Cp/: D' e Dy, and D c D'}.
(4.13)
This also allows us to find the unique least informative choice function that
is coherent and satisfies Property[C3p3, to which we referred in Section[2.6.4k7;:

Corollary 109. The unique least informative coherent choice function that
satisfies Property|[Cpsr—and therefore also Property [Cls—is given by

inf{C € C: C satisfies[Cog} = inf{C € C : C satisfies|C3h3 and[Ct}
= inf{CD :De ﬁL}

Proof. That

inf{C € C: C satisfies[Ch3} = inf{C € C: C satisfies and [Co3}

follows at once from Proposition @m To show that inf{C € C : C satisfies[Csg]} =
inf{Cp : D € DL}, infer from Propositions % and @]] that Dy ¢ D¢ for all C in
C. Therefore inf{C ¢ C: C satisfies [C3g} = inf{C € C: C satisfies[C3hg and Dy € D¢},
which is, using Equation {13), equal to inf{Cp : D ¢ D and Dy € D}. Proposi-
tion guarantees that Dy € D for every D in D, and therefore also in particular
for every D in Dy. Hence indeed inf{C € C: C satisfies[C3g} = inf{Cp : D eDL}. O

4.4 NO LEXICOGRAPHIC REPRESENTATION FOR BINARY POS-
SIBILITY SPACES

In the previous sections, we have studied some of the consequences of Prop-
erty [C3h3) on coherent choice functions. We have characterised the purely bi-
nary choice functions that satisfy Property [Cp3): they are those choice func-
tions that are represented by a lexicographic probability system. But is Prop-
erty [C5ps) enough to guarantee representation in terms of an appropriately cho-
sen subset of {Cp : D € D}?
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Example 20. Consider any mass function p that assigns positive probability
to every outcome in X, and its corresponding set of strictly desirable gambles
D=Loou{fel:E,(f)>0}={feL:E,(f)>0}, where the (second) equality
holds because p(x) >0 for every x in X. Clearly, D° = {f e L: E,(f) <0} is
a convex cone, so D is a lexicographic set of desirable gambles, and hence, by
Proposition[9Tjrz7, Cp is coherent and satisfies Property [C3,.

Is Cp representable by a subset of {C, :D e D}? To answer this, consider
an option set A in Qf that consists of m > 1 gambles fi, ..., fi such that
Oeposi(A) and E, (fi) =0 forevery kin {1,...,m}. Then fi ¢ D for every k in
{1,...,m}, whence by Proposition @3}, 0eCp(A). We claim that A nD # &,
for every D in D. To see this, assume ex absurdo that AnD = @ for some
D in D, then by Proposition ~fi €D for every k in {1,...,m}. Since
0 € posi{fi,..., fm}, we have that Y-, A fx = 0 for some Ay, ..., A, in Ry.
Since, by Axiom E’Ii , —Afi € D for every k in {1,...,m}, we would find by
Axiom that their sum Y.} —Ax fx = 0 would belong to D, in contradiction
with Axiom Ekﬂ So we see that AnD # @, and therefore 0 € R (A), for
every D in D. This implies that, for every subset D c D, also 0 € Rp(A). Since
we already know that 0 € Cp(A), this means that Cp is not representable by
subsets of D, even though Cp satisfies Property . 0

This example shows that representation in terms of appropriately chosen
{Cp :D €D} is impossible. But since we have seen in Theorem mm} that
lexicographic choice functions seem to fulfil at least some representing role in
our theory without Archimedeanity, it seems at least possible that there might
be a representation result in terms of Cp—in terms of lexicographic choice
functions. This brings us to the central question of this section: is, in parallel
with the result by Seidenfeld et al. [67]], every coherent choice function C on
option spaces that satisfies the corresponding Property [Co3] an infimum of
lexicographic choice functions, or in other words, is C = inf{C’ € CL:Cc Cc',
or equivalently,

C(A)=|{C'(A):C" e CLand C= C'} forall A in Q?

We will show in this section that, unfortunately and perhaps somewhat surpris-
ingly, this is generally not the case, by studying in more detail the special case
of coherent choice functions on two-dimensional option spaces.

In the remainder of this section, we concentrate on the two-dimensional op-
tion space V = L(X) of gambles on an uncertain variable that can assume only
two possible values X = {H,T}. Note that, by Proposition [I6, the choice
functions that we consider—the coherent and ‘convex’ choice functions—
satisfy Property [C6b3. As we have seen in Section 2.9g, coherent choice
functions are uniquely determined by their rejection set, and since the choice
functions we consider also satisfy Property [C&3, Proposition [69g guarantees
that for binary possibility spaces, its rejection set consists of sets of cardinality
two or three.
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4.4.1 An equivalent characterisation: coordinate rejection sets

It will be useful to give a slightly different characterisation of rejection sets, tai-
lored towards two-dimensional option spaces. Instead of describing the gam-
bles that reject O directly, this new characterisation will rather use Axiom|[C4ay
to rescale gambles in the second and fourth quadrants

Ly={fel(X): f(H)<0<f(T)}and Lyyv:={feL(X): f(T)<0< f(H)},
obtaining variants that can be described more easily. Indeed, every gamble
J1 in Ly can be uniquely described as f; = Ay (k; — 1,k;) with A1 in R, and
ki in (0,1), and similarly, every gamble f> in Ly as fo = Ax(kp, ko — 1) with
A2 in R,g and k; in (0,1), as indicated by Figure With this different

characterisation, we will be able to prove useful additional properties, specific
to two-dimensional vector spaces.

T
S

..... K " 1 H

Figure 4.2: Scaling of the gambles (left) and coordinate rejection set (right)

Definition 36 (Coordinate rejection set). Given any coherent rejection func-
tion R, we define its coordinate rejection set Kz € [0,1)? a

Kg = {(ki,ky) €[0,1)*:0 e R({ (k1 = 1,k1),0, (ka,ka —1)})}.

We will call any subset K < [0, 1)? a coordinate rejection set. It will be useful

to consider a number of potential properties of coordinate rejection sets K:

K1. monotonicity: if (ki,ky) € K, k| > k; and k), > k», then also (k{,k}) € K, for
all (ky,ky) and (k},k%) in [0,1)%;

1011 order to distinguish them from rejection sets, which we denoted generically by K, we will
use the generic notation K for coordinate rejection sets. As we have seen in Proposition [6%g, the
binary coordinate rejection set K is related to K, uK3.

T want to remind the reader at this point that in the present context 0 = (0,0) is the null vector
in V. Both notations will be used interchangeably.
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K2. non-triviality: (0,0) ¢ K;
K3. a. for all g, b and ¢ in [0,1) such that ¢ <a, a+b < 1, (b,a) € K and
(l-a,c)eKk:
(x,¢) €K forall xin (b,1) and (b,y) €K for all y in (c, 1);
b. forall a and ¢ in [0,1) such that ¢ < a, (0,a) €K and (1 -a,c) €K:
(0,¢) €K;
c. forall a and bin [0,1) such that 0<a, a+b < 1, (b,a) €K and (1 -

a,0)eK:
(b,0) eK;

K4. if kj +k, > 1 then (k;,k2) € K, for all (k;,k2) in [0,1)2.

: I

|
!
—t i
b l1-a 1

Figure 4.3: Illustration of Property [K33|

Properties [K2] and [K3]imply the following useful property:

Lemma 110. Consider any coordinate rejection set K < [0, 1)2. If K satisfies

Properties[K2|and[K3] then
(Vae[0,1])((0,a) ¢K or (1-a,0) ¢K).

Proof. 1f a =0 then (0,a) = (0,0) ¢ K by Property Analogously, if a = 1 then
(1-a,0) = (0,0) ¢ K by Property [K2] Assume therefore that a € (0,1), and assume ex
absurdo that both (0,a) and (1-a,0) are elements of K. Use Property [with ¢:=0;
then indeed c =0 < a, (0,a) €K and (1 -a,c) = (1-a,0) € K] to infer that (0,0) € K,
which contradicts Property[K2] O

The coherence of R—and the two extra Properties and [R@s—implies a
number of corresponding properties of its coordinate rejection set Kg:

Proposition 111. Consider any coherent rejection function R. Then its co-
ordinate rejection set Kg satisfies Properties |K_T| and @ Furthermore, if R
satisfies Property RGps, then K satisfies Property Finally, if R satisfies
Property[R33, then Ky satisfies Properties[K3|and
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Proof. We first prove that Kg satisfies Property . Consider any (kq,k) in Kg,
and any (k},k) in [0,1)? such that k] > k; and k} > ky. Then (ki,ky) € Kg simply
means that 0 € R({(k; — 1,k1),0, (ka,ka — 1)}), and k| > k; and k5 > ky implies that
(k] = 1,k}) 2 (kg = L,ky) and (K — 1,k5) > (ko — 1,k2). Propositiontells us that
then 0 € R({(k] - 1,k}),0, (ky,k, —1)}), whence indeed (k],k}) € Kg.

To prove that K satisfies Property [K2}., assume ex absurdo that 0 € Kg,
or equivalently, that 0 € R({(-1,0),0,(0,-1)}). Since (-1,0) < 0, we infer
from Axiom R2pg that (-1,0) € R({(~1,0),0}), and therefore also that (~1,0) €
R({(-1,0),0,(0,-1)}), by Axiom[R3gg A similar argument leads from (0,-1) <0
to (0,-1) e R({(-1,0),0,(0,-1)}). Combining these three statements leads to the
conclusion that {(-1,0),0,(0,-1)} = R({(-1,0),0,(0,-1)}), which contradicts Ax-
iom R Ippy.

Next, assume that R satisfies Property IEE To prove that K then satisfies Prop-
erty [K3}, we first prove that it satisfies Property [K3al~. Consider any a, b and ¢ in
[0,1) and assume that ¢ <a, a+b < 1, and that (b,a) and (1 -a,c) belong to Kg. We
are going to prove that (b,y) € K for every y in (c,1); the proof that also (x,c) € K
for every x in (b, 1) is similar. Consider any A in R, then Property guarantees
that

0eR({(b-1,b),0,A(a,a-1)})and 0 e R({1(~a,1-a),0,(c,c-1)})  (4.14)
By Axiom[R4B] we then find that

-A(a,a-1)eR({(b-Aa-1,b—Aa+A),—-A(a,a-1),0})
A(a,a-1)eR({0,A(a,a-1),(c+Aa,c+Aa-A-1)}),

and applying Axiom then leads to

{-A(a,a-1),A(a,a-1)}

cR({(b-Aa-1,b-Aa+A),-A(a,a-1),0,A(a,a-1),(c+Aa,c+ra—-2L—1)}).
(4.15)

Now use Equations #.14) and {@.13) together with Axiom|[R3apq to infer that

{-A(a,a-1),0,A(a,a-1)} cR({(b-Aa-1,b—Aa+A),
-Ala,a-1),0,(c,c—1),A(a,a-1),(c+Aa,c+Aa—-A-1)}).

Applying Axiom leads to

-A(a,a-1)
eR({(b-Aa-1,b-2Aa+A),-A(a,a-1),(c,c—1),(c+Aa,c+ra—-A-1)})
and by Axiom[R4b]this implies that
0eR({(b-1,b),0,(c+Aa,c+ra—A-1),(c+2Aa,c+2Aa-2A-1)}). (4.16)
Letuscallu:= (c+Aa,c+Aa-A—-1)andv:=(c+2Aa,c+2Aa-2A—1), and y; :zﬁ
and U = m; these real numbers are both positive since 0 < ¢ <a and A > 0. Then
0eR({(b-1,b),0,u,v}) by Equation {I6), and 0 € R({(b—1,b),0, uyu,pv}) by
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Propeny@g But pyu < ppv since pyu = (1, %) and upv = (1, C+23”f2 zal 1y,
ctAa—A—1 _ c+2Aa-2A-1
and ct+la < c+2Aa

because this statement is equivalent to

¢ +20ac+ Aac+20%a* —Ae—22%a-c-2Ma
< +Aac+2hac+20%a* —24c-2Aa—c - Aa,

which is in turn equivalent to ¢ < a, which is one of the assumptions. Then pju e
R({pu,ov}) by Axiom R2p whence {0,uiu} € R({(b-1, b) 0, Uyu, Uyv}) by
Axiom [R3ghg. Then 0 € R({(b-1,b),0,115v}) by Axiom [R3bhy, and 0 € R({(b-
1,b),0 u3v}) by Propertyw1th Uz = 2xl+1 >0, whence

c+2Aa
(b’ 1422 ) ¢ Kk
Now, by varying A in Ry the number ‘ﬁzﬁ“ can take any value in the interval (c,a).
We conclude that (b,y) € K for every y € (¢, 1), after also recalling that we have already
proved that Ky satisfies Property [KTjfzg,

To prove that Kg satisfies Property @m, assume that 0 <c<a< 1, (0,a) € Kg
and (1 -a,c) € Kg. Because Ky already satisfies Property [with in particular
b:=0], we know that (x,c) € Kg forevery xin (0,1) and (0,y) € Kg forevery yin (c,1).
We have to show that (0,c) € Kg. To this end, consider the gambles u := (1% -1, 15”
and v:= (c,c—1). Because in particular (x,c) € K for x = % € (0,1), we have that

0 € R({u,0,v}). Similarly, because in particular (0,y) € Kg for y = % €(c,1), we
have that 0 € R({(-1,0),0,-u}). Since also (-1,0) € R({(-1,0),0})—and there-
fore (~1,0) € R({(~1,0),0,-u}) by Axiom [R3ghg—because (-1,0) <0 and by Ax-
iom [R2pg, this leads us to conclude that {(-1,0),0} < R({(~1,0),0,~u}), and there-
fore also 0 € R({0,~u}) by Axiom ence, u € R({u,0}), by Axiom
and therefore u € R({u,0,v}), by Axiom [R3ap. Hence {0,u} < R({u,0,v}), so Ax-
iom [R3bpy leads to 0 € R({0,v}). Now Axiom [R3ghg implies that indeed (0,c) € K,
so Property [K3bjfzg) is satisfied. Property [K3dzg) can be shown to hold in a similar way.

To conclude, assume that R satisfies Property . Since this implies that
Property holds, by Proposition [T@7, we already know that Property K3 is
satisfied, so it only remains to prove that Kp satisfies Property . Consider
any (ki,ky) in [0,1)2 such that k; + k, > 1. Then (k”girl,%) > 0, whence
0<¢R({0, (%, %)}) by Axiom Em] By Axiom m] we get

A e 1]

Since (%7 k1+sz—l) econv({(k; —1,k;), (ka,ka —1)}), Property E’H leads us to
conclude that 0 € R({(k; — 1,k1),0, (kp,ky —1)}), so indeed (ky,k;) € Kg. O

4.4.2 From coordinate rejection sets to rejection functions

Conversely, we now show how to associate a rejection function with any coor-
dinate rejection set K < [0,1)2. Taking into account Property @m, we only
consider sets K that do not contain 0.
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Definition 37. Given any subset K € [0,1)~ {0}, we define its corresponding
rejection function Rk as follows. We let

Rk ({0}) = 2. (4.17)

Next, for any A in Qg, we let 0 € Rg(Au{0}) if at least one of the following
conditions holds:

ANLsg+ D (4.18)
(EM] €R>0,(k|,0)€K)7L1(k]—l,kl)EA 4.19)
(EMQ€R>0,(0,k2)EK))Q(kz,kz—l)EA (420)
(31,242 € Rog, (ki k) € KN (0,1)){ A1 (ki = 1,k1), Ao (ko ko = 1)} €A,
4.21)

and finally, we allow for R(A) to contain non-zero gambles by imposing the
following condition:

(VAeQ)(VfeA)feRkg(A) = 0eRx(A-{f}). (4.22)

The intuition behind this is that the elements of K of the type (k;,0) or (0,k)
determine gambles—(k; —1,k;) and (ky,k, — 1), respectively—that allow us to
reject O0; the other possibility of rejecting 0 is by means of the combined action
of a gamble in the second quadrant—(k; — 1,k;) for k; in (0, 1)—and one in
the fourth quadrant—(k, k> — 1) for k; in (0,1).

Alternatively, as shown in Lemma @, we can summarise Condi-

tions @ 19)-@21) as

(31,42 € Ryg, (k1,k2) € K)
{)L] (kl —1,k1),)1.2(k2,k2— 1)} EAU{(—I,O),(O,—I)}. (4.23)

Lemma 112. For any K € [0,1)?>~ {0} and any A in Q, at least one of the
Conditions @19)-@21) holds if and only if Condition @23)) holds.

Proof. 1f Condition (@.19) holds, then
{A’l (kl - 17kl)7(07_1)} EAU{(_LO)?(Oa_l)}v

so Condition #:23) holds with A, := 1 and k, := 0. Similarly, if Condition {:20) holds,
then {(-1,0),4(kz,kp —1)} cAu{(-~1,0),(0,-1)}, so Condition (#23) holds with
A1 :=1and k; = 0. If Condition (#.21) holds, then Condition (#.23) holds trivially.
Conversely, assume that Condition @23) holds. If both k; # 0 and k; # 0, then
Condition #21) holds trivially, so assume that either k; = 0 or kp = O—they cannot
both be zero, because 0 ¢ K. So assume that k; = 0 and k; > 0, then we infer from
the assumption that {A;(-1,0),4;(k2,kp —1)} cAu{(-1,0),(0,-1)}. Since k >0
implies that A5 (ky,kp — 1) # (=1,0) and A, (kp, ko — 1) # (0,—1) for any choice of 4, >0,
it must be that A (ky,ky — 1) € A, so Condition (#.20) holds. The case k» =0 and k; >0
can be treated similarly, and leads to the conclusion that Condition (#.19) holds. O
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Now that we know how to associate with a coordinate rejection set K a
rejection function Rk, let us determine which conditions on K ensure the co-
herence of Rx. We begin by showing that a number of coherence axioms
follow directly from the definition, irrespective of the choice of the coordinate
rejection set K € [0,1)%~ {0}:

Proposition 113. Consider any subset K € [0,1)2\{0}. Then the rejection

function Rk given by Definition [37] satisfies Axioms [R2bg, R34, [R4al [R4D|
and Property[R6b3

Proof. For Axiom , consider any f and g in £ such that f < g. Then 0 < g— f, so
we infer from Condition {.I8) that 0 € Rx({0,g— f}), and then from Condition [#22)
that indeed f € Rx({f,g})-

For Axiom , assume that A} € Rg(A) and A € A. Then we need to prove
that A; € Rx(A). Consider any f € Ay, then also f € A; and f € A, so we can let Aé =
Ay—{f} and A" := A - {f}, where A} c A". We then infer from Condition (#22) that
0 € R (A%), which means that at least one of the Conditions @I8)-(@21) holds. But
any of these conditions implies that also 0 € Rg (A”). Condition (@22) then guarantees
that f € Rg(A) and therefore that, indeed, A| € R (A).

That Axioms [R4a] and [R4b| are satisfied follows immediately from Condi-
tions @18)-@22).

For Property consider any option setA = {f1,..., fn} € Q, where n is a natural
number, and any positive real numbers [y, ..., U,. Assume that 0 € Rg ({0} UA). First
of all, if f; € Ly for some i in {1,...,n}, then also y;f; € L+ since y; > 0, whence
indeed 0 € R ({0, U1 f1,-..,MUnfn}), by Condition @I8). So assume that f; ¢ Lsg
for all i in {1,...,n}. There are now only three possibilities. The first is that there
are Ay in Ry¢ and (k;,0) in K such that A (k; — 1,k;) = f; for some i in {1,...,n}.
Then (A1) (ki — 1,ky) = Wifi € {1 f15---,Mnfn}, and Condition @I9) guarantees
that indeed 0 € Rg ({0, f1,...,HUnfn}). The second possibility is that there are A,
in R, and (0,ky) in K such that A (ky,kp — 1) = f; for some j in {1,...,n}. Then
(Aapj) (ko ky —1) = pjfj € {pifi,--., Mnfn}, and Condition @20) guarantees that in-
deed 0 € Rg ({0, 1 f1,-.,lnfn}). And the final possibility is that there are A; and A,
in Ry and (kq,kp) in Kn (0, l)2 such that A; (k; —1,k;) = f; and Ay (ky,ky — 1) = f; for
someiand jin {1,...,n}. Then (A ;) (ki —1,ky) = p; f and (A ;) (ko ko — 1) = ; ff,
and Condition .21 guarantees that indeed 0 € Rx ({0, 1 f1,-- ., Unfn})- O

It turns out that Properties [KljgHK 3y are sufficient for coherence:

Proposition 114. Consider any subset K of [0,1)? that satisfies Proper-
ties [Kljag{K gy Then the rejection function Rk given by Definition[37] satis-

fies Axioms and Ry

Proof. We begin by proving that R satisfies Axiom|R3bpg. Assume ex absurdo that it
does not, then Proposition@ﬂ guarantees that there are A in Q and g in A \ {0} such
that {0,g} S Rg(A) and 0 ¢ Rg (A ~ {g}) [because Proposition [113|guarantees that Rg
satisfies, amongst other things, Axiom[R7].
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Because 0 € Rg(A), we infer from Definition and Lemma [[12zy that
there are two possibilities: (i) AnLso # @, or (ii) {A;(k; — 1,k1),Ax(kp,kp - 1)} €
Au{(-1,0),(0,-1)} for some A; and A, in Rs and some (k,k;) in K.

Ay (k= 1kp)
°

A (kp ky = 1)
°

Case (i) Case (ii)

We first deal with case (i). Here we can assume without loss of generality that
AN Lsy = {g} because, otherwise A \ {g} N Lo # @ and we could apply Condi-
tion @I8)37 to conclude that 0 € R (A ~ {g}), a contradiction. We will use the no-
tation g = (x,y) > 0.

Because also g € Rx (A ), Condition #2255 guarantees that 0 ¢ Rx (A - {g}), and a
similar argument as before shows that there are now two possibilities: (i.a) (A -{g})n
Lo #@; and (i.b) {A3(ks — 1,k3),Aq (kg kg —1)} € (A-{g})u{(-1,0),(0,-1)} for
some A3 and A4 in Ry and some (k3,k4) in K.

8+A3(k3 — 1,k3)

x @

® gt Ay(ksky—1)

Case (i.a) Case (i.b)

But in fact (i.a) is impossible, because it would contradict our earlier conclusion that A n
Lso={g}. So we can restrict our attention to case (i.b) with (A - {g})n Lo = 2. There
are now 3 possibilities: (i.b.1) k3 # 0 # k4 corresponding to Condition @2T)zg, (i.b.2)
k3 = 0 # k4 corresponding to Condition [#.20)33, and (i.b.3) k3 # 0 = k4 corresponding
to Condition @ I9)z—*3 = 0 = k4 is impossible because 0 ¢ K.

g+ A3 (k3 —1,k3) g+23(k3 —1,k3)
® g g+23(k3 —1,k3) g . 8
. S ° .
T ° ° T °
&+ g (kg kg —1) g+ Aq (kg kg =1) g+ Ay (ky kg —1)
Case (i.b.1) Case (i.b.2) Case (i.b.3)

For case (i.b.1), it must be that {A3 (k3 —1,k3), A4 (kg kg —1)} €A —{g}, or equivalently,
{g+l3(k3 - 1,k3),g+l4(k4,k4— 1)} CA,so

{(A3k3 +x—23,3k3 +y), (Agkg +x,Agkq +y—Ag) } CA.

Since A3 > 0, we have that (A3ks +x— A3,A3k3 +y) # g and, similarly, since A4 > 0, we
have that (A4kq +x, Agkyq +y—A4) # g. Therefore,

{(A3k3 +x—A3,A3k3 + ), (Agkg + x, Agkg +y—2A4)} AN {g}.
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But (AN{g})NLso =3, 30 (A3ks+x—A3,A3ks +y) ¢ Lo and (Agkyg +x, Agkg+y—Ay) ¢
L. First, we focus on (A3ks +x— A3, A3k3 +y) and wonder in what quadrant it lies.
Its second component A3k3 +y is positive, since A3 >0, k3 >0 and y > 0. Therefore,
since it is no element of L, it must lie in the second quadrant, so its first component
Azks +x— A3 must be negative: A3k3 < A3 —x. But A3k3 >0, s0 0 < A3 —x, and combining
this with —y <0, we find that —y < A3 —x, so y—x+ A3 > 0. Next, we turn to (Agky +
x,Aykq +y—A4) and wonder it what quadrant it lies. Its first component Agky + x is
positive, since A4 > 0, k4 >0 and x > 0. Therefore, since it is no element of L, it
must lie in the fourth quadrant, so its second component A4k4 +y— A4 must be negative:
Agky <Ay —y. But A4kq >0, so 0 < A4 —y. Combining this with —x < 0, we find that
—x<Ag—Yy, s0 x—y+2A4 >0. In summary, we have shown that 13 :=y—-x+ A3 >0 and
Ay =x-y+24 >0, and therefore

(y—x+l3)(/l3k3 +x—l3’ l3k3 +y ),(x—y+l4)( l4k4 +X ’/’1.41(4 +y—ﬁ.4)
y-x+A3 ‘y-x+A3 X—-y+A x-y+Ay
cAN{g}.
If we let k¥ = 22590 gng g = Askutx ypep Aoty gk g Akityohs g
37 yoxtAs 47 XAy y—x+A3 3 X—y+As 4 >
SO
(A5 (k5 - 1.k3),Ad' (kg ks — 1)} c AN {g} (4.24)

We claim that k3 > k3. Indeed, infer from k3 € (0,1) and (x,y) > 0 that k3x+ (1—k3)y >
0, and therefore

Asks +y > ks

y>ky—k3x = A3k3 +y> Makz +k3y —ksx = ks (y—x+2A3) = k3 =
y-x+A3

Similarly, we claim that k; > k4. Indeed, k4 € (0,1) and (x,y) > 0 imply that (1 —k4)x+
k4y > 0, and therefore

2.4/(4 +X S k4

x>k4xfk4y:»/14k4+x>7L4k4+k4xfk4y:k4(xfy+l4) :>ki = .
X=—y+A4

Therefore (k3,k;) > (k3,ks). Since we already know that K is increasing [Prop-
erty @3&] and (k3,k4) € K, we conclude from this that (k3,k; ) € K, and therefore
also, by Condition @2T)jrs3 and Equation (#:24), that 0 € Rx (A \ {g}), a contradiction.

For case (i.b.2), it must be that A4(ks,ks — 1) € A = {g}, or equivalently, that g +
Ag(kg kg —1) €A, so (Agky +x,Agkqa +y—Ay4) € A. Since A4 >0 and k4 > 0, we may
conclude that (A4kg +x, Agkq +y—Ay) # g, and therefore

(Aaky +x,Agks+y—2Ay4) eAN{g}.

But (AN {g})nLso =03, so (Agkg +x,A4kg +y—A4) is no element of L. Its first
component A4ky +x is positive, since A4 >0, k4 >0 and y > 0. It must therefore lie in the
fourth quadrant, so its second component A4ks +y — A4 must be negative: Agks < A4 —y.
But 0 < A4k4, and therefore 0 < A4 —y. Combining this with —x < 0, we conclude that
—x<A4-y,50 A4 =x—y+A4 >0, and therefore

l4k4 +X 14](4 +y—l4
X—y+A' x-y+My

(xr=y+24)( )eAN{g}-
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If we let kj = jjfﬁj , then Mxkf;fﬁ“ =kj—1,s0

Ay (ki ki —1)eAN{g}. (4.25)

We claim that kj > k4. Indeed, infer from k4 € (0,1) and (x,y) > 0 that (1 —kgq)x+kgy >
0, and therefore

),4](4 +Xx

>ky.
X—y+Aq4 4

x>k4x—k4y:>7L4k4 +x>l4k4+k4x—k4y=k4(x—y+l4) ékz =

Therefore (0,k;) > (0,k4). Since we already know that K is increasing [Prop-
erty and (0,k4) € K, we conclude from this that (0,k; ) € K, and therefore also,
by Condition (#20)57 and Equation @-23)), that 0 € Rg (A \ {g}), a contradiction.

For case (i.b.3), we obtain a contradiction in a similar fashion as in case (i.b.2).

We see that we get a contradiction is all cases (i.b.1)—(i.b.3), so case (i.b) always
leads to a contradiction, as did case (i.a). This allows us to conclude that case (i) always
leads to a contradiction.

We now turn to case (ii), where we assume that An L.o = @ and that there
are A; and Ay in Ry and (kq,ky) in K such that {A;(k; — 1,k;),A2(ko,ky — 1)} C
Au{(-1,0),(0,-1)}. Here we distinguish between three possibilities: (ii.a) g ¢
{A (ki = 1,k1), A2 (ko kp = 1)}, (iib) g = Ay (ki = 1,ky), and (ii.c) g = Ap(ko, ko —1).
They are mutually exclusive because it is impossible that A1 (ky — 1,k ) = A3 (kp,ky — 1)
[because that would imply A; + A, =0].

® Ay (ky1,kp) ® g=21(ki—Lki) ® Ay (ky T 1,k1)

® y(ky,ky—1) ® My(ky,ky—1) ® g=N(kp.ky—1)

Case (ii.a) Case (ii.b) Case (ii.c)

But we see at once that case (ii.a) is impossible, because it implies by Condi-
tion (#2337 that 0 € Rg (A \ {g}), a contradiction. So we now concentrate on the
cases (ii.b) and (ii.c), where it is by the way obvious that indeed

AnLyy=2. (4.26)

We begin with the discussion of case (ii.b). We first of all claim that now k; > 0.
Indeed, if k; = 0 then (kq,kz) = (0,k2) € K, and Property @m implies that k, > 0.
Since we know that in this case Ay (kp,ky — 1) € A\ {g} [since g = A;(k; — 1,k;) #
X2 (kp,ky — 1)1, Condition (#-20)37 guarantees that 0 € Rg (A \ {g}), a contradiction.

So we may assume that k; >0, and the assumption that g € Rk (A), or in other words,
that 0 € Rg (A — {g}), leaves us with two possibilities: that (ii.b.1) (A —{g})NLso * @,
or that (ii.b.2) {A3 (k3 —1,k3),Aa(ka, ks —1)} c (A—{g})u{(-1,0),(0,-1)} for some
A3 and A4 in Ry and (k3,ks) in K [use Condition #22)s3 Definition 37 and

Lemma@m].
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. ok *
o =23 (ks - 1LAy) g+23(ky—1,k3) @™

g=h(ki—1Lk) & g=11(’<1—11k1)“0_‘
@ gl A (kg kg = 1)
® Ay (ky.ky—1) ® Ay (ky.ky—1)
Case (ii.b.1) Case (ii.b.2)

For case (ii.b.1), there is some % := (x’,y") > 0 such that f:= g+heA. Since the
second component A;k; +y’ of f is positive and f ¢ L.y by Equation (@:26), we find
that f must lie in the second quadrant, and therefore its first component A;kj — A +x” is
then f = A5 (k3 —1,k3 ). Moreover, k3 < 1 because this is equivalent to A, k; — A; +x’ <0,
which we have already found to be true. Similarly, k3 > k; because this is equivalent
to x'k; +y'(1—k;) > 0. Then (k3,k) € K because (ki,ky) € K and K is increasing
[Property . Since we now know that {43 (k3 — 1,k3 ), A2 (k2,ka — 1)} A~ {g},
Condition (#2157 guarantees that 0 € Rx (A \ {g}), a contradiction.

For case (ii.b.2), {g+ A3(ks — 1,k3),g + Aa(kg, ks — 1)} cAU{g+ (-1,0),g +
(0,-1)}, or in other words,

negative: A1k; <A —x’ and therefore A := A; —x" +y' > 0. If we now let &} :=

{(Mky +A3k3 = Ay = A3, Arky + Asks), (Arky + Agkg = Ay, Arky + Aakg = A4) }
cAu{g+(-1,0),g+(0,-1)} (4.27)

We claim that here

k3 < kl . (4.28)
To prove this, assume ex absurdo that k3 > k1, then also k§ = % >k; > 0. More-
over, k3 < 1 because it is a convex combination of k; < 1 and k3 < 1, and therefore
(K5 ,ky) € [0,1)>~ {0} and (k§,kz) > (ki,k). Then (K, ky) € K because (ky,ky) € K
and K is increasing [Property [Klirzg]. Moreover, if we also let A5 = A; + A3 > 0, then
Equation (#:27) tells us that

A3 (k3 —1,k3) =g+ A3(ks — Lk3) eAu{g+(~1,0),g+(0,-1)},

and since we know that A3(k; — 1,k3) ¢ {(-1,0),0,(0,-1)} [because A3 >0 and
k3 > k; > 0], this leads us to conclude that {A; (k3 —1,k3 ), A2 (ko ko — 1)} c A~ {g},
so Condition @2T)js7 together with (k3 ,k») € K guarantees that 0 € Rx(A ~ {g}), a
contradiction.

Since Equation @#:28) rules out the possibility that k = 0, we find that k; > 0 as an
intermediate result. In the remainder of this case (ii.b), note that nothing depends on
whether k> = 0 or k, > 0. We can now distinguish between three distinct possibilities:
(ii.b.2.1) k3 > 0 and kg > 0, (ii.b.2.2) k3 = 0 and k4 > 0, and (ii.b.2.3) k3 > 0 and kg = 0,
which correspond to Conditions #2137, @205 and @ 19137 respectively—ks =
0 = ky4 is impossible because 0 ¢ K.

In case (ii.b.2.1) we see that {A3 (ks — 1,k3), A4 (kg, kg — 1)} n{(-1,0),0,(0,-1)} =
&, and therefore Equation @#-27) leads to

{(Mky + A3ks — A1 = A3, Arky + Azkz ), (Arky + Agky — Ay, Arky + Agky —24) } €A N {g}.
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We distinguish between two possibilities, which will determine in what quadrants these
points lie: A4 < A; and A4 > A;.

‘5’+ A3 (k3 = 1,k3) .g+ A3 (ks = 1,k3) .g+ A3 (k3 = 1,k3)
.....vv_.g = A (ky = Lky) ."'!v__g = A (ki = 1,ky) ’
® et Af(keky = 1) o it Ay(kyky—1)
.. - O A (kp,kp —1) e+ A Chaka 1) . 0 Ao (ky,ky —1)
Xk -1) _
Case (iib2.1) Case (iib2.1) Case (i.b2.1)
Ay <A A<M Ay > Ay
ki+ky <1 ki+ky>1
If A4 < A4, then we claim that
ky<1—ky. (4.29)

To prove this, assume ex absurdo that kg > 1 —ky, so kj +kgs—1>0. If A} = Ay,
then (A‘lkl + Agky — A, Aky + Agky — 14) =4 (kl +kg— 1,k +kg - 1) > 0, contradict-
ing Equation #26)3g, so indeed A4 < A;. We wonder in what quadrant (A1k; +
Agky — Ay, Akt + Agkg — A4) # 0 lies. Infer from ky +k4 > 1 and 0 < A4 < A; that
Mky + Agky — Ay > Aq(ky +kg) — A4 > 0. Since AN L5 = @ by Equation @26)3q we
find that (A kj + Agkg — A1, A1k + Agkq — A4) must lie in the second quadrant, and there-
fore its first component A k| + A4kq — A; must be negative: Ajk; + Agkq < A;. This tells
us that kj = W < 1. Moreover, kj >k because this is equivalent to k4 > 1 —kj.
Hence (k,k>) € [0,1)3~ {0} and (k] ,k») > (k;,k). This tells us that (k} k) € K be-
cause (kq,ky) € K and K is increasing [Property. If we now let A = A; — A4 >0,
then we see that Ay (ky — 1,k) ) = (A1ky + Agkg — A, A1ky + Agkg — Ag) € A~ {g}. Hence
also {4 (k3 —1,k} ), 22(ka,ka—1)} c A~ {g}, and Condition (#.21)js3 now guarantees
that 0 € Rg (A N {g}), a contradiction.

So we see that 0 < k4 < 1—-k; <1, and hence, because K is increasing [Prop-
erty [Kijagl, we infer from (k3,ks) € K that (k3,1-k;) € K. We distinguish between
two further possibilities: k; +kp <1 and ky +kp > 1.

If ky + k&, < 1 then we can use Property witha=1-ky, b=kz and c = ky.
Observe that a+b = 1-k; +k3 <1 by Equation #:28).~, that c =k, < 1 —k; = a by
assumption, that (b,a) = (k3,1 —k;) € K has been proved above, and that (1 -a,c) =
(k1,ky) € K also by assumption, whence

(VK3 € (k3, 1)) (k3, ko) € K.
In particular, let kj = % Then k3 > min{k|,k3} = k3 > 0, where the first in-
equality follows from A; >0 and A3 >0, and the equality from Equation (#28).~.
Moreover, kg < 1 because it is a convex combination of k; < 1 and k3 < 1. Hence
K% € (k3,1) and therefore (kj,ky) € K. If we now let A := A; + A3 > 0, then we
see that A5(k5 — 1,k3) = (Atky + Azks — A — A3, A1k1 + Asks) € A \ {g}, whence also
{23(Ky = 1,k3), A2 (ka, ko — 1)} €A~ {g}, and Condition @2T)yrz5 now guarantees that
0€Rg(A~{g}), a contradiction.
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If k| +k > 1 then we have that kp > 1 - kj > k4, where the second inequality is due to
Equation #29). Also k3 = M#%fk’ > min{ky,k3 } = k3 > 0, where the first inequality
follows from A; >0 and A3 > 0, and the equality from k; > k3 [Equation (#28)s7]l.
Moreover, k3 < 1 because it is a convex combination of k; < 1 and k3 < 1. This tells us
that (k¥ ,ky) € [0,1)>~ {0} and (K}, k) > (k3,1 —k;). We then find that (k3 k) € K
because (k3,1 —k;) € K and K is increasing [Property . If we now let A3 =24 +
A3 > 0 then we find that l;(k; - 1,k§) = (Arky + Azks — Ay — A3, A1ky + A3k3) e AN {0},
and therefore also {13 (k3 —1,k3),A2(ka, k2 — 1)} €A~ {g}, and Condition @#2T)jz7
now guarantees that 0 € Rx (A \ {g}), a contradiction.

If A4 > A, then we claim that
kg <1—kj.

To prove this, assume ex absurdo that kg > 1—-k;. We wonder in what quadrant
the vector (Arky + Agky — A, Ak + Agky — A4) lies. Infer from ky + kg > 1, kg >0
and A4 > A; > 0 that L1 ky + A4k — A1 > Ay (kl +k4) -A1>0. Since AnLsg=g by
Equation #26)3g we find that (A;k; + Askg — A1, A1k + Agks — Ag) must lie in the
fourth quadrant, and therefore its second component A;k; + A4k4 — A4 must be negative:
Arky + Agky < Ay. This tells us that k) = W < 1. Moreover, k; > k4 because
this is equivalent to k4 > 1 —k;. Let k3 := %ﬁh Then k3 > min{ky,k3} = k3 > 0,
where the first inequality follows A; >0 and A3 > 0 and the equality from k; > k3 [Equa-
tion @28)z7]. Moreover, k3 < 1 because it is a convex combination of k; < 1 and
k3 < 1. This tells us that (k§,k;) € [0,1)*~ {0} and that (k¥,k}) > (k3,ks). Hence
(k3 ,ky) € K because (k3,k4) € K and K is increasing [Property . If we now
let l; =A; +A3 >0 and lj = Ay — Ay >0, then /'1.3*(/6; - 1,k§) = (/llkl +A3kz — Ay —
13711](1 +2,3k3) and 3,4* (kz,k:{ - 1) = ()lel + 14/(4 —)Ll,llkl +7L4k4 —14), and there-
fore {A3 (k3 —1,k3), A4 (ki ,k; —1)} €A~ {g}, so Condition (.2T)rz5 now guarantees
that 0 € Rg (A \ {g}), a contradiction.

So we see that 0 < k4 < 1 -k <0, and hence, because K is increasing, we infer from
(k3,k4) € K that (k3,1 -k ) € K. We now have the same two possibilities k| +k; < 1 and
k1 +ky > 1 as before, and for each of them, we can construct a contradiction in exactly
the same way as for the case when A4 < A4.

This shows that we always arrive at a contradiction in case (ii.b.2.1).

In case (ii.b.2.2) we see that Aq(ks, ks — 1) ¢ {(-1,0),0,(0,-1)}, and therefore

Equation #2737 leads to
(Arky + Agky = A, Arky + Agkg = 24) € AN {g}.

We distinguish between two possibilities, which will determine in what quadrant this
point lies: A4 < Ay or A4 > A4.
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g+ M3 (k3 —1,k3) @@ g=A; (ki —1,ky) g+ h(ks—1,ks) @@ g=A (ki —1,k)
. g+M3(k3—1.k3) @@ g+ A1 (k —1.k) :
g+ Ag(ky ks —1) . 8+ g (kg kg —1) o

® Ay(ky,kp—1) ® My (ky,ky—1)

Mkl - 1) @, g+ Ay (ks ky = 1)) @

Case (ii.b.2.2) Case (ii.b.2.2) Case (ii.b.2.2)
A<k Ay <M >N
ky+ky <1 ky+ky > 1

If A4 < A4, then we claim that
kg <1—ky. (4.30)

To prove this, assume ex absurdo that kg > 1 —ky, so k; +k4—1>0. If A} = A4, then
(l]kl + Agky — Ay, Aky + Aghky — 14) =4 (k1 +kg— 1,k +kg - 1) > 0, a contradiction
with Equation @26)5, so we may assume that A4 < ;. We now wonder in what
quadrant the vector (A1ky + Agky — A1, A1y + Agkq — A4) # O lies. We infer from k; > 0,
A >Ag>0and ky +kg > 1 that Ay kg +Agkg — Ay > 14(]{1 +k4)7l4 >0. SinceAnL.og=9
by Equation @26)sg, we find that (A k; + Asks — A1, A1k + Aaks — A4) must lie in the
second quadrant, and therefore its first component A,k + A4k4 — A| must be negative:
Arky + Agky < Ay. This tells us that k) = W < 1. Moreover, kj > k| because
this is equivalent to k4 > 1 —k;. Hence (ki ,k») €[0,1)>~0and (k},k2) > (k;, k). This
tells us that (kj,k;) € K because (ki,k;) € K and K is increasing [Property [Kljzgl. If
we now let A; :=2A; — A4 >0, then we see that Ay (ky — 1,ky ) = (Arky + Agkg — A1, Arky +
Agkg—Ayq) € AN {g}. Hence also {A; (kj —1,k;),Ax(ko,kp — 1)} €A\ {g}, and Con-
dition @2T)jrs3 now guarantees that 0 € Rg (A \ {g}), a contradiction.

Sowe see that 0<kg <1—ky <1,s0(0,1-k;) €0, 1)2 ~{0} and (0,1-k;) > (0,k4)
and hence, because K is increasing [Property [Kljrrgl, we infer from (0,ks) = (k3,ks) €
K that also (0,1—k) € K. We distinguish between two further possibilities: ky +kp < 1
and ky +ky > 1.

If k| + kp < 1 then we can use Property @g with a =1 -k and ¢ = k,. Observe
that ¢ = ky < 1—k; = a by assumption, that (0,a) = (0,1-k;) € K was derived above, and
that (1-a,c) = (k1,ky) € K also by assumption, and therefore we find that (0,k;) € K.
Since Ay (ka,ky — 1) € A\ {g}, Condition (#.20)5z now guarantees that 0 € Rx (A~ {g}),
a contradiction.

If k; + kp > 1 then we have that ky > 1 — k| > kg4, where the second inequality is due
to Equation @.30). Then (0,k) € K because (0,ks) € K and K is increasing [Prop-
erty [KIfagl. Since A (kp,ky — 1) € A\ {g}, Condition @20)rs3 now guarantees that
0€Rg(A~{g}), a contradiction.

If A4 > A4, then we claim that, here too,

kg <1—ky.
To prove this, assume ex absurdo that ky > 1 —k;. We wonder in what quadrant the

vector (l]kl +2,4k4 —ﬂ,l 73,1]{] +l4k4 —2,4) lies. Infer from 0 < 1 —kl < k4 and 0 < l] < 14
that A1 ky +Agks — Ay > Ay (ky +k4) — Ay > 0. Since AN L, = @ by Equation (26)3q, we
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find that the vector (A1kq + Agkq — A1, A1ky + Agkyq — A4) must lie in the fourth quadrant,
and therefore its second component A1 k1 + A4kq — A4 must be negative: A;ky +Agky < Ag.
This tells us that ky := W < 1. Moreover, kj > k4 because this is equivalent
to kg > 1—k;. Hence (0,k}) € [0,1)>~ {0} and (0,k}) > (0,k4). This tells us that
(0,k}) € K because (0,k4) € K and K is increasing [Property [Kljizgl. If we now let
Ay =Ag—A1 >0, then we see that A} (k3 ,ky —1) = (Arky + Agkg — Ay, Aky + Agkg—2A4) €
A~ {g}, and Condition (#20)55 now guarantees that 0 € Rx (A \ {g}), a contradiction.

So we see that 0 < k4 < 1-k; <0, and hence, because K is increasing, we infer from
(k3,k4) € K that (k3,1 —k;) € K. We now have the same two possibilities k; +k < 1 and
k1 +ko > 1 as before, and for each of them, we can construct a contradiction in exactly
the same way as for the case when A4 < A;.

We conclude that case (ii.b.2.2) always leads to a contradiction.

® 5+A3(ks—1.k3)
g =21 (ki —1,kp) C
g+ Ag (ks ky—1) @

® Ny (ky,ky—1)

Case (ii.b.2.3)

In case (ii.b.2.3) we see that A3(k3 —1,k3) ¢ {(-1,0),0,(0,-1)}, and therefore
Equation @27)rs7 leads to (Aiky + Azks — A1 — A3, A1 ky + A3k3) € A\ {g}, or if we let
13* = Al +)L3 >0 and k; = 72'2 :tkj‘ >0,

A3 (ks —1,k3) €A~ {g}.

Observe that also k3 < 1 because it is a convex combination of k < 1 and k3 < 1. This
tells us that (k3,0) € [0,1)*~ {0}. Moreover, we have that k¥ > min{k;,k3} = k3 >0 [the
strict inequality holds because A; > 0 and A3 > 0, and the equality holds because k; >
k3 by Equation @28)s71. Hence (k3,0) > (k3,0) and therefore (k3,0) € K, because
also (k3,0) € K and K is increasing [Property [Klfizg]. Since A3 (k3 —1,k3) € A {g}.
Condition #1957 now guarantees that 0 € Rx (A \ {g}), a contradiction.

‘We have now found a contradiction in cases (ii.b.2.1)—(ii.b.2.3), which tells us that
case (ii.b.2) always leads to a contradiction. Since case (ii.b.1) also led to a contradic-
tion, we may conclude that case (ii.b) always leads to a contradiction.

The discussion of the last remaining case (ii.c) is completely similar to that of
case (ii.b): we can distinguish between similar cases, and in each of them we can
construct a contradiction in the same manner, by exchanging the roles of k| and k5, and
of k3 and k4.

Since we have now arrived at a contradiction in all possible cases, we conclude that
Rk indeed satisfies Axiom [R3bpy.

We finish the proof by establishing that Rx also satisfies Axiom [Rlpg. Since we
have already shown that R satisfies Axiom [R4D] [see Proposition [TT3z3] and Ax-
iom [R3bbq [see the argumentation above], by Corollary it suffices to show that
0¢ R ({0}). By Condition (@I 7)57, this is indeed the case. O
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Corollary 115. Consider any subset K of [0,1)? that satisfies Proper-

ties KIjrasHK3m@g  Then the rejection function Rk given by Definition 34
is coherent and satisfies Property RG3

Proof. This is an immediate consequence of Propositions Proposition [113j33
and Proposition[TT4z3 O

4.43 The correspondence between rejection functions and coordinate
rejection sets

We conclude from the preceding discussion that any coherent rejection func-
tion determines a coordinate rejection set via Definition @m, which, in turn,
can be used to determine a rejection function via Definition 3753 Our next
proposition shows that these two procedures commute, or, in other words, that
a coherent rejection function is uniquely determined by its associated coordi-
nate rejection set, and the other way around. In order to get there, we first
observe that the proof of Proposition [69%r immediately implies the following
lemma:

Lemma 116. Consider any coherent rejection function R on Q(L({H,T}))
that satisfies Property Consider the option sets {fi,..., fn} € Lu and
{g1,---,8n} S L1y, for some m and n in N. Then the following equiva-

lences hold fo; any i in argmax{% tke {1,...,m}} and any j in
argmax{%:ke{l,...,n}}:

(i) OER({O)f17"'7f;n7gl"")gn})©O€R({O7ﬁ7gj});

(i) 0eR({0,81,...,81}) = 0€R({0,8;});

(iii) 0 R({0, f1,..-,fm}) < 0€R({0, fi}).

Incidentally, Proposition [T ensures that this lemma applies in particular to
coherent rejection functions that satisfy Property [R3p5. We are now ready to
prove the characterisation of rejection functions in terms of coordinate rejec-
tion sets, as the counterpart of Proposition[63fr7 for the characterisation in terms
of rejection sets.

Proposition 117. For any coherent rejection function R on Q(L({H,T})) that
satisfies Property E{g R = Rg,. Conversely, for any coordinate rejection set

K satisfying Properties Kljzg-K3mg, K = Kgy.-

Proof. For the first statement, assume that R is coherent and satisfies Property .

Then we infer from Proposition [[Tjizg| that K satisfies Properties [KijzgHK 30, and
therefore Corollary guarantees that Rk, is coherent and satisfies Property as
well. To prove that R = R, , we consider any A in Q and f in A, and show that f €
R(A) < f € Rk, (A). Since both R and Rg, satisfy Axiom|R4bpg [Proposition|TT3rs3,
we can assume without loss of generality that f = 0.

For the direct implication, assume that 0 e R(A). If An Lo # & then 0 € Rk, (A)
by Condition @I8)37. If AN Lo = @ then 0 € R(A) implies that g(H) >0 or g(T) >0
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for some g in A. To see this: if ex absurdo A € Lo then A\ {0} € R(A) by Propo-
sition @, and therefore also R(A) = A, contradicting Axiom @m If we use the
notation Ly nA = {g,...,gm} and Ly nA = {g},...,gs} with m and n in Z, this
tells us that max{n,m} > 0. Also, because of Proposition we may assume with-
out loss of generality that A n Lo = @. By Lemma [[16] we infer that there are three
possibilities:

(i) 0eR({0,8,8"}), and hence 0 € R({0,h,h"}) [use Property|R63]l, when 1 > 1 and
m>1,withgeAnLyand &' €AnLyy;

(i) 0€R({0,8}), and hence 0 € R({0,4}) [use Property [RGs]l, when n >0 = m, with
geAnLy

(iii) 0€R({0,"}), and hence 0 € R({0,/'}) [use Property RG], when m >0 = n,
with g’ € AN Ly,
where we let, to ease the notation, / = m gand h' = m &' For each of
these possible cases, we find respectively:

(i) (h(T),h'(H)) € Kg, which tells us that 0 € Rg,({0,h,h'}) by Condi-
tion @213z and hence indeed 0 € Rk, ({0,&,8'}), because Rk, satisfies Prop-
erty by Proposition [[ T35y

(i) (h(T) 0) € Kg [use a suitable and by now familiar combination of Axioms[R2pr
and [R3H , from which we infer that 0 € Rg,({0,g}) by Condi-
tlon

(i) (0, n H )€ KR [use a 51m11a1" suitable and by now familiar combination of Ax-
ioms R3apq and [R3h , from which we infer that 0 € Ry, ({0,8'}) by
COHdlthﬂ 4.191371

In all three cases we can now conclude that, indeed, 0 € Rk, (A ), by Axiom .

For the converse implication, assume that 0 € Rg,, (A). fAnL, # &, then0€R(A)
by Axioms and R34, so assume that A N L, = @. There are three possibilities:

If Condition @193y holds, then there is some k; in (0,1) and some A; in Ry
such that (k;,0) € Kg and A1 (k; —1,k;) € A. The first statement means that 0 € R ({ (k; —
1,k1),0,(0,-1)}), whence, after applying a familiar combination of Axioms
and [R3bg, also 0 € R({(k; —1,k;),0}). Applying Property [Ré3, the second
statement, and Axiom now leads us to deduce that indeed 0 € R(A).

If Condition (@m holds, a similar argument leads us to the conclusion that,
here too, 0 € R(A).

Finally, if Condition @[]j;ﬂ holds, then {A;(k; —1,k;),Ax(ko,kp —1)} C A
for some (k1,ky) in Kg n(0,1)" and A; and Ay in Rsg. (ki,k2) in Kg n (O, 1)2
implies that 0 € R({(k; — 1,k;),0,(kz,ko —1)}), and therefore also 0 € R({A;(k; —
1,k1),0,A2(kp,ky — 1) }) by Property . Hence 0 € R(A) by Axiom . This
concludes the proof of the first statement.

For the second statement, assume that K satisfies Properties [KijzgHK3jmg, then
we infer from Corollary [TT3]that Rk is coherent and satisfies Property [RG3. Proposi-
tionmthen guarantees that K, satisfies Properties |K ljrzgHK3jrzg) as well. To show
that K = K, , consider any (£1,,) in [0,1)>\ {0}. First assume that (£1,£,) € Kg,
meaning that 0 € Rg ({(£; - 1,£1),0, (£3,4, - 1)}), by the definition of a coordinate re-
jection set of a rejection function. We have to prove that this implies that (¢1,6;) €
K. The definition of Rk [Definition Bzl now tells us that Condition @ I8)33

Condition #1937, Condition @203 or COHdlthIl @213y must obtain, with

A= {01 = 1,01),(¢2,60 - 1)}. Since (¢1,,) € [0,1)>~ {0}, we infer that Condi-
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tion @18)37) cannot be fulfilled, and we therefore have three remaining: (a) Condi-
tion @193z, (b) Condition @-20) 37, or (¢) Condition (@ 2T)yrsy is satisfied.

In case (a) there are A in R, and (k,0) in K such that A;(k; —1,k;) € A. But,
because A = {(£1 —1,01),(f2,6, — 1)} with (¢1,£,) € [0,1)*>~ {0}, this implies that
A1 =1 and k; = ¢;. To see this, recall that A; (k; — 1,k;) lies in the second quadrant,
while (¢5,¢, — 1) lies in the fourth quadrant, so the only remaining possibility is that
A (ki —1,k;) = (€1 —1,¢1), implying that indeed A; = 1 and k; = ¢;. This guarantees
that (£1,0) € K and, since K is increasing [Property, indeed also that (¢1,4,) € K.

In case (b) there are A, in Rsg and (0,ky) in K such that A5 (kp,ky —1) € A. But,
because A = {(£1 - 1,01),(f2,6, — 1)} with (¢1,£,) € [0,1)*>~ {0}, this implies that
Ay =1 and ky = ¢5. To see this, recall that A (kp,ky — 1) lies in the fourth quadrant,
while (¢1,¢; — 1) lies in the second quadrant, so the only remaining possibility is that
A (ky ko — 1) = (£5,€, — 1), implying that indeed A, = 1 and k, = ¢,. This guarantees
that (0,¢,) € K and, since K is increasing [Property, indeed also that (¢1,4,) € K.

Finally, in case (c) there are A; and A, in R, and (k1,k») in K n (0, 1)2 such
that {A;(k; — 1,k1),A2(kp, ks — 1)} € A. But, because A = {(¢; - 1,01),(¢2,6,—1)}
with (£1,¢,) € [0, 1)2 ~ {0}, this implies that A} = A, = 1, k; = ¢ and kp = £,. To see
this, observe that A;(k; — 1,k;) and (¢; — 1,¢;) are the only elements in the second
quadrant—and therefore must be equal—and that A, (ka,k» — 1) and (¢5,¢, — 1) are the
only elements in the fourth quadrant—and therefore must be equal. In a similar way
as above, this then implies that indeed A = A, = 1, k; = £ and k; = ¢,. Hence, indeed,
(41,62) €K.

Conversely, assume that (¢1,¢5) € K, then Condition @ 23))r57 guarantees that in
particular 0 € Rg ({(¢1 - 1,€1),0,(¢2,¢, - 1)}), which implies that (¢1,¢,) € Kg,. O

4.44 Coordinate rejection sets and convexity

To conclude our preliminary discussion of the relation between coordinate re-
jection sets and rejection functions, we characterise the conditions under which
the rejection function Rx determined by a coordinate rejection set K satisfies
the ‘convexity” Property [R3p3. We begin with a lemma that will simplify the
argument.

Lemma 118. Consider (ky,k) in [0,1)2. Let A = { (k1 —1,k;),0, (ka,ky = 1)},
then

B+Lsy ifki+kp>1
posi(A) ={B if ki +kp=1
B+£SO l'fk1+k2<1,

where Bi= {A(ki — 1,k1): A € Rog} U{A(ka,ko— 1) : A € Rog .

Proof. Visual proof: see the three possible situations depicted below.

164



4.4 NO LEXICOGRAPHIC REPRESENTATION

kr 1 b | ki b1

k1+k2>1 k1+k2=1 k1+k2<1

O
In particular, it follows from this result for A = {(k; —1,k;),0, (ka,k, — 1)} that
posi(A) N Lo =@ < ky +ky < 1, for all (ky,k;) in [0,1)2. 4.31)

Proposition 119 (Characterisation of Property [R33). Consider any coordi-
nate rejection set K ¢ [0,1)*>~ {0}, and the corresponding rejection function
Rk on Q(L({H,T})) that satisfies Properties [ Kliag-{K3jmm Then the follow-
ing two statements are equivalent:

(i) Rk satisfies Property[R3s,

(ii) K satisfies Property Ko

Proof. We first prove that|(i)={(ii)} Assume that Ry satisfies Property and con-
sider any (ky,kp) in [0,1)“ ~ {0} such that k| +ky > 1. It then follows that (ki,kp) €

(0,1)?, and also that (%,%) >0, whence 0 ERK({O,(%,%)})

by Condition #1833 By Proposition[T1333, Rk satisfies Axiom [R3abg, whence

ki+ko—1 ki +kp—1
OERK({(kl_1>k1)707(k27k2_1)7( l 22 ; 1 22 )})

Also, (%, %) e conv({(k; — 1,k1),(ka,kp —1)}). But then Property
implies that 0 € Rg ({ (k1 — 1,k1),0, (ka,ky — 1) }), whence indeed (k;,k) € K.

Next, we prove that Consider arbitrary A and A; in Q such that A €
Aj cconv(A), and let us show that Rg(A;)NA € Rg(A). Let A = {f1,...,fn} and
Ay =AU{fus1, - [usk} for some n and k in N. Assume that f; € Rx (A1) for some i
in {1,...,n}. We then have to prove that f; € Rg (A). We can assume without loss of
generality that f; = 0, because also A — {f;} €A} —{fi} cconv(A) - {f;} = conv(A -
{fi}). To ease the notation along, let ¢; = % and Ay = fi(T) - fr(H) for
every k such that f; € Ly [there might be no such k] and verify that A; >0 and f; =
A (€ —1,£;) for every gamble f; in A n Lyy. Similarly, for every k in {1,...,n} such
that fj, € L1y [there might be no such k], let ¢ = % and A = fr(H) - f3(T);
then Ay > 0 and f = 4 (¢, ¢, — 1) for every gamble f; in A nLyy.

First of all, we see that A n L,y # @ implies that indeed 0 € Rg(A), by Condi-
tion (@m ‘We may therefore in the remainder of this proof assume that An Lo = @.
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Next, we observe that conv(A) N Lo # & also implies that 0 € Rg(A). To see
this, if conv(A) N L0 # @—say, g € conv(A) N L, $0 g = Yp_; 04 fi > 0 for some o,
..., O in Ryq such that ZZ:I oy = 1—, then, as an intermediate result, A n Ly # @
and AN Ly # @. Indeed, assume ex absurdo that A n Ly = &, then, since we have
assumed that A N L, = @, therefore A € LU L. Butthen g=3}_; o4 fi <0or g(H) =
o1 Ok fir(H) <0, contradicting the assumption that g > 0. Assuming that An Ly = @
leads to a similar contradiction. It therefore follows that

n

n
O<g=> fu< Y. O4fi- (4.32)
k=1 k=1

SfeeLuuLy
Without loss of generality, we may assume by Lemma[TTqgy that f; € Lyy is a gamble
in

h(T)
— 7 _heAn[l
arg max{ h(T) —h(H) € Il}
and that f, € Lyy is a gamble in
h(H)
————~——heAnLy .
argmax{ h(H) ~ h(T) IV}
We now claim that, as a consequence,
1 ! - ! !
MA> D afiand s> Y afi for some Af and A, in Ryo. (4.33)
k=1 k=1
freLu fieLly

To prove the statement involving f;, observe that ¢; < ¢ for every k in {1,...,m} for
which f € An Ly, and therefore

n n n

doonfi= Y o (be=1,0) < D oy A (6 —1,41)

k=1 k=1 k=1

freLn freLn fveLn
& A n A
= > akfkll(gl -L0)=h Y Oﬁkfk7
k=1 1 k=1 1
freLlu freLlu

so we see that A{ = Yke{1,.n} il ak% >0 does the job nicely. The statement in-
volving f> holds because of a similar argument.

We can now combine Equations @32) and @33) to infer that 0 < A{f] + A, f>,
which can be rewritten as

0< (MA{(£1 = 1)+ MaAgly, ALy + 2025 (£ — 1)).

But, this implies that ¢; + ¢, > 1. Indeed, assume ex absurdo that ¢| + {, < 1, then we
infer from the inequality above that both £5(A245 — A1 A{) > 0 and £1 (A1 A - ,43) >0,
and therefore also ApA; > 41 A{ and Ay A, < A1 A{, where at least one of these inequalities
must be strict, a contradiction.

Hence indeed ¢; + {5 > 1, and applying|(ii)}~ allows us to infer that (¢;,¢,) € K and
therefore 0 € Rg ({f1,0, f>}). This proves our statement that conv(A) N L+ # @ implies
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that 0 € R (A), so we may also assume without loss of generality that conv(A) N Lsq =
@, and return to the main line of the proof.

Since we have assumed that f; =0€ Rg(A;), Deﬁnition% tells us that there are
four possibilities: one of the four Conditions @I85 & 2T)r35 must hold for A;.

Condition @m for A} amounts to A| N Ls¢ # @, contradicting our assumption
that conv(A) N L.o = @, because A € conv(A).

If Condition (@2T)jrsz holds for Ay, then {A;" (k{ - 1,k7 ), Ay (k3 k3 —1)} €A, for
some A" and A5 in Ry and (k7,k3) in K 1 (0,1)%. Let iy == A" (k] = 1,k}) and hy ==
A5 (k3 ,k3 —1). Then An Ly # @ and A n L1y # @ [otherwise, if A n Ly = @, since we
already know that A n £, = @, every convex combination of elements of A would have
a non-positive value in T, which contradicts that h = 1,7 (k] — 1,k{) € A| S conv(A),
since 1y (T) = A{" k] > 0; a similar argument leads us to conclude that A n Ly # @], so we

may assume again without loss of generality that f; is a gamble in argrnax{ % :

heAn EH} and that f, is a gamble in argmax{% theAn EIV}. Since we
have assumed that conv(A) N Lo = @, we see that conv({h,0,h;}) N L9 = @—and
therefore also posi({h1,0,/}) N Lo = @—whence, by Equation #31)gz} k| +k5 < 1.
If (k7 ,k5 ) = (€, €m) for some k and min {1,...,n} such that f € Ly and f, € L1y, then
0 € R (A) by Condition (@2T)z7 If this is not the case, then we distinguish between
three possibilities: (i) ki # ¢, for all k in {1,...,n} such that f; € Ly and k5 = £y, for
some m in {1,...,n} such that fi, € L1y, (ii) k| = ¢; for some k in {1,...,n} such that
feeLyand ky # 0y forall min {1,...,n} such that fi, € L1y, and (iii) k| # ¢ for all k
in {1,...,n} such that f; € Ly and k; # ém, for all min {1,...,n} such that f, € Ly.

In case (i), we already find that A (k3 ,k3 —1) € A for some A in Ryq. If kf < 44,
then (ki,k3) € K implies that (¢1,k} ) € K because K is increasing. Since we know
that f; = A1 (¢; —1,¢1) € A, this guarantees that 0 € R (A), by Condition @ 2T)y=p. If
ki > ¢y, then we claim that necessarily also ¢ + ¢, > 1, and therefore (¢1,¢;) € K by
Property [K4rg, so indeed 0 € Rg(A) by Condition @21)sz To see that £ + (5 > 1,
assume ex absurdo that (a) 1 +/fy <1or(b) {1+, =1.

If (a) ¢; +4> <1, then we infer from Lemma % and ki > {1 that hy ¢
posi({f1,0,f2}) = posi(A) [this equality holds because every element f; of A ¢
LS, belongs either to L¢o S posi({f1,0,/2}), to Lnp—and then ¢ < {1 so fi €
posi({f1,0,f2})—, or to Lyy—and then ¢; < {5 so f; € posi({f1,0, f2})], so a fortiori
also A ¢ conv(A), a contradiction.

If (b) ¢; +4¢, =1, then we infer from Lemma m that posi({f1,/2}) =
span({f1}). Since it follows from the assumptions that every element of A is
dominated by some element of posi({fi,/2}) = span({f]}), we see that posi(4) <
span({f1}) + L<o. Since k > {1, we conclude that iy ¢ span({f1}) + L<o, 50 a fortiori
also h; ¢ conv(A), again a contradiction.

In case (ii), a completely similar argument leads us to conclude that 0 € Rx (A) here
as well.

In case (iii) there are, again, three possibilities: (o) k| < £ and k3 < £5, 50 (£1,63) €
K because K is increasing, and therefore 0 € Rg (A ) by Condition @215 (B) ki > 43
and k3 < {5, and its symmetric counterpart k| < £} and k3 > £,; and (y) ki > ¢, and k3 >
05, and therefore £y + 0, <k +k3 < 1,80 1 + £, < 1 and Lemma@@ guarantee that
hy ¢ posi({f1,0,/2}) = posi(A), and therefore a fortiori hy ¢ conv(A), a contradiction.
It therefore suffices to consider case (), and show that ki > ¢, and k; < ¢, implies
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that 0 € Rg (A), since the case that k] < ¢; and k3 > ¢, can be covered by a completely
symmetrical argument. So assume that k] > ¢, and kj < £,. Since hj € conv(A) ¢
posi(A), Lemmal(l 18gg and k] > ¢; guarantee that necessarily £1 + ¢, > 1, s0 (£1,£) €
K by Property [K4jzg, and therefore once again 0 € Rx (A ), by Condition @2 1l)z7

If Condition @:20)37 holds for Ay, then A5 (k3 k5 —1) € Ay for some A5 in Ryg
and (0,k}) € K. Let hy = A5 (k3 ,k5 —1). Then A n L1y # @ [otherwise, if AN Lyy = @,
since we already know that A n L,y = &, every convex combination of elements of A
would have a non-positive value in H, which contradicts that s = A, (k3 ,k> —1) €Ay €
conv(A), since i, (H) = A5 k5 > 0], and we may therefore assume without loss of gen-
erality that f, is a gamble in mgmax{% theAn Elv}. If k5 = 4 for some
min {1,...,n} such that f;, € L1y, then 0 € Rg(A) by Condition @20)z3 If this is
not the case, then k3 # £y for all m in {1,...,n} such that f;, € L1y, and in particu-
lar also k3 # £,. If k5 < 45, then (0,k3 ) € K implies that (0,¢;) € K because K is in-
creasing, any we may therefore again conclude that 0 € Rx (A ), by Condition (#2033,
If k3 > £, then AN Ly # @ [otherwise, if AN Ly = @, since we already know that
AnLyy =@, by Lemma 18§ we have that posi(A) < posi({(~1,0),0,/>}), and

since hy € L1y Nconv(A), this implies that k5 = hz(Hz)_hz(T) < fz(Hz)(_I;.z(T) ={, a con-
tradiction]. We may therefore assume without loss of generality that f| is a gamble in
argmax{m heA HEH}. Because hy € conv(A), we find that £; + £, > 1: if not,
then £; + ¢, < 1, and by a completely similar reasoning as under (a) and (b) above, we
find that &, ¢ conv(A), a contradiction. But £; + ¢, > 1 implies that (¢1,¢;) € K by Prop-
eny@gg and therefore we again conclude that 0 € Rg (A), by Condition @213
Finally, if Condition @197 holds for A}, then a completely similar argument to
the one above for Condition (#1957 leads us to conclude again that 0 e Rg (A). O

The results in this section so far can be succinctly summarised as follows:

Theorem 120. Consider a two-dimensional option space V. There is a one-
to-one correspondence between coherent rejection functions on )V satisfying
Property and subsets of [0,1)? satisfying Properties
Moreover, there is a one-to-one correspondence between coherent rejec-
tion functions on V satisfying Property and subsets of [0, 1)2 satisfying

Properties Kz Kams

4.4.5 Counterexample

Let us call lexicographic coordinate rejection set a coordinate rejection set
corresponding to a lexicographic choice function. In order to find a coordinate
rejection set that is no infimum of such lexicographic coordinate rejection sets,
we first need to find out what these lexicographic coordinate rejection sets look
like. Recall from Proposition [94fzg) that all the lexicographic coherent sets of
desirable gambles on a binary possibility space {H, T} are given by

Dy :={D,,D,,Dy:pe(0,1)}u{Do, D1} ={Dy:pe(0,1)}uD,
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and the lexicographic rejection functions on L({H,T}) are R = {Rp:D eD}.
We determine the corresponding coordinate rejection sets. For any D in Dy, we
let Kp be the coordinate rejection set that corresponds to the rejection function
Rp. For any p in (0,1) and (ky,k) € [0,1)2, observe that
(k1,k2) € Kp, < 0€Rp, ({(ki = 1,k1),0, (k2,k2 = 1)})
=3 {(k] -1,k ), (kz,kz - 1)} ﬂDp *+*J
< (k1—1,ky) €D, or (ko kp—1) €D,
<>k >porky>1-p, (4.34)
and similarly,
(kl,kz) EKD;;[ < (k1 —1,ky) EDE or (kp,kp—1) EDg
=k >porky>1-p, (4.35)
and
(k1,ky) € KDE < (k1-1,ky) EDE or (ky,kp—1) ED;
<k2porky>1-p. (4.36)
Finally, also for Dg and Dy,

(kl,kz) EKDO d (kl —l,k]) ED() or (kz,kz—l) ED()
<k >0 4.37)

and

(kl,kz) €Kp, < (k1 - l,kl) eDj or (kz,kz— 1) e Dy
< ky>0. (4.38)

Look at Figure[d.4].. for a graphical representation of these coordinate rejection
sets for a generic p.

We also need to keep in mind that taking infima of rejection functions
corresponds to taking intersections of coordinate rejection sets: consider any
collection R of coherent rejection functions and any (ki,k;) in [0,1)?, then

(ki,k2) € Kinfr <> 0¢ %R({(kl -1,k1),0, (k2,k2—1)})
Re
<= (YReR)0eR({(k; - 1,k;),0, (ka,ka—1)})
< (YR eR)(ki,ky) € Kg

= (kl,kz) € m KR,
ReR

s0 Ngrer Kr is the coordinate rejection set that corresponds to the rejection
function infR.
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ky ky
. Kp, Kl)};'
I-pdg 1-p4—
: -
1 1
1 1
A A
p ky p k
ky 19) ky
KDE Kby, Kp,
1-pd--
kq kq ki

Figure 4.4: Illustration of lexicographic coordinate rejection sets

We are now, finally, ready to provide an example of a coordinate rejection
set that satisfies Properties [KljzgHK4jrzg but is no intersection of lexicographic
coordinate rejection sets.

Example 21. Consider any ¢; and ¢, in (0,1) such that ¢; + ¢, < 1, and the
coordinate rejection set Ky, ¢, < [0, 1)? depicted in Figure and defined by

Ko, 1, 1={(k1,k2) [0, 1)2 tki+ky>1or
(k] > {1 and kp > ¢ and (k],kz) * (51,62))}
:{(kl,kz) € [07 1)2Zk1 +k2 >1or (k],kz) > (f],fg)}. (439)

We show that it corresponds to a rejection function that is coherent and satisfies
Property R5p3. By Theorem|[T2(gg it suffices to show that Ky, 4, satisfies Prop-

erties [Kljrag{K4jrzg. That it satisfies Properties [Kljg, [K2jrzg and [K4fzg is clear
from its definition. We show that it also satisfies Property [K3jg. Note that

(0,a) ¢ K, ¢, and (1-a,0) ¢ Ky, 4, for all a in [0,1], so the Properties [K3bjrzg
and [@@] are trivially satisfied for Ky, »,. It therefore only remains to prove
that Property is satisfied for K, 4,. Consider any a, b and ¢ in [0,1)
such that c<a,a+b <1, (b,a) €Ky, ¢, and (1-a,c) € Ky, ¢,. We need to show
that then

(x,c) €Ky, ¢, forall xin (b, 1) and (b,y) € Ky, ¢, forall y in (c,1),

so consider any x in (b,1) and y in (c,1). Since (b,a) €Ky, ¢, and a+b <1,
Equation (#.39) tells us that (b,a) > (¢1,£>), so x> b > {;. Similarly, since
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(1-a,c) €Ky, ¢, and c <a (or equivalently, I —a+c < 1), Equation tells us
that (1—a,c) > (¢1,£2),s0y>c>¥¢5. Then (x,c) > (¢1,£6;) and (b,y) > (£1,42),
whence indeed (x,c) € Ky, ¢, and (b,y) € Ky, ¢,. So we see that Ky, ¢, satisfies
Properties [KIjrzg-{K4jag. It therefore corresponds to a coherent and ‘convex’
rejection function.

LGWA

Figure 4.5: The rejection set Ky, ¢,

We show that Ky, ¢, is no intersection of lexicographic coordinate rejection
sets. Assume ex absurdo that it is an intersection (1 Kp of some non-empty
collection of lexicographic coordinate rejection sets Kp = {Kp : D € D}, with
D c DL. Then, since (¢1,¢3) ¢ Ky, ¢, there must be some D in D such that
(1,42) ¢ Kp. There are a number of possibilities: (i) D = D, for some p
in (0,1), (ii) D = D for some p in (0,1), or (i) D = D, for some p in
(0,1)—D € {Dy, D, } is impossible since (¢1,¢,) belong to both Kp, [by Equa-
tion (4.37)egl and Kp, [by Equation {#.38)rzql.

In case (i), since (¢1,£2) ¢ Kp, , we infer from Equation (.34)gg that /1 < p
and ¢, < 1 —p, or in other words, that p € [¢1,1—¢;]. From ¢; + ¢, < 1, we infer
that /1 < p or £, <1—-p. We consider the case that {; < p; if {, <1-p, a
symmetrical argument leads to a similar result. From Equation (#.34)gg we
infer, using ¢, < 1 —p, that on the one hand (p,¢;) ¢ Kp,. On the other hand,
we infer from (p,¢2) > (¢1,¢>) that (p,l2) € Ky, ¢,, by Equation (#.39). This
leads us to conclude that Ky, ¢, # Kp, .

In case (ii), then, since (¢1,¢>) ¢KD§, we infer from Equation .33z
that ¢; < p and ¢, < 1 —p, or in other words, that p € [¢1,1-¢;). This implies
that £; < ! p hoop- p: indeed, = p 0 is a convex mixture of l and 1-p.
From Equatlon (435150, we infer, usmg p L= p, that on the one hand

(61,17’)27%2) ¢KD3. On the other hand, we 1nfer from (61,%) > (41,42)
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that (¢, #) € Ky, ¢,, by Equation @.39) 7. This leads us to conclude that
Ky 0, # K, DH-

In case (iii), a completely symmetrical argument leads to the conclusion
that Kgl 0o F KDE.

This tells us that none of the remaining possibilities can obtain, a contra-
diction. O

To conclude, the rejection function that corresponds to Ky, ¢, is coherent
and satisfies Property by Theorem [T20jzg, but it is no infimum of lexico-
graphic rejection functions. This answers the initial question in this section—
is C =inf{C’ € C: C c C'} for every coherent choice function C that satisfies
Property [C5p3?—in the negative: in the restrictive case of two possible out-
comes, we have found a counterexample.

4.5 DISCUSSION

In the first part of this chapter—Sections 4. lj7+4.3ims—we have investigated
the implications of Seidenfeld et al.’s [|67] convexity axiom. We have obtained

a nice representation of purely binary ‘convex’ choice functions in terms of
lexicographic probability systems, which we have studied in some detail.

The central question of this chapter, however, was whether there is a rep-
resentation for choice functions in terms of maximal (or other) ‘representing
models’ that are easy to describe. We have shown that, when considering
{Cﬁ :De ﬁ} as the ‘representing’ models, coherence alone is not sufficient,
and, moreover, that adding Property [C53 does not help, even if we resort to
the larger set Cp. of lexicographic choice functions rather than the maximal
ones {Cp, : D e D} as possible representing models.

There are several open problems that the discussion in this chapter now
allows us to identify. First and foremost, the characterisation of the maximal
coherent choice functions C is a very important open problem. Let us elaborate
a bit. In Proposition we have already identified a subset of C: every max-
imal coherent set of desirable options D, induces a choice function Cp that is
maximal: {Cp, :DeD}c C. Consider the seemingly straightforward proposi-

tion that, for any maximal coherent choice function C, its corresponding set of
desirable options D is maximal as well: {Dp:C € C} cD. If we were able to

establish this proposition, it would imply that Cp,, = C for every C in C. To see
why, consider any € in C, then assuming that D is a maximal set of desirable
options, by Proposition Cp,. is a maximal choice function. But Cp,. & Cby
Corollary%], and therefore CDc“ =C, since CDé is a maximal choice function.
This would allow us to conclude that every maximal coherent choice function
is purely binary, and therefore imply that {Cp : D e D} = C. However, the
proof of the above-mentioned proposition has proved to be very elusive, and
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it therefore remains to be seen whether all maximal coherent choice functions
are purely binary.

There is another open problem related to this: it remains to be established
whether the coherent choice functions constitute a dually atomic complete
meet-semilattice, and therefore a strong belief structure. As already mentioned
in Example if we could establish that C = {C 5 :D €D}, then the coher-
ent choice functions would have no representation in terms of maximal choice
functions, and would therefore not constitute a strong belief structure.
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5

INDIFFERENCE AND SYMMETRY

In this chapter, we add a different type of assessment to the picture: that of
indifference. We will see what it means to be indifferent between two options,
and how an uncertainty model can represent such indifference.

First, we move in Section to a definition and closer investigation of
the property of indifference between two options. This is, by the way, also a
crucial step towards enabling uncertainty models to represent symmetry [27]],
which we allude to in Section [5.§y. For example, as we will see in Chap-
ter [§gzz, when modelling exchangeability and proving de Finetti-type repre-
sentation theorems, an appropriate notion of indifference is essential. After
the definition of indifference and some of its properties are in place, we derive
representation results for desirability (Section [5.3r7g) and for choice models
(Section [5.4r7g). For desirability, such a representation already exists (see, for
instance, References [20L[31,/58]), but we give an equivalent formulation in
terms of equivalence classes of options, as we perceive this as more elegant,
and as it introduces the notations we will need later on for choice models.
Eventually, in Section [5.9gy we will find the natural extension of a direct as-
sessment (as in Chapter [3kg) combined with an indifference assessment.

For choice functions, indifference was introduced by Seidenfeld [|63[], and
for sets of desirable gambles by De Cooman and Quaeghebeur [31]]. This chap-
ter is based on earlier work of mine, together with Gert de Cooman, Enrique
Miranda and Erik Quaeghebeur [78].

5.1 INDIFFERENCE AND DESIRABILITY

For sets of desirable gambles, there is a systematic way of modelling indif-
ference [20}31,/58]. In what follows, we recall how it works, but formulate
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everything in terms of the more abstract notion of options, rather than gam-
bles.

In addition to a subject’s set of desirable options D—the options he strictly
prefers to the zero option—we also consider the options that he considers to
be equivalent to the zero option. We call these options indifferent. A set of in-
different options / is simply a subset of V, but as before with desirable options,
we pay special attention to coherent sets of indifferent options.

Definition 38 (Coherent set of indifferent options). We call a set of indifferent
options I coherent if for all u and v in V and all A in R:

I1. Oel;

12. ifueV.guV<thenu¢l;

13. ifuel then Aucel;

4. ifu,velthenu+vel.

We collect all coherent sets of indifferent options in L.

Taken together, Axioms [[3[and [I4] are equivalent to imposing that span(7) =1,
and due to Axiom [T] / is non-empty and therefore a linear subspace of V.

The interaction between indifferent and desirable options is subject to ra-
tionality criteria as well: they should be compatible with one another.

Definition 39 (Compatibility for desirability). Given a set of desirable options
D and a coherent set of indifferent options I, we call D compatible with I if
D+I1cD.

The idea behind this is that adding an indifferent option to a desirable one
should result in a desirable option. Since D € D +1, due to Axiom [[1} compat-
ibility of D and I is equivalent to D +1 = D: the set of indifferent gambles acts
as a neutral element with respect to the Minkowski addition.

The smallest such compatible coherent set of indifferent options is always
the trivial one, given by the null space I = {0}. The idea behind Definition
is that adding an indifferent option to a desirable option does not make it non-
desirable, or also, that adding a desirable option to an indifferent one makes it
desirable.

An immediate consequence of compatibility between a coherent set of de-
sirable options D and a coherent set of indifferent options [ is that Dn/l =@,
meaning that no option can be assessed as desirable—strictly preferred to the
zero option—and indifferent—equivalent to the zero option—at the same time.
To see this, if ex absurdo D NI + &, then there would be some u in D such that
u € 1. But then, by Axiom [I3| also —u € I, so compatibility of D with I would
imply that u+ (-u) = 0 € D, which contradicts Axiom D17
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5.2 INDIFFERENCE AND QUOTIENT SPACES

In order to introduce indifference for choice functions, we build on a coherent
set of indifferent options /, as defined in Definition[38] Two options u and v are
considered to be indifferent to a subject whenever v—u is indifferent, or in other
words whenever v—u € I. The underlying idea of our notion of indifference will
be that we identify indifferent options, and choose between equivalence classes
of indifferent options, rather than between single options. We formalise this
intuition below.

We collect all options that are indifferent to an option u € V into the equiv-
alence class, or quotient class

[u]={veV:iv-uel}={u}+I

We also denote the set [u] as u/I. Of course, [0] = {0} +7=1is a linear sub-
space, and the [u] = {u} +1 are affine subspaces of V. The set of all these
equivalence classes is the quotient space

ViI={{u]:ueVy={{u}+I:ueV}={uf/l:ueV}.
This quotient space is a vector space under the vector addition, defined by
[u]+[v]={u}+I1+{v}+I={u+v}+I=[u+v]forall uand vinV,
and the scalar multiplication, defined by
Au]l=A({u}+I)={Au}+I=[Au],forall uin V and A in R.

[0] =1 is the additive identity of V/I.

That we identify indifferent options, and therefore express preferences be-
tween equivalence classes of indifferent options, essentially means that we de-
fine choice functions on Q(V/I). But in order to characterise coherence for
such choice functions, we need to introduce a convenient vector ordering on
V/I that is appropriately related to the vector ordering on V; see Section .
For two elements [«] and [v] of V/I, we define

[u] < [v]< (FweDuzv+w, (5.1
and as usual, the strict variant of the vector ordering on V/I is characterised by
[u] < [v] < ([u] = [v] and [u] # [v]) for all [«] and [v] in V/I.

We begin by showing that this is indeed a vector ordering:

Proposition 121. The ordering < on V/I is a vector ordering, and [u] < [v] <
(IweDu<v+w forany uandvin V.
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Proof. For the first statement, we show that < is a partial order—meaning that it is
reflexive, antisymmetric and transitive—that satisfies the two characteristic Proper-
ties 2Ty and 2-2)ym of a vector ordering. To see that < is reflexive, use w =0 in
Equation (5.1). For antisymmetry, consider any [u] and [v] in V/I such that [u] < [v]
and [v] < [u], and therefore u < v+w and v < u+w' for some w and w’ in I. This implies,
by repeatedly applying Equation (2.1)rg and the transitivity of the vector ordering on
V that w+w' > 0. Now, by Axio w+w' €1, and therefore, by Axiom @m,
w+w =0, implying that u < v+w and v < u—w, and therefore also v+w < u. Hence in-
deed u = v+w and therefore [u] = [v], by the antisymmetry of the vector ordering on V.
For transitivity, consider any [«], [v] and [w] in V/I such that [u] < [v] and [v] < [w],
and therefore u < v+v' and v < w+w’ for some v and w’ in I. Then v+v' < w+w' +v
by Equation @:Tl)yg, whence also u < w + w’ +v' by the transitivity of the vector order-
ing on V. By coherence [Axiom [[4zg] also v/ +w’ € I, whence indeed [u] < [w] by
Equation B.I).~.

Next, we prove that < satisfies Equations 2.1l and @-2)yg. Consider any [u ]
and [us] in V/I such that [u1] < [u], implying that uj < uy + u for some u}, € I. For
Equation @:T)yg, consider any vin V), then also u +v < up +v+ ub, implying that indeed
[u1]+[v] = [ua] +[v]- The converse implication follows analogously, by adding —v
rather than v. For Equation (Z-2)g, consider any A in Ry, then also Auj < Aup + A,
implying that indeed A[u1] < A[u;] because Aub €I by Axiom @m The converse
implication follows analogously, by multiplying with % rather than A.

‘We now turn to the second statement. For necessity, consider any u and v in V such
that [u] < [v], so [u] # [v] and u < v+w for some w in I. [u] # [v] implies that u # v+w
for all w in 1. Taken together with u < v+w for some w, this implies that indeed u < v+w
for some w. For sufficiency, consider any u# and v in V such that u < v +w for some w
in I. Assume ex absurdo that [u] « [v], meaning that [u] = [v] or u £ v+w for all w
in 1. The latter possibility is incompatible with the assumption that u < v+w for some w
in I, leaving only the first possibility, which is equivalent to u = v+w' for some w' in I.
Then v+w' < v+w, implying that 0 < w—w’ by Equation (T This contradicts the
coherence of / [Axiom @m] because w—w' is an element of 7 by Axiom l% O

We use the notation A/l = {[u]:ueA} ={u/l:uecA} for the option set
of equivalence classes [u] associated with the options u in an option set A in
Q(V). The map «/I is an onto map from Q(V) to Q(V/I) that preserves set
inclusion:

(VAI,AQEQ(V)))AlgAQ :>A1/I§A2/I. 5.2)

5.3 QUOTIENT SPACES AND SETS OF DESIRABLE OPTIONS

We use the quotient space V/I to prove interesting characterisations of indif-
ference for sets of desirable options.

Proposition 122. A set of desirable options D 'V is compatible with a coher-
ent set of indifferent options I if and only if there is some (representing) set of
desirable options D' € V[I such that D = {u: [u] € D'} =UD'. Moreover, the
representing set of desirable options is unique and given by D' = D[I = {[u] :
ueD}.
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Proof. For necessity, observe that
D+I={u+v:ueDandvel} = J{{u}+I:ueD} = J{{u]:ueD}=\D/I,

and that compatibility with / guarantees that D +1 = D. For sufficiency, assume that
there is some set of desirable options D’ € V/I such that D = {u: [u] € D'}. Consider
any uin D and any v in / = [0], then u+v € [u] +[0] = [u+0] = [u], and therefore indeed
u+veD. Thenalso D/I={[u]:ueD}={[u]:[u]eD'}=D". O

This, together with the definition of compatibility, shows that the correspon-
dence between sets of desirable options on ) and (their representing) sets of
desirable options on V/I is one-to-one and onto. It also preserves coherence.

Proposition 123. Consider any set of desirable options D €V that is com-
patible with a coherent set of indifferent options I, and its representing set of
desirable options D1 € V/I. Then D is coherent if and only if D/I is.

Proof. For the direct implication, assume that D €V is coherent. We show that D/I =
{[u] : u e D} ¢ V/I satisfies the Axioms [DIg{D47. For Axiom assume ex
absurdo that [0] € D/I, implying that u € D for some u in [0] =/, but then u € DN/ and
hence D n1 is non-empty, a contradiction. For Axiom [D27, consider any [u] in V/I
such that [0] < [4], meaning that O < u+w for some w in /. Then u+w € D for some w
in I, by coherence of D [Axiom D2k, implying that indeed [u] = [u] +1 = [u] + [w] =
[u+w] e D/I. For Axiom D37, assume that [u] € D/I, and consider any 2 in Rso.
Then u € D, implying that Au € D by coherence of D [Axiom , whence indeed
Au] =[Au] € D/I. For Axiom|[D47, assume that [1] and [v] belong to D/I, implying
that u and v belong to D. Then u+v € D by coherence of D [Axiom [D4f7], whence
indeed [u] +[v] = [u+v] e D/I.

For the converse implication, assume that D /I ¢ V/I is coherent. We show that D =
{u:[u] e D/I} cV satisfies the Axioms [ﬂ'_l',y‘ [ﬁ,"m For Axiom DI, infer that O ¢ D
since [0] ¢ D/I by coherence of D/I [Axiom [D1g7]. For Axiom|D2g7, consider any u
in V such that 0 < u. Then [0] < [u] by taking for example w = 0 in Proposmon-
implying that [u] € D/I by coherence of D/I [Ax10m, whence indeed u € D. For
Axiom[D37, assume that u € D, and consider any A in R,o. Then [u] € D/I, implying
that A[u] = [Au] € D/I by coherence of D/I [Axiom [D37], whence indeed Au € D.
For Axiom assume that u and v belong to D, implying that [u] and [v] belong
to D/I. Then [u] +[v] € D/I by coherence of D /I [Axiom[D47], implying that indeed
u+veD. O

5.4 QUOTIENT SPACES AND CHOICE FUNCTIONS

The discussion above inspires us to combine indifference with choice func-
tions in the following manner: given a coherent set of indifferent options 7, we
say that a choice function is compatible with it when it is determined by its
restriction to the quotient space that I induces.

Definition 40 (Compatibility for choice models). We call a choice function
C on V compatible with a coherent set of indifferent options I if there is some
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representing choice function C' on VI such that C(A) ={u€A:[u] eC'(A/I)}
forall A in Q(V).

Compatibility with a set of indifferent options can be defined in terms of re-
jection functions and choice relations as well. We call a rejection function R
on V compatible with I if there is a representing rejection function R on V/I
such that R(A) = {ucA:[u] eR'(A/I)} for all A in Q(V). Similarly, we call
a choice relation < on V compatible with I if there is some representing choice
relation <’ on V/I such that A; < Ay <> A /I <’ Ay /I for all A| and A, in Q(V).

Proposition 124. Consider any coherent set of indifferent options 1 €V, and
any corresponding choice function C, rejection function R and choice relation
< on V. Then the following three statements are equivalent:
(1) C is compatible with I;
(ii) R is compatible with I;
(iii) < is compatible with I.

Proof. We will prove the following circular chain of implications:

To show that [(i)] implies [(i)] because C and R correspond, note that R(A) AN
C(A) for all A in Q(V). Consider any A in Q(V). Assume that C is compatible with
I,50C(A) ={ueA:[u] eC'(A/I)} for some choice function C’ on V/I, and therefore
R(A)={ueA:[u] ¢C'(A/I)}. If we let R’ be rejection function on V/I corresponding
to C',then R(A) = {ucA: [u] ¢ R"(A/I)}, whence R is indeed compatible with I, with
representing rejection function R'.

To show that [(i0)] implies because R and < correspond, note that A} < Ay <
Aj CR(A|UA,) forall A| and A, in Q(V). Consider any A; and A; in Q(V). Assume
that R is compatible with I, so R(A; UAy) = {uc A UA, : [u] e R"((A; UAL) D)} = {ue
A1 UAy : [u] € R'(A/TUA,/I)} for some rejection function R' on V/I. Infer that then

Aj9Ay <A c{ucA UAy: [u] R (A /TUAL)I)}
= (VueA)[u] eR (A /TUAL/I)
< Aflc R’(Al/IUA2/1) <A/l <1,A2/1
where we let <’ := <p/ be the choice relation on V/I corresponding to R’. Therefore <
is indeed compatible with I, with representing choice relation <.
Finally, to show that|(iii)]implies[(i)] because < and C correspond, note that C(A) =
ANU{A €A :A" 9 A} for all A in Q(V). Assume that < is compatible with I, so

there is some <’ on V/I such that A| < Ay < A{/I <’ Ay/I for all A| and A in Q(V).
Consider any A in Q(V) and any u in A. Infer that then

ueCA) = ucAandu¢| J{A' cA:A"/1d AL
sueAand [u] ¢\ J{AcA/I:Ad AL
sueAand [u] cA/IN\J{AcA/I:A <AL
< ucAand [u] eC'(A/I),

where we let C' := Cy/ be the choice function on V/I corresponding to C’. Therefore C
is indeed compatible with I, with representing choice function C’. O
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Definition f0jrrg allows for characterisations that are similar to the ones for
desirability in Propositions [122)r7g and [I237 If a choice function on V is
compatible with I then the representing choice function on V/I is necessarily
unique, and we denote it by C/I

Proposition 125. For any choice function C on 'V that is compatible with some
coherent set of indifferent options I, the unique representing choice function
C/Ion V|l is given by C/I(A[I) =C(A)/I for all A in Q(V). Hence also

C(A)=An(UC/I(AD)) for all A in Q(V).
Proof. Let C’ be any representing choice function, and consider any A in Q(V), then
CAY/I={[u]:ueC(A)}={[u]:uecA,[u]eC" (A/I)} =AJInC'(A/I)=C"(A/). O

Similarly, the unique representing rejection function R/I on V/I of a rejection
function R on V that is compatible with , is given by R/I(A/I) = R(A)/I for
all A in Q(V), and the unique representing choice relation <t/ on V/I of a
choice relation < on V that is compatible with /, is (trivially) given by

A JI(</DAyJI < A < Ay, for all A and A, in Q(V).

Proposition 126. Consider any coherent set of indifferent options 1 €V, and
any choice function C on V compatible with I, any rejection function R on V
compatible with I, and any choice relation < on V compatible with I. Then the
following two statements are equivalent:

(1) C, R and < correspond;

(ii) C/I, R/I and </I correspond.

Proof. That|(i)| implies follows from the proof of Proposition so it suffices
to show that implies Consider any choice function C, rejection function R
and choice relation < on V, all compatible with /, and assume that C/I, R/I and </I
correspond. We will show that then C, R and < correspond; by the discussion in Sec-
tion 2.2.rg it suffices to show that Rq = R¢ = R. To prove that Rc = R, consider any A
in @(V) and any u in V, and infer the following chain of equivalences:

ueC(A) < ucA and [u] eC/I(A]I) by Proposition [123]
< ucAand[u] ¢R/I(A]I) because C/I and R/I correspond
<ucAandu¢R(A) by the compatibility of R with /
< ucA\R(A).
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To prove that R4 = R, consider any A in Q(V) and any u in V, and infer the following
chain of equivalences:

ueRq(A) s uel J{aA cA:A A} by Definition 5z
= (3A'cA)uecA and A’ < A
<ucAand {u} <A by Definition 35
< ueAand {{u]}</TA]l by the compatibility of < with /
< ucAand [u] eR/I(A]I) because R/I and </I correspond
< ucR(A) by the compatibility of R with /. [

Proposition[I25]., together with the definition of compatibility, shows that
the correspondence between choice functions on V and (their representing)
choice functions on V/I is one-to-one and onto. It also preserves coherence:

Proposition 127. Consider any choice function C onV that is compatible with
a coherent set of indifferent options I, and its representing choice function C|I
on V/[I. Then C is coherent if and only if C[I is.

Before we prove Proposition it will be useful to first establish four tech-
nical lemmas about equivalence classes.

Lemma 128. Consider any two option sets Ay in Ay in Q(V), then Az[I~
Al/Ig (A2 \A])/I.

Proof. Consider any i in Ay /I~ A} /I, then ii = [v,] for some v, in Ay and i # [v ] for
all vi in Ay, implying that indeed i = [v, ] for some v, in Ay N Aj. O

Lemma 129. Consider any choice function C on YV that is compatible with a
coherent set of indifferent options I, and any option sets Ay and A, in Q(V)
such that A} CA;. Then AinC(Ay) =@ < A1 [INC[I(Ay]]) = @.

Proof. First, assume that A} NC(A;) # @, and consider any vin A| NC(A;). Then [v] €
Ay/I and [v] € C(A2)/I = C/1(Ay/I), by Proposition [125]~, so A} /InC/I(A>/I) + @.
Conversely, assume that A; /InC/I(A,/I) + @, and consider any # in Ay /INnC/I(Ay/I).
Then there is some v in A such that i = [v], and we infer from Proposition that
iieC(Ap)/1, s0 alsoveC(Ay). O

Lemma 130. Consider any rejection function R on V that is compatible with
a coherent set of indifferent options I, and any option sets A} and A, in Q(V)
such that A; CAy. Then A| CR(Az) < A1 /TS R[I(AL]).

Proof. This follows at once from Lemma|129] taking into account that C and R corre-
spond if and only if C/I and R/I do. O

Lemma 131. Forall A in Q(V/I), there is some A in Q(V) such that AJI = A.
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Proof. For every element i in the finite set A, we consider some vector « in V such
that [u] = if [this is always possible since V/I = {[u] : u € V}], and collect these options
in the option set A. Then A belongs to Q(V) because it is a finite subset of V), and
All={[u]:ucA}=A. O

Proof of Proposition[I27} For the direct implication, assume that C is coherent. We
show that C/I satisfies Axioms |C IpgHC4bpp-

For Axiom , assume ex absurdo that C/I(A) = & for some A in Q(V/I). Con-
sider any option set A in Q()) such that A/I = A [there always is such an A, due to
Lemmal(131]), then C(A) = {ueA : [u] e C/I(A)} = {uecA: [u] e @} = @, contradicting
the coherence of C [Axiom [Clfgl.

For Axiom|C2bg, consider any [1] and [v] in /I such that [u] < [v], meaning that
u < v+w for some w in I, by Proposition [I2ljrr. Then u ¢ C({u,v+w}) by coherence
of C [Axiom [C2fy), and therefore indeed [u] ¢ C/I({[u],[v+w]}) = C/I({[u],[v]}).
where the equality holds because w belongs to 1.

Axioms[C3abg and [C3bpyg) are more easy to establish in their form of Axioms[R3ahy
and @m so we consider the rejection function R corresponding to C, which, by
Proposition @m is compatible with /. By Proposition @3]] therefore R/I is the
rejection function corresponding to C/I, so it suffices to prove that R/I satisfies Ax-
ioms[R34 an

For Ax10m R34y con51der anyA;, A, and A in Q(V/I) such that A{ cR/I(A,) and
Ay cA. Consider any option set A in Q(V) such that A /I = A, and define the option sets
Ay={ucA:[u] e} e Q(V)andA; = {ucAr:[u]eA;} e Q(V). Then A CA; C A,
ApfI={[v]:veAy}={[v]:veAand [v] €Ay} = A/In{[v]: [v] eAz} AnAy =4,
and, similarly, A; /1= {[v]:veAj and [v] €A} =A,/InA| =A;nA| = A}, and therefore
A1/I S R/I(Ay/I). Since A| € Ay, by Lemma|130|therefore A| € R(A;). We conclude
from the coherence of R [Axiom [R3gpq] that A; € R(A), whence A;/I < R(A)/I =
R/I(A/I). Because A = A/l and A| = Ay /1, therefore indeed A cR/I(A).

For Axiom consider any Ay, A, and A in Q(V/I) such that A € R/I(A;)
and A c A|. Consider any option set Ay in Q(V) such that A,/I = A,, and define the
option sets A; == {ucAr:[u]eA;} e Q(V) and A = {ucA;:[u] €A} € Q(V). Then
A S A €Ay, and, similarly as above, Aj/I = {[v] :veAjand [v] €A} = A [T {[v]:
[v]eA;}=A,nA =A;and A/I={[v]:veA;and [v] €A} =A|/InA=A|nA =A,
and therefore A /1 < R/I(A,/I). Since A} € Ay, by Lemma|[130|therefore A} € R(A3).
We conclude from the coherence of R [Axiom|[R3bbg] that Aj N A € R(A; \A), whence
(AjNA)/IcR(A;~A)/I. By Lemma therefore Aj/INA[I € R(ApNA)/I, and,
using the compatibility of R with I, we find that then A1 /INA /IS R/I((A~NA)[I). We
now prove that

(As~A)/I=AyJINAJL
That (A2 NA)/I 2 Ay/I\A/I follows from Lemma [[28] To show that (A, \A)/I ¢
Ay /I~ A/ consider any & in (Ay \A)/I, meaning that i = [v] for some v in Ay N A.
This implies already that i € A, /I. Assume ex absurdo that ie A/l = A. Since [v] = i,
therefore [v] € A, whence ve {ueAy: [u] €A} c{uecAy:[u] €A1} = Ay, and since
we already know that v € Ay \ A, therefore v e Aj n(Ay NA) =A; \A. This implies
that ii € (A; NA)/I, so ii = [w] for some w in A; \A. Since ii € A, therefore [w] € A,
whence we {ueA;:[u] €A} = A, a contradiction with w e A N A. So we conclude
that (A2NA)[T=Az[/INA[I, whence Ay [I~NA[I € R[I(A2/INA[I). Because A=AllL
= A1/l and Ay = Ay /I, therefore indeed A; N A c R/I(Ay\A).
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For Axioms and [C4blg, consider any Ay and A5 in Q(V/I) such that 4; ¢
C/I(A,), and consider any A in Ry and ii in V/I. Consider any option set A; in Q())
such that Ay /1 = Ay, let Ay = {ueAy: [u] €Ay} € Q(V), and consider any u in V such
that [u] = ii. We first prove that then A| € C(A,). Indeed, consider any v € A{, meaning
that v € A, and [v] € A|, and therefore also [v] € C/I(A,). Proposition then
guarantees that indeed u € C(A, ). We now infer from the coherence of C [Axioms
and [C4bpg] that AA; € C(AA,) and A + {u} € C(A> + {u}). Hence indeed AA; =
AAL T = (AA1) ]I € CJI((AAL)[T) = CJI(AAL[I) = C/I(AAy) and Aj + {i} = Ay /T +
{[ul} = (A1 + {u}) /1 € C/I((Ax +{u}) [T) = C/1(Ax ]I+ {ii}) = C[I(A + {ii}), where
the inclusions follow from Equation (3-2)yr7g and Proposition [T23rgq

For the converse implication, assume that C/I is coherent. We show that C satisfies
Axioms [ClpgH{C4bbg

For Axiom [Cljg, consider any A in Q(V) and assume ex absurdo that C(A) = @.
Then it follows from Proposition [125gy that C/I(A/I) = C(A)/I = @/I = @, which
contradicts the coherence of C/I [Axiom |CIpg].

For Axiom [C2bg, consider any u and v in V such that u < v. Then [u] < [v] by
letting for example w = 0 in Proposition . The coherence of C/I [Axiom @m]
then guarantees that [u] ¢ C/I({[u],[v]}). implying that u ¢ C({u,v}), by Proposi-
tion [[25zq

Axioms|[C3abg and [C3bhy are more easy to establish in their form of Axioms[R3gh
and [R3bpy, so we cons1der the rejection function R/I corresponding to C/I, and let, as
usual, R be given by R(A) :={ucA:[u] e R/I(A/I)} for all A in Q(V). Then R is
compatible with /, and, by Proposition[T26gg it is the rejection function corresponding
to C/I, so it suffices to prove that R satisfies Axioms and .

For Axiom consider any option sets A, A| and A, in Q(V) such that A, €
A and Ay € R(A;). Lemma [130)gy then guarantees that A;/I € R/I(A>/I). Because
Ap € A, we have by Equation (53.2)7g that Ay/I € A/I, whence A;/I < R/I(A/I) by
the coherence of R/I [Axiom %] Using Lemma% again, we infer that then
indeed A; cR(A).

For Axiom consider any option sets A, A and A, in Q(V) such that A €A
and A] CR(A). Let

Z] = {M €Ay [u] EA]/I} 2A and/i = {ueXl : [u]ﬂAl EA}7

then A|/T=A;/I. Because R is compatible with I, we infer from Lemma%that the
statements A; CR(A,), A CR R(A2) and Ay/ISR]/I(As]I) are equivalent, and therefore
all hold. Observe that also A € A} € A,, implying that A/I ¢ A;/I € A>/I by Equa-
tion 5.2z That A/I C A/l and A /I € R/I(Ay/I) implies, together with the coher-
ence of R/I [Axiom, that A /INA /I c R/I(AyJINA/D).

We now prove that Ay/I~A/I € (Ay~A)/I. Consider any i in Ay/I~A/I, and
assume ex absurdo that i ¢ (Ap NA)/I, or in other words, that (VYweAy)(w¢A =i +
[w]), or equivalently, (Vw € Ay)(ii = [w] = we A). This implies that #nA, €A, from
which we infer on the one hand that inA; € A since A| € A,. On the other hand, we
infer that (2nA)/I ¢ A/I by Equation (5.2)r7g, whence i € A /I because i € Ay /I by
assumption, and therefore also ii € A1 /I = A1 /I. Both observations together imply that
@ eA/I, a contradiction with i € Ay /I~ A/I. Therefore indeed Ay /INA /I € (Ay~A)/I,
so coherence of R/I [Axiom [R3g; with A = (AyNA)/I, A; = A /INAJI and A, =
Ay JINA /I now implies that A /INA/T < R/T((AyNA)/I).
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We next prove that (A; NA)/ISA/INA /I Consider any iiin (A; NA)/I, so ii=[v]
for some v in A; \A. This already implies that 7 € A /I. Assume ex absurdo that
ﬁ¢K]/I\A/I, SO il eAV/I, whence inA; € A. But we know that ve Ay and v € I, so
v €A, a contradiction. We conclude form all this that (A; ~NA)/I < R/I((Ay~A)/I),

whence by Lemma|l13(Qgy, indeed A; NA S R(AyNA).

For Axioms nd consider any A; and A; in Q(V) such that
Aj € C(Ay), and consider any A in Ryp and u in V. Then A/l ¢ C/I(Ay/I)
by Equation (32)7g and Proposition implying that (AA;)/I = AA/I
C/1(AAL[T) = C/1((AA)[T) and (Ay+{u}) /T = Ay [T+{[u]} € C/I(Ar/T+{[u]}) =
C/I((Ay+{u})/I), where the inclusions follow from the coherence of C/I [Ax-

ioms and respectively]. This then implies that indeed AA; € C(1A4;)
and Ay +{u} € C(Ay +{u}). O

To conclude this general discussion of indifference for choice functions,
we mention that it is closed under arbitrary infima, which enables conserva-
tive inference under indifference: we can consider the least informative choice
function that is compatible with some assessments and is still compatible with
a given coherent set of indifferent options.

Proposition 132. Consider any coherent set of indifferent options I, and any
non-empty collection of coherent choice functions {C; :i€ I} that are compati-
ble with I, then its coherent infimum inf{C; :i € T} is compatible with I as well,
and C[I=inf{C;[I:ieT}.

Proof. Letus denote C :=inf{C;:i€Z}, then C is a coherent choice function by Propo-
sition % We show that it is compatible with /. By assumption, and using Proposi-
tion[T25rgy, we have for all i in Z that

Ci(A)={ucA:[u]eC/I(A]I)} forall A € Q(V).
Hence, for all A € Q(V):
C(A)= L%Ci(A) = L%{MEA [ul eGi/I(A/D)}

={uecA:(JieD)[u]eC/I(A/)}
={uecA:[u]e L_%Ci/l(A/I)}
={ueA:[u]e(inf{C;/l:ieI})(A/])},

and the stated result now follows from Propositions [E0kg and [T25gT O

In particular, the least informative coherent choice function C that is compat-
ible with a coherent set of indifferent options I corresponds to the case where
the associated choice function C/I on the quotient space V/I is the vacuous one
Cy, meaning that

CA)={ucA:[u]eCy(A/)} ={uecA:(VveA)[u]£[v]} =AnmaxA/l

forall A in Q(V).
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5.5 THE RELATION WITH OTHER DEFINITIONS OF INDIFFER-
ENCE

Seidenfeld [63]] has a rather different approach to combining a notion of in-
difference with choice functions. After making the necessary translation (see
Section [2.4pg) from horse lotteries to (abstract) options, it can be summarised
as follows. Rather than, as we have done above, starting out with a notion of
indifference and then looking at which choice functions are compatible with
it, they start from a given choice function C, and associate a binary relation ~¢
on V with it as follows:

uncv<e (VAeQ)({u,v} cA= (ueC(A) < veC(A))) forall uand vin V.

(5.3)
The idea behind this definition is that two options are considered to be re-
lated if both options are either chosen or rejected together, whenever both are
available. This relation has the following interesting properties, which are in-
strumental in elucidating the relationship between Seidenfeld’s approach and
ours:

Proposition 133. Let C be a coherent choice function. Then ~c is an equiva-
lence relation that furthermore satisfies

() urcv=>u+wrev+w,

(i) uncv=Au~c v,
Sforallu, vandw inV, and all A in R. As a consequence, the set Ic = {ueV:
u~c 0} is a coherent set of indifferent options.

Proof. We first prove that ~¢ is an equivalence relation. The reflexivity and symmetry
are an immediate consequence of its definition (3.3). To prove transitivity, consider any
u, v and w in V and assume that u ~¢ v and v ¢ w. Consider any A in Q and assume
that {u,w} ¢ A and u € C(A). It suffices to prove that then also w € C(A). Assume
ex absurdo that w ¢ C(A), then we infer from Axiom that also w ¢ C(A U {v}).
Since v ~¢ w, we infer from Equation that then v ¢ C(Au{v}), and similarly, since
uwc v, thatu ¢ C(Au{v}), so {u,v} < (Au{v})\C(Au{v}). Axiom[C3bjg then tells
us that u ¢ C(A), a contradiction.

To prove assume that u ~¢ v, and consider any A € Q such that {u+w,v+w} cA
and u+w € C(A). Then it suffices to prove that also v+w e C(A). It follows from
u+weC(A) and Axiom that u € C(A - {w}). Since u ~c v, we infer from
Equation (5:3) that then also v € C(A — {w}), whence, again by Axiom [C4bpg, indeed
v+weC(A).

To prove assume that u ~c v. We first prove that then also —u ~¢ —v. Indeed, by
applyingwith w:=—u—v, we find that —v ~¢ —u. Now use the symmetry of ~¢. Next,
consider any A € Q such that {Au,Av} €A and Au e C(A). Then it suffices to prove
that also Av € C(A). The proof is trivial if A = 0. Because we have just proved that
both u ~¢ v and —u ~¢ —v, we may now assume without loss of generality that A > 0.
It follows from Au € C(A) and Axiom that u € C( %A) Since u ~¢ v, we infer
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from Equation (3.3) that then also v € C( %A ), whence, again by Axiom indeed
AveC(A).

We complete the proof by showing that I¢ is a coherent set of indifferent options. To
prove @m, simply observe that 0 ~¢ 0 by reflexivity of ~¢. To prove QE, it suffices
to consider any u € V, ¢, due to It follows from Axiom@m that 0 ¢ C({0,u}) and,
using Axiom|[Clj, that also u € C({0,u}), so we infer from Equation (3.3) that 0 #¢ u,
whence indeed u ¢ Ic. To prove [§7g, simply use To prove [[4r7g, simply use
and the transitivity of ~¢. O

The coherent set of indifferent options Ic turns out to be the largest that C is
compatible with:

Proposition 134. Consider any coherent set of indifferent options I and any
coherent choice function C on V. Then C is compatible with I if and only if 1
is a linear subspace of Ic.

Proof. Recall that I is a linear space, by Definition % For necessity, assume that
C is compatible with /, and hence

(VA€ Q)C(A) = {ueA : [u] e C(A)/I}.

We need to prove that I € I, so consider any u in I and any A 2 {0,u} in Q such that
ueC(A) [There always is such an A, for instance A = {0,u}, because u € [ and therefore
[u] eC/I({[u]}) =C/I({0,u}/I) = C({0,u})/I, by compatibility]. Then [u] € C(A)/I
and because [u] = [0], we find that [0] e C(A)/I, s0o 0 e C(A). Hence indeed u ~¢ 0, by
Equation (33).

For sufficiency, assume that / is a linear subspace of I¢, so I € I, then we need to
prove that C is compatible with 1. In other words, if we consider any A in Q and any
u € A such that [u] € C(A)/I, then we must prove that u € C(A). [u] € C(A)/I means
that there is some v € C(A) such that u—v € I, and therefore, by assumption, u ~¢ v.
Since {u,v} €A and v e C(A), we infer from Equation (3.3) that indeed u € C(A). O

It follows that if C is compatible with 7, then C is automatically also compatible
with any subspace of I, and that the largest linear subspace that C is compati-
ble with, is I¢. Also, this proposition shows that the smallest set of indifferent
option that is compatible with C, is given by I = {0}, and that this coherent set
of indifferent options is compatible with any coherent choice function. Sei-
denfeld’s approach starts from a choice function, and identifies the coarsest
equivalence—or indifference—relation that is compatible with it. Though we
have seen that it is related, our approach, because it starts out with an indif-
ference relation, goes the other way around, is more constructive, and is better
suited for studying which choice functions are compatible with a given indif-
ference relation, and therefore also for performing conservative inference for
choice functions under indifference. We will come back to this idea in Sec-
tions 3. 7irog, 3. 8troq and [5. 9.

Proposition [134] also shows that our approach is closely connected to
Bradley’s [9, Section 2]: for him, for a choice function to ‘satisfy’—in our
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words: to ‘be compatible with’—an equivalence relation, it must be finer than
Seidenfeld’s ~c.

Finally, note that a relation analogous to Equation (5-3)jrgg can be estab-
lished for coherent sets of desirable options D: we simply define u ~p v <
uw~c, viorall uwand vin V. Then

urpv<e (VAe Q)({u,v}EA = (0eCp(A-{u}) <:>OECD(A—{V})))
< (VAeQ)({upv}cA=(A-{u}nD+z=A-{v}nD +2))

for all u and v in V, using Axiom for the first equivalence and Propo-
sition @ for the second one. Because we have defined it as a special ~¢,
the binary relation ~p is by Proposition @m an equivalence relation, and
Ip ={ueV:0w~p u} is a coherent set of indifferent options. As we will see in
Lemma T35} ~p can be more elegantly represented as:

urpv<D+{u}=D+{v}, foralluand vin V.

Lemma 135. Consider any coherent set of desirable options D. Then

(VAeQ)({uyv}cA=(A-{u}nD+z=A-{v}nD +2))
<D+{u}=D+{v}

foralluandvin.

Proof. Consider any u and v in V.

For the direct implication, assume that the left-hand side holds. We first prove that
this implies that both u—v ¢ D and v—u ¢ D. Indeed, consider the left-hand side for
the particular choice A = {u,v}, leading to {0,v—u}nD # @ < {O,u—v}nD # @, or
equivalently, v—u € D <> u—v e D, because 0 ¢ D by Axiom[DIf7 So, if we had that
u—-veD or v—ueD, this would imply that both u —v and v—u would elements of
D, and therefore also their sum 0 = u—v+v—u € D by Axiom[D4f7. This contradicts
Axiom D7,

Next, consider any w in V, and consider the left-hand side for the particular choice
A ={u,v,w}. Then A 2 {u,v} and therefore A - {u}NnD + & <= A - {v}nD # @, which
can rewritten as {0,v—u,w-u}nD + @ < {u-v,0,w-v}nD +@. But 0¢D by
Axiom [DIf7, whence {v—u,w-u}nD #+ @ < {u—v,w—-v}nD # &. Since we have
seen above that neither «u—v € D nor v—u € D, this can in turn be rewritten as w—u ¢ D <>
w—v ¢ D. Because the choice of w in V was arbitrary, this tells us that w e D + {u} <
we D +{v} forall win V, and therefore indeed D + {u} = D + {v}.

For the converse implication, assume that D + {u} = D + {v}. This immediately
allows us to infer that u—v ¢ D and v—u ¢ D. Consider any A 2 {u,v}. If A = {u,v}
then A—{u}nD =@ and A — {v} nD = &, and the proof is done. Let n:=|A|-2 and
assume therefore that n > 1. Label the elements of A \ {u,v} as wy, ..., wp, without
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loss of generality. Then A = {u,v,wy,...,wn}. Infer the following equivalences:

A-{u}nD+d<={0,v—uwi—u,....wp—uynND +
< {wi-u,....wp—uynD+Q
< (Jie{l,...,n})wj—ueD
< (Jie{l,....n})wieD+{u}=D+{v}
< (Jie{l,...,n})wi—veD =A-{v}nD =g,

where the second equivalence follows from the fact that 0 ¢ D [by Axiom %] and
our earlier observation that v—u ¢ D. O

5.6 THE RELATION WITH DESIRABILITY

There is an interesting relationship between the coherent choice functions and
the coherent sets of desirable options that are compatible with a fixed coherent
set of indifferent options.

Proposition 136. Consider any coherent set of indifferent options I.

(1) If C is any coherent choice function compatible with I, then the corre-
sponding coherent set of desirable options D¢ is also compatible with I,
and DC/I = DC/I'

(i) If D is any coherent set of desirable options compatible with I, then the
corresponding coherent choice function Cp is also compatible with I,
and CD/I = CD/I‘

Proof. We begin with the first statement. Consider any coherent choice function C that
is compatible with /. We must prove that D¢ +1 € D¢. Observe that for any w in V:

weDe = 0¢C({0,w}) < [0] ¢ C/I({[0),[W]}) < [w] e Deyry (54)

where the first equivalence follows from Proposition f3 and the second from the
compatibility of C with I. So, consider any v in D¢ and any « in I, then [0] ¢
C/I({[0],[v]}) and [u] = [0] =1, implying that [v+u] = [v] + [u] = [v], and therefore
[0] ¢ C/I({[0],[v+u]}), implying that indeed v+ u € Dc. The last statement follows
directly from Equation (3.4).

We turn now towards the second statement. Consider any coherent set of indifferent
options / and any coherent set of desirable options D such that D +1< D. We must prove
that Cp(A) ={ueA: [u] € Cp/I(A[I)} for all A in Q(V). Due to Proposition 54z,
we know that Cp(A) ={uecA:(VYveA)v-u¢ D} for all A in Q(V), whence, by

Proposition [T22r7g;
Cp(A)={ucA:(VveA)[v]-[u] ¢{[w]:weD}}
={ucA:(VveA)[v]-[u] ¢D/I}
={ueA:(Vv]eA/D[v]-[u] ¢D/I} ={ueA:[u] eCp/(A/])},

forall A in Q(V), because Cp,;(A[/I) = {iicA/l: (VieA/l)i~ii¢ DI} forall A/I'in
Q(V/I). That Cp /I = Cp; now follows from Proposition . O
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This correspondence allows us to show an equivalent result of Proposi-
tion[134jg7 for desirability:

Corollary 137. Consider any coherent set of indifferent options I and any
coherent set of desirable options D € V. Then D is compatible with I if and
only if 1 is a linear subspace of Ip.

Proof. First, note that Ip = {ueV:0~p u} = {ueV:0~¢, u} =I¢,, and that Propo-
sition implies that Cp is compatible with [ if and only if 7 ¢ I, . So it suffices
to show that Cp is compatible with [ if and only if D is compatible with /. For neces-
sity, assume that Cp is compatible with 1. Use Propositionto infer that D¢, is
compatible with 7, and Proposition % that D¢, = D, whence indeed D is compatible
with /. For sufficiency, assume that D is compatible with /. Use Proposition [136]-{(11)
to infer that then indeed Cp is compatible with 7. O

5.7 EXAMPLE: FAIR COINS

To exhibit the power and simplicity of our definition of indifference, we recon-
sider the example of the finite possibility space X := {H,T} of Example @],
where the vector space V is again the two-dimensional vector space £(X) of
real-valued functions on &, or gambles, and the vector ordering < is the usual
point-wise ordering of gambles.

We want to express indifference between heads and tails, or in other words
between [yy and I;7y. This means that I3y — Iy is considered to be equiv-
alent to the zero gamble, so the linear space of all gambles that are equivalent
to zero—or in other words, the set of indifferent gambles (or options)—is then
given by

I={A(Iggy ~Tyry) : A e R}y = {f e L(X) : E,(f) =0},

where E,, is the expectation associated with the uniform mass function p =
(1/2,1/2) on {H, T}, associated with a fair coin: E, (f) = %(f(H) +£(T)). So,
for any gamble f in £(X)—any real-valued function on X"

[f1={s}+1={ge L(X):E,(g) = E,(f)},

which tells us that the equivalence class [ f] can be characterised by the com-
mon uniform expectation E, (f) of its elements. Therefore, £(X))/I has unit
dimension, and we can identify it with the real line R. The vector ordering
between equivalence classes is given by, using Equation (3. Iz

[f1=[g] = (3 eR)f=g+A(Tmy —Ii1y)
o (34 eR)(f(H) < g(H) + 4 and f(T) <g(T)~1)
< (A eR)f(H)-g(H) <A <—f(T) +g(T)
< f(H)-g(H) <-f(T) +&(T) <= E,(f) <Ep(8),
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and similarly [f] < [g] < E,(f) <E,(g) forall f and g in £(X). Hence, the
strict vector ordering < on £(X)/I is total, so we infer from the argumentation
in Example G that there is only one representing choice function, namely the
vacuous one. Therefore, there is only one choice function C on £(X) that is
compatible with /, namely, the one that has the vacuous choice function C, on
L(X)/I as its representation C/I. Recall that for any A in Q(L(X)):

G(A/D) ={[u]: (V[gleA/D[f]#[g]}
={[u]: (VlgleA/D[g] < [f1} ={[u]: (V[g] €A/DE,(8) <Ep(f)},

and therefore

C(A)={feA:(VgeA)E,(g) <E,(f)} =Cf, (A).

The indifference assessment between heads and tails leaves us no choice but
to use an E-admissible model for a probability mass function, associated with
a fair coin.

The choice function C is therefore based on E-admissibility, but is not
compatible with M-admissibility. To see this, consider the set of options
A = {h,0,-h} with h:= (h(H),h(T)) = (1,-1), so h(H) + h(T) = 0. Hence
C(A) =A; but no M-admissible choice function will select 0 in A: observe that
0¢Cp(A) for all D € D, because 0 € Cp5(A) would imply that {h,~h} nD = @,
contradicting that D is a maximal set of desirable options by Proposition .

5.8 CHOICE FUNCTIONS AND SYMMETRY

As another example—and a precursor to Chapter [§z7—showing how powerful
our approach to dealing with choice and indifference is, we will prove a sim-
ple and elegant representation result that tells us how to perform conservative
inference with choice functions under a permutation symmetry assessment.

We consider a finite possibility space X, where the vector space ) of op-
tions is the finite-dimensional vector space R” X, of R”"-valued functions on
X, or vector-valued gambles on the outcome of an uncertain variable X in X.
The vector ordering < is the usual point-wise ordering of such vector-valued
gamblesﬂ

We assume there is symmetry lurking behind the uncertain variable X, rep-
resented by a group P of permutations of the set of possible outcomes X—the
idea being that a subject assesses that no distinction should be made between an
outcome x and its permutations 7x, for & € P—or in other words, between the
variable X and its permutations wX. If we consider any vector-valued gamble
u(X) on the variable X, then the subject will therefore be indifferent between

I'The reason why we work here with vector-valued gambles here rather than real-valued ones,
is explained in some detail in Section 2-4bg
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the uncertain vector-valued rewards u(X) and u(7X). The smallest coherenﬂ
set of indifferent options I that corresponds to this indifference assessment,
is therefore given by

Ip = span({u—ﬂtu:uevand EGP}),

where we define the linear permutation operator " on the linear space of op-
tions (vector-valued gambles) V by 7'u = uo 7, or in other words

(7'u)(x) = u(mx) for all win V, x in X and 7 in P.

Let us, for any x in X, define the permutation invariant atom [x]p containing
x as

[x]p={mx:mweP}.

The permutation invariant atoms constitute a partition of X, and we denote
the set of all of them by Ap = {[x]p :x € X}. A vector-valued gamble u is
called P-invariant if m'u = u for all 7 in P, and it is not hard to see that this is
equivalent to u being constant on the invariant atoms. The set of all P-invariant
vector-valued gambles is denoted by Vp, and it is a linear subspace of V that
is clearly isomorphic to the linear space of all vector-valued functions on Ap,
whose dimension r|.Ap| is typically much lower than that of V.

A choice function that takes the symmetry assessment into account is—as
we have argued—one that is compatible with /> and all of its linear subspaces.
What we will do now, is to investigate how such compatible choice functions
can be represented by choice functions on a typically much lower-dimensional
option space: symmetry reduces complexity. Most of the work for this has
already been done in Definition and Proposition [[25g7, which indeed
states that choice functions compatible with Ip can be represented uniquely
by choice functions on the lower-dimensional quotient space V/I. The only
thing that is left for us to do, therefore, is to take a closer look at this quotient
space and its elements.

Let us, to this end, define the transformation invp on V as follows:

1
i Z;Dn’u, for all u in V. (5.5)
e

It satisfies the following very interesting properties:

invpu =

Proposition 138. invp is a linear transformation of V, and
(i) invpon’ =invp = ' oinvp for all w in P;
(il) invpoinvp =invp;

2The requirement that I» N V.o = @—or equivalently I» N V.o = @—is related to the left
amenability of the finite permutation group P [27}|82], and is easily shown to be satisfied.
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(iii) ker(invp) =Ip;
(iv) mg(invp) = Vp.
Moreover, for any u and v in 'V, we have that v € u/Ip <> invp v = invp u.

Proof. That the transformation invp is linear, is immediate from its definition in Equa-
tion (3.3).

To prove observe that invp ort’ = ﬁ Yoep® on = ﬁ Yaep(To®) =invp,
where the last equality holds because P is a group. For the second identity, observe
that 7’ oinvp = ﬁ SoepT od = ﬁ Y oep(@om) =invp, where the first equality
follows form the linear character of &' and the last equality holds because P is a group.

To prove [(ii)| observe that

1 . 1 . .
— > invp on' = — > invp = invp,

invpoinvp =
|P| neP |7D‘ neP

where the first equality is due to the linearity of invp and the second is due to

To prove consider any u in ker(invp). Then invpu =0 and therefore u =
u—invpu = ﬁ Yxep(u—m'u) is an element of Ip. Conversely, consider any u in
Ip, then u = Y7_; Ay (vx — mLvy) for some n in N, 4 in R, v; in V and 7 in P. But
then invp u = }_; A (invp vy — invp (v )) = 0, where the first equality is due to the
linearity of invp and the last due to Hence indeed u € ker(invp).

To prove consider any u in rng(invp ). Then u = invp v for some v in V), and
therefore 'u = 7' (invpv) = (' oinvp )v = invp v = u for all & in P, where the third
equality follows from Hence indeed u € Vp. Conversely, consider any u in Vp.
Then 7' u = u for all 7t in P, and therefore u = invp u, whence indeed u € rng(invp ).

For the last statement, simply observe that ve u/lp < v-u€lp < invp(v—u) =
0 < invp v = invp u, where the second equivalence follows from and the last from
the linearity of invp.

The various statements in this proposition tell us that invp is a linear projection
operator that maps any vector-valued gamble u to the corresponding uniquely
‘P-invariant member invp u of the equivalence class u/Ip, which is essentially
a vector-valued gamble on Ap.

By Proposition [I23g, every coherent choice function C on V that is com-
patible with Ip therefore has a unique representing coherent choice function
Cp on the typically much lower-dimensional linear space of all vector-valued
gambles on Ap, with

C(A)={ucA:invpueCp(invpA)} forall A in Q(V).

5.9 NATURAL EXTENSION UNDER INDIFFERENCE

In Chapter [3kg we have found the natural extension of an assessment B ¢
Qo(V): if B avoids complete rejection, then it has a coherent extension,
and the least informative such extension is given by £(B) = Rp, defined in
Equation (3.I)gz. The type of assessment we considered there—subsets B of
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Qo (V)—is direct, meaning that we directly assess rejections 0 from all the
elements of 5. Such assessments do not subsume so-called structural assess-
ments, such as indifference assessments. We will also deal with other kinds of
structural assessments, such as irrelevance, in Section @ﬂzg] In this section,
given a direct assessment B ¢ Q()) and an indifference assessment / in I, we
will find the least informative coherent rejection function that extends 5 and is
compatible with I: we will find the natural extension of B under I.

As a first example, consider B := @, and any 7 in I. The natural extension
of this assessment can be found easily: it is the coherent rejection function R,
given by

R(A)={ucA:[u]eR,(A/I)} forall A in Q(V),

where Ry is the vacuous rejection function on V/I. It is the most conservative
rejection function on V that is compatible with /.

5.9.1 Defining the natural extension under indifference

The natural extension under indifference, if it is coherent, is the least informa-
tive coherent rejection function that extends the assessment B ¢ Qy(V) and is
compatible with the set of indifferent options /.

Definition 41. Given any assessment B < Qo(V) and any coherent set of in-
different options I, the natural extension of B under [ is the rejection function

& (B) =inf{R eR(V):
(VBeB)0eR(B) and (VA€ Q(V))R(A) ={ucA:[u]cR(A)/I}}
=inf{R e R(V) : R extends BB and is compatible with I},

where, as usual, we let inf@ =idg(y), the identity rejection function that maps
every option set of itself.

Again, we can equivalently define the natural extension under indifference
as a choice function—or a choice relation for that matter—instead of a rejec-
tion function, but that turns out to be notationally more involved. The transla-
tion to the other types of choice models of this notion and other results in this
section, is straightforward.

To help link Definition | with a more constructive and explicit expression,
consider the special rejection function R 7, defined by:

Rp(A)={ueA:[u] eRpy(A/l)} forall A in Q(V), (5.6)
where we let B/I:= {B/I: B € B} ¢ Q[¢1(V/I), being—loosely speaking—the

assessment expressed in the quotient space V/I. Recall that R, as defined in
Equation (3.1)gg, is relative to a given but otherwise arbitrary vector space V.

194



5.9 NATURAL EXTENSION UNDER INDIFFERENCE

Our special rejection function Rp s uses the version Ri3/; on V/I instead of V.
Explicitly, it is given by

Rpgyi(A) = {aeA (3" € QV/N))(A' 24 and (Vi e {ayu(A'~A))

((A'={7}) VL o) # @ or (3B € B/I, 3p e Rog) {7} + pB < A)) }

for all A in Q(V/I).
It can be useful to have a more direct equivalent expression for R 1

Lemma 139. Consider any assessment B ¢ Q5(V) and any coherent set of
indifferent options 1 V. Then R = R%’ ;» Where we let
Ry (A) = {ueA :(3A" € Q(V))(A' 24 and (Vve {u} U(A'NA))

((A"/1-{[v]}) nV/L.[0) # @ or (3B € B/I,3p € Ryo){[v]} + uB <A’/I))}
(5.7)

Sforall A in Q(V).
Proof. By plugging in the expression for R3/; into Equation (5.6), we find that
Rp1(A)={ueA:(3A" e QW/I))(A" 2A /I and (V¥ e {[u]}u(A'NA[D))
(A" ={p)nV/L o) @ or (3B e B/I,3u e Ryo) {7} +uB <A"))} (5.8)
for all A in Q(V), and therefore also
Rp(A)={ueA:(3A" e Q(V))(A'/I2A [ and (V¥ e {[u]} u(A"/INA/I))
(A'J1-{5}) V[ (o) # @ or (3B € B/I,3u e Ry) {3} +uB <A’/I))} (5.9)

forall A in Q(V). We will use this expression to prove that Rjz ; & R'B, ;and R'B’ JERB .

To prove that R ; € R%ﬁ,, consider any A in Q(V) and any u in R ;(A). We show
that u € Ryz ;(A). By Equation (5.9), since u € R ;(A), there is some A" in Q(V) such
that A’/I2 A /I and

(vie{[u]}u(A"/INAJD))
(A" J1-{5}) V[l (o) # @ or (3B € B/I,3p e Ry) {3} +uB <A'/I).  (5.10)

Let A" =Au{ueA :[u] ¢AJ/I} 2A. We state that then {[u]}u (A"/INAJI) =

({u} U (A" ~A))/I. To prove this, since ({u}u (A" ~A))/I={u}/Iu(A" ~A)/I and
{[u]} = {u}/I, it suffices to show that (A"’ ~A)/I=A"/I~A/I. So consider any i in
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V/I, and infer that
de(A"~A)/I= (Ived)ved’ A
<= (Fved)(veA” andv¢A)
= (Fved)ve{weA : [w]¢A/l}
< (Fved)(veA and [v] ¢A/I)
= (ved)veA anda¢ A/l since (Vveid)[v]=a
oA /landi¢All = iecA'[INA/IL
whence indeed (A" ~A)/I=A’/I\ A/I. Therefore, by Equation (5.10).~,
(Ve ({ulu(A"~A))/D)
(A 1= V]I, (o) # @ or (3B € BJI,3p € Ry0){v} + uB < A'/I),

whence

(Vve{u}u(A”~A))
(A J1-{[V1}) V[l o1 # @ or (3B € B/I,3u e Ry){[v]} +uB < A'[I).
Remark that A” /I =A/Tu{[u] :uecA" and [u] ¢ A/} =A/Iu(A"/INAJI) = A/I, and
therefore
(Vve{u}u(A”~A))
(A" [1-{1}) V[ [g) # @ or (3B € B,3u e Roo){[v]} +uB/I < A" [I).
Since A” 2 A, by Equation (3.7). then indeed u € Rj5 ;(A).
Conversely, to prove that R;i 1 E Rp s, consider any A in Q(V) and any u in
R 1(A). We will show that then u ¢ Rz, ;(A). By Equation (5.7)-~, since u € R ;(A),
there is some A’ 2 A in Q(V) such that
(Vve{u}u(A'\A))
(A" J1={ V1) AV (o) # @ or (3B € BJ1,3u € Rog){[v]} + uB < A'/1),
whence
(Vie ({uyu(A'~A))/I)
(A1) V]I, () # @ or (3B € BJI,3u e Rop) {7} +uB <A'/I).  (5.11)

Let A" := A"/ 2 A/I. We state that then {[u]} u (A" ~A/I) c ({u}u(A"~A))/I. To
prove this, since ({u} U (A" ~NA))/I={u}/Tu(A"~A)/I and {[u]} = {u}/I, it suffices
to show that A~ A/I < (A"~ A)/I. So consider any 7 in V/I, and infer that
GeA NAll=>iacA andi¢Afl
= ((Fved)veA ) and ((Ywed)w¢A)
= (Fved)(veA andv¢A) = (Fved)veA'NA=ic(A'NA)/I,
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whence indeed A’ ~ A/I ¢ (A’ \ A)/I. Therefore, by Equation (5.T1)) in particular

(Vve {[u]}U(A’\A/l))
((A"-{7}) NV/L.10) @ or (3B € B/I,3u € Ry0) {#} + uB <A").

Since A’ 2 A/I, by Equation (5-8)rg3) then indeed u € Rj3 ;(A). O

Similarly as in Chapter@, the special rejection function Ry ; satisfies a
number of interesting properties:

Lemma 140. Consider any assessment B < Q(V) and any coherent set of in-
different options 1 € V. Then Rg | extends B, is compatible with I, and satisfies

Avioms R2bry Rk

Proof. To show that Rg ; extends BB, we need to prove that 0 € R ;(B) for every B in
BB. So consider any B in B. By Equation (5.0)og Rj5,1(B) = {u€ B:[u] € R/ (B/I)},
and therefore 0 € R ;(B) < [0] € Rg/;(B/I). By Lemma we know that Rp/;
extends /1, and therefore [0] € Rz/;(B/I). Hence indeed 0 € Rz ;(B).

That Ry is compatible with I, is immediate because it is represented by Rp/;
on V/I

To show that Rjz y satisfies Axioms , first use Lemma to infer that
its representing rejection function Ry satisfies those axioms. Therefore, by Proposi-

tion[T27gy, Rs,s indeed satisfies Axioms [R2fg-Rp; O

Now we already know that Ry ; satisfies the rationality Axioms|R2pg-R4pg,
extends B, and is compatible with 7, but if we want to use it as an expression
for the natural extension, it will help us if we can prove that it is the least
informative such rejection function.

Proposition 141. Consider any assessment B < Qy(V) and any coherent set of
indifferent options I € V. Then Rg 1 is the least informative rejection function
that satisfies Axioms [R25pH-R4pg, extends B, and is compatible with 1.

Proof. We already know from Lernrnathat Rp,1 satisfies Axioms [R2prHR4pr, ex-
tends B, and is compatible with I, so it suffices to show that R 8,1 18 the least informative
such rejection function. Consider any rejection function R’ that satisfies Axioms
extends B and is compatible with /. We will show that Rz ; £ R', or, in other
words, that Rz ;(A) € R'(A) for all A in Q(V). Since both Rj3; and R’ satisfy Ax-
iom, it suffices to show that 0 € Rg j(A) = 0 € R'(A) for all A in Q(V).

Since R’ is compatible with I, by there is some representing choice function R”
on V/I such that R'(A) = {uc A : [u] e R"(A/I)} for all A in Q(V). We state that R”
extends B/I. To see this, consider any B in B/I, and we will show that [0] € R (B).
Because B belongs to B/I, then B = B/I for some B in 3. Since R’ extends 13, therefore
0eR'(B)={ueB:[u]eR"(B)}, whence [0] ¢ R”(B). Note that the choice of B in
B/I was arbitrary, so therefore R” indeed extends B/I.

Also, by Proposition since R’ satisfies Axioms R" on V/I sat-

isfies those axioms as well.
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We now turn to showing that 0 € R ;(A) = 0 € R'(A) for all A in Q(V). Con-
sider any A in Q(V) and assume that 0 € Rz ;(A). Infer already that then 0 € A. By
Lemma@@ then O € R'BJ(A), so there is some A’ 2 A in Q(V) such that

(Vve{0lu(A'\A))
(A" J1-{[V]}) " V/I, o) # @ or (3B € B/I,3u e Ry){[v]} +uB < A'/I)

Consider any vin {0}u (A"~ A), then (A" /I-{[v]})nV/I. [0] # @—and therefore [v] <
ii for some @ in A’ /I, whence by Axiom[R2g, [v] € R” ({a,[v]}), so by Axiom R3gg,
[v]eR"(A"/I)—or {[v]} +uB < A’/I for some B in B/I and u in Ryg—and therefore,
since R” extends B/I, [0] € R (B), so by Axiom , we have that [0] € R (uB),
and using Axiom [R4bpg, that [v] = [0] + [v] € R” ({[v]} + uB), and therefore finally,
using Proposition [34g, we infer that [v] € R”(A"/I). So we have shown that [v] €
R" (A" /I)—and by compatibility therefore also that v € R'(A")—for every v in {0} u
(A" NA). Therefore, since R satisfies Axiom , using Axiom [with A =
A'NA, A1 ={0}u(A"\A)and A, :=A"; then A} \A = {0} since0cAcA"and Ay~ A =A
since A € A’] we find that then indeed 0 € R'(A). O

5.9.2 Assessments avoiding complete rejection under indifference

Recall from our results on the (normal) natural extension that not every assess-
ment is extendible to a coherent rejection function: this is only the case if the
assessment avoids complete rejection. Here too, when we deal with the natural
extension under indifference, something similar occurs.

Definition 42 (Avoiding complete rejection under indifference). Given any
assessment B < Qo (V) and any coherent set of indifferent options [ €V, we say
that B avoids complete rejection under / when Rp ; satisfies Axiom R 1pg

Due to the extra indifference assessment, avoiding complete rejection un-
der indifference is typically more difficult to fulfil than avoiding complete re-
jection, as illustrated in the following example.

Example 22. Consider some option # in V such that 0 £ u £ OE] the assessment
B:={{0,u}} c Qp(V) and the set of indifferent options I := span{u} = {Au: 1 €
R}. Then by Corollary , B avoids complete rejection [to see this, consider
for instance the coherent set of desirable options D := posi(V,ouU{u}); then
indeed (VB € B)DnB + @] and because [ is a linear hull, and Au ¢ V. gU Vg, [
is a coherent set of indifferent options. But 5 does not avoid complete rejection
under I. Indeed, expressed in the quotient space V/I, the assessment is B/I =
{{10],[u]}} ={{[0]}}, since [u] = [0]. Therefore, since R/, extends B/I [see

Lemma@ﬂ, [0] € R/ ({[0]}), so Ry, does not satisfy Axiom Consider
the option set A = {0,u}. Then A/I = {[0]}, whence by Equation (5.6)oz

30r, in other words, such that u ¢ Vs U V<.
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Rp(A)={veA:[v]eRp;(A/I)} ={ve{0,u}:[v]eRp;({[0]})} ={0,u} =
A, s0 Rp; does not satisfy Axiom @m either. Therefore indeed BB does not
avoid complete rejection under /.

However, avoiding complete rejection under indifference is sufficient for
avoiding complete rejection:

Proposition 142. Consider any assessment B ¢ Qo(V) and any coherent set of
indifferent options 1 € V. Then B avoids complete rejection under I if and only
if B/I avoids complete rejection, and both those equivalent conditions imply
that B avoids complete rejection.

Proof. For the first statement, that B avoids complete rejection under 7 if and only
if B/I avoids complete rejection, we first prove necessity. So assume that B avoids
complete rejection under /. Then, by Definition 42} Ry ; satisfies Axiom Em whence
Rp(A)={ucA:[u] eRB/I(A/I)} #A for all A in Q(V). Consider any A in Q(V).
Since A # Rz ;(A) there is some u in A such that u ¢ Rz ;(A) and by Equation (3-6)og
therefore [u] ¢ Rpg/;(A/I), whence RB/,(A/I) + A/I Since the choice of A was ar-
bitrary, this means that Ry, satisfies Axiom [R , and therefore indeed B/I avoids
complete rejection.

For sufficiency, assume that /I avoids complete rejection, then by Definition %,
Ry, satisfies Axiom R Consider any A in Q(V). Then, since Rg; satisfies
Axiom we have that RB/I(A/I) #A/I. So there is some u in A such that
(u] ¢ Rp) /I) whence by Equation (3-6)roa u ¢ Rz 1(A ), whence Rz ;(A) # A. Since
the choice of A was arbitrary, this means that R ; satisfies Ax10m|ﬂm and therefore

indeed 3 avoids complete rejection under /.
For the last statement, we will prove the contraposition. Assume that B does not
avoid complete rejection. We know from Lemma[7 77 that Rz satisfies Axioms [R2pg-

R4 By Corollary Rffg therefore 0 € Rg({0}), and by Equation (3-I)jgy then there is
some A 2 {0} in Q(V) such that

(VueA)((A-{u})nVeg+@or (3BeB,IpeRyg){u}+uB<A)

Consider any u in A. If (A —{u})nV, o+ @ then u < v for some v in A, and therefore
also [u] < [v], so this implies that (A/I—{[u]})nV/I,[g) # @. If {u}+uB <A for
some B in B and u in R, then, similarly, also {[u]} + uB/I < A/I. Therefore

(Vue A)((A/T-{[u]}) "V/L (o1 # @ or (3B € B,3p e Ryg){[u]} + uB/I < A/I).

By Equation (57)o3 then 0 € Rj5,;({0}), and by Lemma therefore 0 ¢
Rp 1({0}). But then Rp fails to satisfy Ax10m so BB does not avoids complete
rejection under /, a contradiction. O

As a corollary to Corollary B8g, we find the following sufficient condition
for avoiding complete rejection under indifference, that is easier to check:

Corollary 143. Consider any assessment B < Qo(V) and any coherent set of
indifferent options 1< V. If (3D e D(V/I))(VB € B/I)BND # @, then B avoids
complete rejection under I.
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Proof. Assume that (3D e D(V/I))(VB € B/I)BnD # @. By using Corollary
with the specific vector space V/I, this implies that /I avoids complete rejection. By
Proposition , this indeed implies that B avoids complete rejection under 1. O

5.9.3 Natural extension under indifference

We now formulate a counterpart to Theorem for natural extension under
indifference:

Theorem 144 (Natural extension under indifference). Consider any assess-
ment B € Qy and any coherent set of indifferent options 1 € V. Then the follow-
ing statements are equivalent:

(1) B avoids complete rejection under I;

(ii) There is a coherent extension of B that is compatible with I:

(VB eB)0eR(B) and (VA € Q(V))R(A) = {ueA: [u] € R(A)/I}

for some R in R(V);
(lll) 51(8) * idQ(v),'
(iv) &(B) eR(V);
(V) &1(B) is the least informative rejection function that is coherent, extends
B, and is compatible with I.
When any (and hence all) of these equivalent statements hold, then E(B) =
Rg .

Proof. This is a direct consequence of the Natural Extension Theorem and the
representation result of coherent choice functions Proposition [I32fg3}

5.9.4 Purely binary assessments

What happens in the case of binary assessments? Consider that, as in Sec-
tion [3.50;, a desirability assessment is a subset of V, and consists of options
that the agents find desirable (or strictly preferred to the zero option 0). Any
desirability assessment B € V can be transformed into an assessment for rejec-
tion functions Bp = {{0,u} : u € B}; conversely, given such an assessment B,
we can retrieve B as B == (UBg) ~ {0}.

The corresponding notion of avoiding complete rejection under indiffer-
ence, is avoiding non-positivity under indifference, formulated as follows

Definition 43 (Avoiding non-positivity under indifference [31} Definition 4ﬂ).

4Actually, in Reference [31} Section 4], De Cooman and Quaeghebeur study the natural ex-
tension under exchangeability, which is a special indifference assessment. They do this in the
context of desirability. However, their treatment is sufficiently general to immediately see—by
simply replacing their set Dy, with an arbitrary set of indifferent options /—that they actually
give the natural extension under indifference for desirability. Therefore, for more details about the
natural extension under indifference for desirability, we refer to Reference [31} Section 4].
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Given any assessment B €V and any coherent set of indifferent options 1 €V,
we say that B avoids non-positivity under I when I+ (VsoUB) avoids non-
positivity, or, in other words,E] when

posi(I+(VooUB))NV<o = 2.

Theorem [144]is the counterpart for choice models of the natural extension
theorem under indifference for desirability. To be able to compare the two,
and to make this thesis more self-contained, we next state the natural extension
theorem under indifference for desirability.

Theorem 145 (Natural extension under indifference for desirability [31, The-
orem 13]). Consider any desirability assessment B €V and any coherent set
of indifferent options I €V, and define its natural extension as

EP(B)=inf{D eD:Bc D}

Then the following statements are equivalent:
(1) B avoids non-positivity under I;
(ii) B isincluded in some coherent set of desirable options that is compatible
with I: (3D eD)(B <D and D =UD/I);
(iii) EP(B) #V;
(iv) EP(B) eD(V);
v) E,D(B) is the least informative set of desirable options that is coherent,
includes B and is compatible with I.
When any (and hence all) of these equivalent statements hold, then EID(B )=
posi(I+ (VsoUB)).

Let us go back to the Natural Extension Theorem under indifference
(for choice models) and consider a desirability assessment B €V, its com-
pletely binary (choice models) assessment g, and a coherent set of indiffer-
ent options / € V. If B avoids non-positivity, then we wonder whether we can
retrieve using Theorem the formula EP(B) = posi(I+ (V.oUB)), as The-
orem [T43]indicates.

Theorem 146. Consider any desirability assessment B €V and any coherent
set of indifferent options 1 € V. Then B avoids non-positivity under I if and only
if Bg avoids complete rejection under I, and if this is the case, then E(Bg) =

Rposi(1+(v.ouB))-

Proof. We start with the first part, that B avoids non-positivity under / if and only if Bg
avoids complete rejection under /. For necessity, since B avoids non-positivity under /,

3See Equation (3-7)gg

OWe let inf @ = V.
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by Theorem([I43], we have that B < D for some coherent set of desirable options D that
is compatible with /. Consider the coherent rejection function Rp. By Theorem@m
we know already that Rp extends g, and by Propositionm that Rp is compatible
with 1. Therefore, by Theorem @Zﬁl’ Bp indeed avoids complete rejection under 1.

For sufficiency, since Bp avoids complete rejection under I, by Theorem I@ZKH
(VueB)0 e R({0,u}) for some coherent rejection function R on V that is compatible
with /. Consider the coherent set of desirable options Dg = {u€V:0eR({0,u})}. By
Theorem [8Gy we know already that D extends B, and by Proposition [T3¢gg) that
Dp is compatible with 1. Therefore, by Theorem@, B indeed avoids non-positivity
under /.

We now show the second part, that &(Bg) = Rposi(1+(v.,uB)) if B avoids non-
positivity under /. But we have just shown that then Bp avoids complete rejection
under /, so &(Bg) = R 1, and we are left to prove that R 1 = Ryosir+(v,ouB)) Since
both rejection functions are coherent, by Axiom it suffices to prove that O €
R, 1(A) < 0 € Ryosir+(v,ou)) (A) forall A in Q(V).

So consider any A in Q(V), and infer that

0€Rp, 1(A) < (0€A and [0] € Rg, /1 (A/]))
<> (0€A and [0] ERBB/,(A/I))
< (0eA and A/Inposi(V/I, () UB/I) + @),

where the first equivalence is due to Equation (5-6)oa, the second is due to the ob-
servation that Bg /I = {{0,u}/I : u € B} = {{[0],i} : u € B/I} = Bg;, and the third
holds by Theorem for the vector space V/I. So it suffices to show that
A[Inposi(V/I [o)UB/I) #+ @ < Anposi(l + (V.o UB)) + @, because, by Proposi-
tion this together with 0 € A is equivalent to 0 € R4 (v, qus)) (A). Infer that
A[Inposi(V/I, [g)uB/I) + @ is equivalent to [u] € posi(V/I,[o;UB/I) for some u in
A, and therefore, since V/I, [g)UB/I = (V>oUB)/I and by Lemma this is in turn
equivalent to u € posi({ + (V»oUB)) for some u in A. In other words, this is indeed
equivalent to A nposi(/+ (VsoUB)) = @. O

Lemma 147. Consider any A €V and any coherent set of indifferent options
1S V. Then [u] e posi(A/I) < ueposi(A+1) for all u in V.

Proof. Consider any u in V. Observe that

M=

[u] eposi(A/I) < (IneN, TNy, ..., A € Rop, Juy,...,un € A)[u] = > A [uy]

k

M:i

Ad (HHEN.‘H/II,...,AW ER>0,3u1,...,un EA)[H] =[ lkuk]

k

1

n
< (3neN,3A,..., A €Ryo, Jur,...,un €A, FweDu=w+ Y Ay
k=1
< (Iwelue{w}+posi(A)
<> uel+posi(A).
Therefore, since posi(A +1) = posi(A) + posi(]) = posi(A) + 1, this proves the desired
statement. O
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Similarly to its counterpart in Section Theorem [146pg7) consists of
three remarkable statements: The first statement is that the natural extension
under indifference (represented by a coherent set of indifferent options /) of
a purely binary assessment Bp, for some B €V, is a rejection function that
is purely binary itself; the second one is that its (binary) behaviour is exactly
given by posi(I+ (V.oUB)); both statements are conditional on Bp avoiding
complete rejection under /—which is furthermore, as a third statement, pre-
cisely equivalent to B avoiding non-positivity under /.

Focusing on the second statement, for any coherent set of indifferent op-
tions / €V and any desirability assessment B € ) that avoids non-positivity,
the natural extension & (Bg) (for choice models) induces the binary choice
Dg,(5,) reflected by posi(Z+(V.oUB)). To see this, Theorem guaran-
tees that £ (Bg) = Ryosi(1+(v, guB))» Where by Theorem, posi(I+(VsoU
B)) is a coherent set of desirable options and by Proposition [%, therefore
indeed D¢ () = posi(I+(V-oUB)).

To summarise these statements, consider the following commuting dia-
gram in Figure [5.T}—which is the counterpart of Figure [3.Tjrog for natural ex-
tension under indifference. We used the maps

EPP(V) ~D:B~ EP(B),

Be:P(V) > Qo:B— Bg:={{0,u}:ueB},
ErP(Qo) ~ R:B~ &(B),
De:R->D:R—>Dg={uecV:0e¢R({0,u})},
Re:D—>R:D—Rp,

with EP(B) defined in Theorem , &1(B) in Theorem and, as
usual, Rp givenby Rp(A)={ucA:(VveA)v—u¢ D} forall A in Q. The root
of the diagram is any desirability assessment B € ) that avoids non-positivity
under indifference, captured by a coherent set of indifferent options 1.

EP o
B & (B) = Dg,y(By)
B. R. D.
&
BB 1 gI(BB):Rng(B)

Figure 5.1: Commuting diagram for the natural extension under indifference
for binary assessments
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6

CONDITIONING

Consider a variable X that assumes values in a non-empty possibility space X.
Suppose that we have a belief model about X, be it a coherent choice function
on L, a coherent set of desirable gambles on X, or—less general—a coherent
lower prevision on X, a set of mass functions on X, or just a single mass
function on X. When new information becomes available, in the form of ‘X
assumes a value in some (non-empty) subset E of X, we can take this into
account by conditioning our belief model on E.

For some of these belief models, such as coherent lower previsions, and
(sets of) mass functions, conditioning on events of probability zero can be
problematic, because, roughly speaking, Bayes’s Rule typically requires to di-
vide by zero in these situations. However, working with sets of desirable gam-
bles is one way of overcoming this problem. In this chapter, we will see why,
and explain that choice functions do not suffer from this problem either.

We will work with the vector space L(X' x R) of vector-valued gambles, in
order to guarantee the connection, explained in Section , with the choice
functions considered by Seidenfeld et al. [67]. The finite set R serves as a set
of rewards, and is assumed to be fixed throughout.

We will first review how conditioning is done using desirability (see Ref-
erence [31]] for more details). After that, we will introduce conditional choice
functions, and study the connection with conditional sets of desirable gam-
bles. We will let any event, except for the (trivially) impossible event &,
serve as a conditioning event. We collect the allowed conditioning events in
Pu(X)=P(X)~{@} ={ECX:E +3}.
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6.1 DESIRABILITY

For sets of desirable gambles conditioning is very elegant, as explained in de-
tail in Reference [31]. We give an outline of the basic ideas here, and at the
same time expand the treatment there to also deal with vector-valued, rather
than real-valued, gambles. There are multiple equivalent definitions for con-
ditioning on an event E in Pg(X). Starting from a coherent set of desirable
gambles D ¢ L(X xR), the definitions used in References [|13}55}(82}83] all
result in a conditional set of desirable gambles D|E that consists of (vector-
valued) gambles defined on the whole possibility space X. There are a number
of different but equivalent definitions of such conditional sets of gambles on
the whole possibility space; one of them, considered in Reference [31], is mu-
tatis mutandiy | given by

DIE:={feD:lgxrf=[},

where Iz, is the indicator of E x R, defined in Section [2.1.2fr5. However, we
will find it more useful and convenient that a conditional model is defined on
vector-valued gambles on E—gambles on E x R—, rather than on X, because,
after getting to know that E occurs, the possibility space becomes effectively
E. Therefore we work with a modified version DJE , first considered by De
Cooman and Quaeghebeur in Reference [31]:

DIE={feL(ExR):IgfeD}.

In this definition, we le for any E in Py(X) and any f in L(ExR), g f be
the gamble on X' xR given by

flx,r) ifxeE

0 ifx¢E @)

]IEf(xvr) ::{

for all x in X and r in R. Note that, for all E in Pg(X), and all f and g in
L(E xR), we have that [gx g Ig f =g f, that

f#ge (AxeE,reR)(f(x,r) #g(x,r))
< (IxeE,reR)Ief(x,r) +Ipg(x,r))
< (IxeX,reR)Apf(x,r) +1gg(x,r)) < lgf + 1gg, (6.2)

I'Taking into account that we use vector-valued gambles rather than (normal) gambles.

2 is the indicator (gamble) defined on X, while f is a gamble defined on E x R: their
domains differ, so their multiplication needs to be defined with some care.
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and that

f<ge=(f<gandf+g)
< ((VxeE,reR)(f(x,r)<g(x,r)) and I f +Igg)
< ((VxeE,reR)Igf(x,r) <Igg(x,r)) and Ig f + Igg)
< (VxeX,reR)Ipf(x,r) <Igg(x,r)) and Igf # Igg)
o (Igf<lpgand Iz f+1pg) = Iof <Ipg. 6.3)

Both definitions of conditioning are essentially equivalent, since f €
D|E < IgfeD < IgfeD|E for all fin L(ExR), and we will only con-
sider the version D |E in the remainder of this dissertation.

Proposition 148 (|31, Proposition 8]). Consider any coherent set of desirable
gambles D € L(X xR) and any event E in Py(X). Then D |E is a coherent
set of desirable gambles on E x R.

Proof. Tmmediate adaptation of the proof in Reference [31, Proposition 8] to deal with
vector-valued gambles. O

Equivalently, a preference relation < on £(X'xR) can be conditioned on
any event E in Pg(X). There are again different definitions. Some versions
yield preference relations on (a subset of) £L(X xR ), but here we will focus
on a version that yields a preference relation on L(E x R ), because, again, we
will find it more useful and convenient that conditional models are defined on
vector-valued gambles on E rather than on X. We let < |E be the preference
relation conditional on E, defined by

f<|Eg<Igf«Igg, forall fand gin L(EXxTR).

It turns out that the definitions of conditioning for sets of desirable gambles
and for preference relations are essentially equivalent:

Proposition 149. Consider a coherent set of desirable gambles D ¢ L(XxR),
a coherent preference relation < on L(X xR) and a conditioning event E in
Py(X). Then <p|E = <p|g and D<|E = D (. As a consequence, <|E is
coherent.

Proof. To avoid notational overload and confusion, we will use the notations < = < |E
and <} = <p |E, and show that <}, = <p|g and D<|E=D.

For the first statement, consider any f and g in L(E x R ), and infer, by the defini-
tion of conditional preference relations and the definition of <p (see Section 2.8 %),
that f <b g<=Ipf<plpg<Ig(g-f) € D. By the definition of conditional sets of de-
sirable gambles, this is equivalent to g — f € D |E, and using the definition of <p again,
therefore indeed also to f <p IE S

For the second statement, observe thatindeed D« |[E={f € L(ExR):IgfeD«}=
{feL(ExR):0<Igfy={fe L(ExR):0<" f} =D, where the first equality is
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due to the definition of conditional sets of desirable gambles, the second and the fourth
equalities result from the definition of D« (see Section[2.8.%g), and the third equality
is due to the definition of conditional preference relations.

For the consequence, we know from the discussion in Section that the co-
herence of < implies the coherence of D«, and by Proposition [[48]., we have that
D<|E is a coherent set of desirable gambles, and therefore <, |E 18 a coherent pref-
erence relation. We have just shown that D« |E =D g, so <p_ | = <JE, so <|E is
indeed a coherent preference relation. O

This proposition is summarised in the commuting diagram of Figure
where we use the maps

Do:P - D:< Dy,
<:D > P:D <p,

and «|E, to denote conditioning a set of desirable gambles D or a preference
relation <.

D.
D <
{.
cJE .JE
D'
D|E «|E
<o

Figure 6.1: Commuting diagram for conditioning desirability models: Start
with a coherent set of desirable gambles D and its corresponding preference
relation < on £(X' xR ). Conditioning them on E result in a conditional set of
desirable gambles D |E and a preference relation < |E on L(E x R ) that again
correspond.

6.2 CHOICE MODELS

For choice models, conditioning can defined using the same simple underlying
ideas.

Definition 44 (Conditional choice function). Given any choice function C on
L(X xR) and any conditioning event E in Pg(X), we define the choice func-
tion C|E on L(ExR) as

CIE(A)={fecA:lgfeC{lgf:feA})} forall Ain Q(L(ExR)),
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and will also call it a conditional choice function.

From here on, we will use the simplifying notational convention that
IgA ={lgf:feA} e Q(L(XxR)) for any A in Q(L(E xR)), where, by
Equation (6.T)pgg, Iz f is the gamble on X'x R, that is equal to f on E x R and
to 0 on E€ x R. Using this notational convention,

CIE(A)={feA:IgfeC(IgA)} forall A in Q(L(ExR)),
or equivalently,
feC|E(A) = IgfeC(IgA), forall A in Q(L(ExR)) and all f in A.

Proposition 150. Consider any choice function C on L(XxR), and any event
E in Py (X). Then, for any property C* in

{Clkn [C2%a [C3 a0, [C3bbn [CAabn, [C4bbn [Cos [CE

if C satisfies C*, then C|E satisfies Cx. As a consequence, if C is coherent,
then so is C|E.

Proof. For Axiom , consider any option set A of gambles on E x R. Since
C(IgA) + @, indeed also C|E(A) = @.

For Axiom @m, consider any f and g in £L(E xR) for which f < g. Then
Igf < Igg by Equation @3)pmg so Igf ¢ C({Igf,Igg}), and therefore indeed f ¢
CIE((f.2}):

For Axiom|C3apg, consider any A, A; and A, in Q(L(E xR )) such that C|E(Ay) <
Ay~NAjp and Ay CAy CA. Then C(IgAy) € Ig(Az NAy) = 1gA; N [gA|—using Equa-
tion (6-2)prg in the equality—and IgA; € IgA; € IgA, and therefore, C(IgA) € IgA N
IgA;. But then indeed C|E(A) SANAj.

For Axiom [C3bhy consider any A, A; and A, in Q(L(E xR)) such that
CJE(AQ) CAr>~NAjand A cA;. Then C(HEAz) c HE(Az \A[) =1gAy N HEAl—uSiIlg
Equation (6-2)pgg in the equality—and IgA ¢ IgA;, and therefore, C(Ig(Az NA)) =
C(]IEAZ N\ HEA) ClgAyNIgA| =1 (A2 NA| ) But then indeed CJE(AQ \A) CANAJ.

For Axiom [C44hg, consider any A; and A, in Q(L(E xR)) and any A in R, for
which A ¢ CJE(AQ). Then [gA;| € C(HEAz), and therefore, IgAA| € C(IgAA;). But
then indeed AA; € C|E(AA)).

For Axiom|C4bpyy, consider any A| and A, in Q(L(ExR)) andany fin L(ExR)
for which A| € C|E(A;). Then IgA; € C(IgA;), and therefore, Ig(A; +{f}) =IgA; +
{]IEf} = C(]IEAz + {]IEf}) = C(HE (A2 + {f})) But then indeed 1A + {f} = CJE(A,AZ +
()

For Property [C3p3, consider any A and A; in Q(L(E xR)) such that A € Ay €
conv(A). Then IgA cIgA; < conv(IgA), whence C(IgA) € C(IgA;), and therefore
indeed C|[E(A) <C|E(Ay).

For Property @E’ consider any n in N, any Ay, ..., A, in Ryg and any f1, ..., fu
in L(E xR) such that 0 € C|E({0, f1,...,fn}). Then 0 € C({0,Ig f1,...,Igfn}), and
therefore 0 € C({0,Ig A fi,...,IgAnfu}), whence indeed 0 € C|E({0, fi,..., f»}). O
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Remark that there are no constraints on the conditioning event E in Proposi-
tion: if C is coherent, then C|E is coherent for every conditioning event
E in Pyx(X). This means that, using choice functions, we can condition on
every event, even if this event has probability zero for some of the linear pre-
visions in the set of linear previsions corresponding to the lower prevision P~
associated with the choice function C through Equation (2.25)y73.

For rejection sets, the definition of conditioning on an event E in Py (X)
is very similar. Since R(A) =ANC(A) forall A in Q(L(E xR)), we find that

R|IE(A)=A~CJE(A)=A~{feA:IgfeCIzA)} = {feA:IgfeR(IzA)}

for all A in Q(L(E xR)). Therefore, by Proposition[150]-, if R is a coherent
rejection function on £(X'xR) and E a conditioning event in Pg(X), then
R |E is a coherent rejection function on L(E xR).

Definition 45 (Conditional choice relation). Given any choice relation < on
L(XxR) and any conditioning event E in Py (X), we define the choice rela-
tion < |E conditional on E as

AI<|EAy < TgA| < TgAy, forall Ay and Ay in Q(L(E xR)).

Definition [43] is conceptually a reformulation of Definition A4prg: they are
essentially identical, as the following proposition shows.

Proposition 151. Consider any coherent choice function C on L(X xR),
any coherent choice relation < on L(X xR) and any conditioning event E
in Py(X). Then ac|E = <c|p and C4 |E = C4 . As a consequence, <|E is
coherent.

Proof. For the first statement, consider any Aj and A, in Q(L(E xR )), and infer from
Definition [43] and Equation that A| <¢c |E Ay < TgA| <¢ [gA; < C(IgA U
IgAy) clpAyNIgA | =1g (A2 NAy). By Deﬁnition% this is equivalent to C|E(A; U
Az) €Az N Ay, and using Equation (2.19)gq therefore indeed also Ay <¢ g As.

For the second statement, consider any A in Q(L(E xR)), and infer that indeed
CaJE(A) = {f A TgfeCa(lpA)} = {f €A {Ipf} A 1A} = {f €A: {f} A)EA) =
Cale (A), where the first equality is due to Definition the second and the fourth
equalities are by Definition g, and the third equality is due to Definition[43]

For the consequence, by Proposition |37 we know that the coherence of < implies
the coherence of C«, and by Proposition, we have that Cq |E is a coherent choice
function on L(E xR ), and therefore <_ |E is a coherent choice relation. We have just
shown that Cq |E' = C g, 50 <c, | = <JE, whence < |E is indeed a coherent choice
relation. O

Conditioning preserves the ordering between choice functions.
Proposition 152. Consider coherent choice functions C1 and C on L(X xR)
and a conditioning event E in Py (X). If C) € C, then Cy |E € G, |E.
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Proof. Consider any A in Q(L(E xR)) and any f in C;|E(A). We will show that
then f € Cy |[E(A). Since f € C;|E(A), by Definition[44bqg we infer that Iz f € C> (IgA),
and therefore also Ig f € C1(IgA), because C; & Cp. By Definition we see that
then indeed f € Cy |[E(A). O

As a consequence, Propositions [I51] and [152]together imply that < |E € <, |E
for all coherent choice relations <; and < on L(E xR for which <; £ <, and
every conditioning event E in Pg(X).

6.2.1 Relation with desirability

Is Definition f4png—or the equivalent version Definition #5}—a suitable def-
inition of conditioning? One of the useful properties our definition has, is
that it preserves coherence, as shown in Proposition [[50kgg. But does it also
generalise the definition in Section [6. Ipgg of conditional sets of desirable gam-
bles, or in other words, do Definitions @4pgg and [43] reduce to the definition
of conditioning sets of desirable gambles in Section [6.Ipgg when only con-
sidering binary choice? Of course, to investigate this, we must keep in mind
the connection between choice models and desirability, explained in detail in
Section 2.8

For our two conditioning rules—the one for desirability and the one for
choice models—to be a match, there are definitively two conditions to be met:
(1) the conditioning rule for choice functions should revert to the known condi-
tioning rule for the corresponding sets of desirable gambles, and (ii) in the
special case of purely binary choice, the conditioning for choice functions
should coincide with the conditioning rule for desirability. We proceed to
show that both these requirements are satisfied. Mathematically, (i) means that
D¢ |E = D¢ for every coherent choice function C on £(X'xR) and condi-
tioning event E in Py (X)), and (ii) means that Cp |E = Cp | for every coherent
set of desirable gambles D ¢ £(X xR ) and conditioning event E in Py (X).

Proposition 153. Consider any coherent choice function C on L(X xR), any
coherent set of desirable gambles D € L(X xR ) and any conditioning event E
in Pg(X). Then Dc |E = D¢ and Cp |E = Cp .

Proof. For the first statement, derive the following equalities, from the definition of
conditional sets of desirable gambles and Proposition 53Ty

De|E={feL(ExR):IgfeDc}={fecL(ExR):0¢C({0,Igf})}.
But by Definition 0¢C({0,Igf}) < 0¢ C|E({0,f}), and therefore indeed

DclE={feL(ExR):0¢C|E({0,f})} = Dc|. using Proposition [53q for the last
equality.
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For the second statement, consider any A in Q(L(E xR)), then

CDJE(A) = {fEA :HEfGCD(HEA)} = {fEA : (VgEHEA)gf]IEfﬁéD}
={feA:(VgeA)pg-Ipf¢D}
={feA:(VgeA)g-f¢D|E}=Cpp(A),

where the first equality follows from Definition f4fpg, the second and the fifth equali-
ties are due to Proposition [543}, and the fourth equality follows from the definition of
conditional sets of desirable gambles. O

As a consequence, by Propositions and , also D4 |E =D |E
and <4 |E = < | for every coherent choice relation < on L£(X' xR), and
<c|E = <¢)g for every coherent choice function C on L(X' xR). Likewise,
consequently also Cp |E = Cp |£ and ap |[E =<p | for every coherent set of de-
sirable gambles D € L(X'xR ), and < |E = < | for every coherent preference
relation < on L(X'xR).

The interplay between choice models and desirability leads to a similar
result as in Corollary 5%z

Corollary 154. Consider any coherent set of desirable gambles D ¢ L(XxR),
any coherent choice function C on L(X xR) and any conditioning event E in
Pg(X). Then D|E = D¢, g and C|E 2 Cp, |-

Proof. For the first statement, use Proposition with C = Cp, and Corollary %

For the second statement, use Proposition with D := Dc to find that Cp_ | =
Cp. JE, and infer that, using Corollary 59 and Proposition therefore indeed

We can obtain similar properties by substituting < for D and <« for C.
These statements are summarised in the commuting diagram of Figure[6.2]
where we use the maps

D.:C-D:C D¢,
Co:ﬁ—)é:D HCD,

and « |E, to denote conditioning a set of desirable gambles D or a choice func-
tion C.

6.3 INFIMA OF CHOICE MODELS

Let us now investigate how conditioning fits into the framework of different
classes of choice functions, such as M-admissible and E-admissible choice
functions. If we have a collection C of coherent choice functions on £(X x
R), by Proposition its infimum infC is again a coherent choice function
on L(XxR), and therefore so is infC|E, for every E in Py(X). But can
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.JE
C ClE=2Cp.je
D. D. 1 Ce
.|E |
D¢ Dc|E =Dcg

Figure 6.2: Commuting diagram for conditioning with choice models and de-
sirability: Start with a coherent choice function C. Conditioning it on E di-
rectly leads to a more informative model than going to the corresponding set
of desirable gambles, and perform the conditioning there, before going back to
the corresponding choice function.

we retrieve infC |E also by conditioning every choice function in C? By the
next proposition, it turns out that we can: we obtain a similar result as in the
discussion in Section 2.6

Proposition 155. Consider any collection C of coherent choice functions on
L(XxR), and any conditioning event E in Pg(X). Then infC|E = inf{C|E :
CeCl

Proof. Consider any A in Q(L(E xR)) and any f in A. By Definition d4ppg, we see
that f € infC|E(A) < Igf einfC(IgA) = Ucec C(IEA), or, equivalently, Ig f € C(IgA)
for some C in C. By Definition fi4fqg, we also have the following equivalences

(3CeC)gfeC(lgA) < (ICeC)feC|E(A)
< fe|JCJE(A) = (inf{C]E:CeC})(A),
CeC
so feinfC|E(A) < f € (inf{C]E : C € C})(A), and therefore indeed infC|E =
inf{C|E:CeC). O

Therefore, in particular, for the collection Cp = {Cp : D € D} of coherent
choice functions based on a collection D € D of coherent sets of desirable
(vector-valued) gambles, we have infCp |E = inf{Cp |E : D € D} for every E in
Pg(X). But due to Proposition[153f, infCp |E is now easy to find: it is equal
to inf{Cp | : D € D}, so it suffices to condition every set of desirable gambles
inD.

Let us take this one step further, and investigate an example of conditioning
choice functions based on {D), : p € M}, where M is an arbitrary subset of
Y, where X is now assumed to be finite. Remember from Section @] that
we call such choice functions inf{Cp, : p € M} E-admissible with respect to
M, and that we denote them by CE  or equivalently, by C,EC when we use,
instead of M, the corresponding set /C of linear previsions on X, introduced in

Section 2.8
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Example 23. Consider a set M of mass functions on X and a set I/ of utilities
on R—real-valued maps on R that attach a specific utility to every r in R.
With each mass function p in M and with each utility  in ¢, we let correspond
an expectation operator—or linear prevision—E,, , on L(X'xR):

E,u (f)= Z Z p(x)u(r)f(x,r) forall fin L(XxR).

xeXreR

We collect these expectation operators in the set K= {E, ,: p e M,ueld}, and
we can associate with K an E-admissible choice function (see Section 2.10y),
in the usual way:

C}%(A)::EL’JCCEE}(A>:EL’JC{feA :(VgeA)(E(g) <E(f)and f£g)} (6.4)

forall A in Q(L(XxR)).

Consider any event B in Pgx(X) and let us find the conditioned E-
admissible choice function Cy. |B. Consider any option set A in Q(L(BxR))
and any f in A. Infer using Definition f4prg that

[eCRIB(A) < Ipf eCk(1pA) = | Clyy (13A),
EeKC

and, using Equation (6.4)), also that

feCi|B(A) = (3EeK)(VgeA)(E(Igg) <E(Ipf) and f £ g).

We distinguish between two possibilities: (i) E(Igxx ) >0 for all E in /C, or (ii)

E(Igxr ) =0 for some E in K. If (i) (VE € K)E(Igx ) > 0 then, since Bayes’s

Rule tells us tha' E (h]|B) = E%BHBQ) for every gamble h# on Bx R and any E

in IC,

feCr|B(A) = (3E€K)(VgeA)(E(g|B) <E(f]B) and f £ g).

This means that we obtain the same result as if we were to condition every
element of K directly by Bayes’s Rule. To simplify the notation, we introduce
K |B as a short-hand notation for {E(«|B): E € K}. Then

feC|B(A) < (3E€K|B)(VgeA)(E(g) <E(f) and f £g) < feCi 5(A),

3For the expectation operator Ep .y that corresponds to the mass function p and the util-

ity u, we let its conditional variant E, ,(+|B) be the one that corresponds to the conditional

mass function p(e|B) and the utility u. By Bayes’s Rule—the conditioning rule for precise
p(x)

>yeaP ()

Since ¥ yep p(v) = Ep u(Ipxw ) therefore Ep , (f]B) = m Yre Xrer P()u(r)f(x,r) =

Epu(l .
5 Zrex Lper P()u(r)(Ipf) (x,r) = Ep_[“(ll(si;)) forevery fin L(BxR).

probabilities—this conditional mass function p(«|B) is given by for every x in B.

Ep, u(HBXR
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S0 C%JB:CEJB if E(Igx ) >0 for all E in K.

If (i) (3E € K)E(Igxr) = 0 then, for this E, by linearity we find
E(HBh) = E(ZXGB YreR h(x7r)H{x}xR) = YxeBLreR h(xvr)E(H{x}x'R) =0 for
every gamble /1 on B, since 0 = minl,,z < E(H{x}x'R) <E(Igxr) =0 for
every x in B, and therefore

feCE|B(A) < (VgeA)f ¢ g femaxA < feCy(A).

Therefore C,EC |B =Cy is the vacuous choice function on £(B xR ). Translating
this back to sets of linear previsions, since we have seen in Example [TTkg that
Cyc C]%B, with Pp = {Ep’u :p eXp,ucld} the set of all expectation operators
corresponding with U/, and therefore C,ECJB c CE]%B, this means that even con-
sidering the set of all linear previsions on B is not uninformative enough to
describe K |B. But Pg is the unique least informative set of linear previsions,
so the best we can do, is let K |B correspond with Pg.

In conclusion, we retrieve natural extension [8l|18,/82] as a conditioning
rule:

K| {E(+|B):EcK} ifE(Igxr)>0forall Ein K,
Pp otherwise,

and we find that CE |B = C,F%JB if E(Ipxr ) >0 forall E in K, and CE |B=C, ©

c}gJB =G, if E(Ipxr ) =0 for some E in KC. If K = {E} with E(Ip.z) >0,
then we recover Bayes’s Rule as a special case of our conditioning rule for

choice functions. 0

6.4 THE COIN EXAMPLE REVISITED

We revisit the “coin example” (Example [I0ks) to show that allowing for non-
archimedeanity is important in a conditioning context. As in Example [10k3,
we will work with real-valued gambles £(X), which can be identified with
vector-valued gambles £(X'x R ) with [R|=1.

Let us consider again the situation of Example [I(g5 where we have a coin
with two identical sides of unknown type: either both sides are heads (H), or
both sides are tails (T). In order to be able to obtain non-trivial conditional
uncertainty models, we need to extend the binary possibility space {H, T} to
some ternary set, at least. We therefore consider the possibility that the coin
lands on its side, indicated by S, yielding the possibility space X' = {H,T,S}.
We consider two events to condition on: {H, T}, and {H,S}.

As we explained in some detail in Example [I0ks, desirability is not very
well suited for modelling this situation. Instead, we will use the more powerful
choice function languages.

As a first attempt, we consider E-admissible choice functions, based on the
set K := {Ey,Er} consisting of the two degenerate linear previsions Ey(f) =
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S(H) and E7(f) = f(T) for every gamble f on X, expressing certainty about
H and T, respectively. Letting C} := Cy. we find that for all A in Q(£(X)):

0€Ri(A) = 0eR L\ (A) R, (A)
= AnLy#@or ((3f1,f2€A)0< fi(H) and 0< fo(T)).

Conditioning an E-admissible choice function on an event E for which P(Ig) >
0 for all Pin K, corresponds by Example 23p17 to conditioning the set of lin-
ear previsions it is derived from. To find C 1JE , with E one of our two envi-
sioned events {H, T} and {H, S}, all we have to do is find K |E. For K |{H, T},
both Ey({H,T}) = Iy 1y (H) =1>0and Er({H,T}) = 1 > 0 are positive, and
therefore IC|{H, T} = {P(+|{H,T}): P K}. But Eg(f|{H,T}) = f(H) and
Er(f|{H,T}) = f(T) for all gambles f on {H, T}, so we find that

0eR [{H,T}HA) = AnLyg#@or ((3fi.f2€A)0< fi(H) and 0< f>(T))

for all A in Q(L({H,T})), corresponding to the E-admissible model for the
original coin example (Example [I0ks). On the other hand, for K |{H,S}, re-
mark that E1({H,S}) = Iy 5 (T) = 0. But then, by Example 23z, C1 [{H, S}
is the vacuous choice function on £({H,S}). So E-admissible choice func-
tions seem too restrictive to model this situation: conditioning on {H,S} re-
sults in a vacuous model, even though the conditioning event does not contra-
dict the assumptions of the example. The following table summarises what C;
conditioned on {H, T} and {H,S} expresses:

KH,T} {H,S}

C; certainty about Hor T  vacuous

E-admissible choice functions—based on linear previsions—therefore
seem to be not ideally suited for this example, but we now show that M-
admissible choice functions—based on maximal sets of desirable gambles—
behave more appropriately. The coherent sets of desirable gambles LU {f €
L(X): f(H) >0} and Lsgu{f € L(X) : f(T) >0} correspond to Ey and
ET respectively—and therefore express certainty about H or about T—in the
sense that they are the least-committal sets of desirable gambles that in-
duce Ey and Er, respectivelyE] But to get to an M-admissible choice func-
tion, we need to consider two coherent maximal sets of desirable gambles
Du2Loou{fel(X):f(H)>0}and Dy 2 Lsgu{f e L(X): f(T) >0}, ex-
pressing maximal beliefs that induce the linear previsions Ey and Et respec-

“In Section@ﬂ we explain in some detail the connection between desirability and probabil-
ity.

216



6.4 THE COIN EXAMPLE REVISITED

tively. In this example, we consider for instance

Du=Logu{feL(X): f(H)>0or f(H)=0< f(T)}, (6.5)
Dr=Logu{fe L(X): f(T)>00r f(T)=0< f(H)}. (6.6)

Actually, Dy and Dy are lexicographic sets of desirable gambles. Dy cor-
responds to the lexicographic probability system (py,pr,p) of the two de-
generate probability mass functions py = Iy and pr = I¢1) and the arbitrary
probability mass function p for which p(S) > 0—for instance p = ps := I¢sy s
a good choice for p—, and Dr to (pr, pu, p).

Lemma 156. The sets of desirable gambles Dy and Dt as defined in Equa-
tions (6.5) and (6.6) are coherent and maximal.

Proof. By Proposition [1033g, it suffices to show that ker Eg nker Er nker P = {0},
where P is the linear prevision associated with p: P(f) = p(H)f(H) + p(T)f(T) +
p(S)f(S) for every gamble f. Since ker Ey =kerlyyy = {f € £: f(H) =0} and, simi-
larly kerEp = {f € L: f(T) =0}, we have already that kerEy nkerEp = {f e L: f(H) =
f(T) =0}. Note that therefore ker Ey nker Ey nker P # {0} if and only if there is some
gamble f such that f(H) = f(T) =0+ f(S) in ker P, which contradicts that p(S) > 0.
Therefore indeed ker Ey nker ET nker P= {0}. O

The M-admissible choice function C, that models this situation is then
given by C; :=inf{Cp,,Cp,_}. To find C; |E, with E one of our two envisioned
events {H, T} and {H,S}, thanks to Propositions and [1553, all we
have to do is find Dy |E and Dt |E. So let us calculate Dy |E and Dt |E for
the first envisioned conditioning event E = {H, T}. By definition, Dy |{H,T} =
{feL({H,T}) : Ly f € Dyu}. Remark that [y 1y f evaluated in S is 0, so
Ligry.f €Du < (f € Lsgor f(H)>0or f(H)=0< f(T)). If f(H) =0< f(T)
then f € L0, and therefore Dy |{H, T} = Lsou {f € L({H,T}): f(H) >0}, so
conditioning Dy on {H,T} leads to a maximal set of desirable gambles that
expresses only commitment towards H: any gamble that has a positive value
in H is considered desirable. Similarly, D |{H, T} = Lsou {f € L({H,T}):
f(T) > 0}. But on the binary possibility space {H, T} the only coherent sets
of desirable gambles that induce the degenerate linear previsions Ey and Et
respectively, are Lsou{f e L: f(H) >0} and Lsou{f e L: f(T) >0}, so
G |{H,T} = C; |{H, T}, and behaves therefore also as expected under condi-
tioning on {H, T}.

To condition C; on the other envisioned conditioning event {H, S }—recall
from the discussion above that conditioning C; on {H, S} leads to the vacuous
choice function C; [{H,S}, which may be considered too uninformative—it
suffices again to find Dy |{H,S} and Dt |{H,S}. By definition, Dy |{H,S} =
{feL({H,S}) : Iyysyf € Dy}. The gamble [i,s)f evaluated in T is O,
so Iipsyf € Dy < (f e Lsgor f(H) >0o0r f(H) =0 < f(T)). Therefore
Du|{H,S} = L.ou{feL({H,S}): f(H) >0} is very similar to Dy |{H, T}: it
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is again a maximal set of desirable gambles that expresses only commitment
towards H. For Dr, by definition Dy [{H,S} = {f € L({H,S}) : I;y 5}/ € Dr}.
Note that [y gy f evaluated in T is 0, and therefore Iy gy f € Dr = (fe
Lo or f(H) >0). Then Dt |{H,S} = Dy|{H,S} again we obtain a maximal
set of desirable gambles that expresses only commitment towards H. This is as
expected because we know the lexicographic probability system (pr, py,p)
it corresponds to: if the first layer—corresponding to pr—has probability
zero, the next thing to do is consider the second layer—corresponding to py.
So C;]{H,S} is the infimum of two equal choice functions Cp, () and

Cpy|gu,sy- Itis given by

G |{H,S}(A) =argmax{f(H): feA}nCy(A) forall A in Q(L({H,S})),

so it is a maximal choice function. Compare this with the, in our view unnec-
essarily, vacuous C; [{H,S}.

The following table summarises the behaviour C, conditioned on {H, T}
and {H, S}, and compares it with that of C;.

{H,T} I{H,8}
C1 certainty about Hor T vacuous
C, certainty about Hor T certainty about H

In analogy with the comparable situation for desirability, the non-Archimedean
nature of the maximal choice functions here allows us to preserve non-trivial
conditional preferences, and therefore represents non-vacuous conditional in-
formation. This is not the case for the Archimedean E-admissible choice func-
tion Cj.

6.5 CONCLUSION

We have defined how to condition choice models on an event. This is done
using the same simple underlying ideas as conditioning sets of desirable gam-
bles. We have established the useful result that the infimum of a collection
C of coherent choice functions can be conditioned using the coherent choice
functions in C directly. This implies that the infimum of a collection Cp of
coherent purely binary choice functions can be conditioned using the coherent
sets of desirable vector-valued gambles in D directly. As we have shown in
Example 23, this also shows that when using conditioning for choice mod-
els we retrieve the natural extension as a conditioning rule for sets of linear
previsions.

The connection between conditioning for choice models and for desirabil-
ity models is established in Proposition [I53pq: it guarantees that a purely
binary choice function can be conditioned using its defining set of desirable
vector-valued gambles. Coherent sets of desirable gambles—or coherent pref-
erence relations for that matter—on £(X x R ) have the property that, for any
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partition 7 of X, if f € D |E for every E in T, then also f € D unconditionally—
this is a direct consequence of the fact that f = Y. g7 Ig f and Axiom D47 In
other words, if f is preferred to O conditionally on every E in T, then f is pre-
ferred to 0 unconditionally. For choice models, however, one straight-forward
generalisation of this—((VE € T){0} <|EA) = {0} < A—does not generally
hold.

To see why, let X:= {H,T} and 7 = {{H},{T}} a partition of X, and
consider the following figure.

Collect the gambles f and g in A. Note that Irry f >0, so {0} <|{T} A, and
similarly, Iy >0, so {0} <|{H}A for any coherent choice relation, while not
necessarily {0} < A: consider for instance the E-admissible choice function
CI{EE} with uniform prevision E(h) := %(h(H) +h(T)). Imposing the additional
axioms considered in Reference [[67]] does not help: indeed, CI{EE} =Cp, and
Dg is a lexicographic set of desirable gambles, so by Proposition , CI{EE}
satisfies Property [@5], and, moreover, it is an E-admissible choice function,
so it is Archimedean as well (see Reference [45, Lemma 6]).
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MULTIVARIATE CHOICE FUNCTIONS

In this chapter, we will generalise the concepts of marginalisation, weak (cylin-
drical) extension and irrelevant natural extension introduced by De Cooman
and Miranda from sets of desirable gambles [29] to choice models. To avoid
notational difficulties and to streamline the argument, we will work with
vector-valued gambles. We will build on the previous chapters, where we have
shown how to work with choice models on arbitrary vector spaces, and demon-
strated how choice models on vector-valued gambles are a particular case of
them.

We will provide the linear space of vector-valued gambles, on which we
define our choice models, with a more complex structure: we will consider the
vector space of all gambles whose state par{’|of its domain is a Cartesian prod-
uct of a finite number of finite possibility spaces. More specifically, consider
n in N variables X, ..., X, that assume values in the finite possibility spaces
X1, ..., &, respectively. Belief models about these variables X, ..., X;,—be
they choice models or desirability models—will work with the vector-valued
gambles on X, ..., X,: with elements of L(X]; xR), ..., L(X,xR). The
vector spaces L(X) xR), ..., L{X, xR) are ordered by the standard point-
wise vector ordering <: for any kin {1,...,n}, and any f and g in L(X; xR),
we have that

f<ge (VxeX,reR)f(x,r) <glu,r) < (Var € ) f(xn, ) < g, *).

We can define gambles also on the Cartesian product (X}_; Xx) xR, giving rise

'In the definition of vector-valued gambles, Definition @3}, we have defined the state part of
the domain as X, and the reward part as R. In this chapter, we assume that the reward pard R is
fixed throughout.
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to the particular ([T}, |X)|)|R|-dimensional linear space L£((X}_, X;)xR) of
gambles on (X}_; X;) x R—or vector-valued gambles on Xj_; Xj.

As this chapter builds heavily on results of De Cooman and Miranda [29]]
for sets of desirable gambles, we follow the notation established there. Further-
more, the flow of the arguments presented here for choice models is roughly
the same as that for desirability in their paper.

7.1 BASIC NOTATION AND CYLINDRICAL EXTENSION

For every non-empty subset I ¢ {1,...,n} of indices, we let X; be the tuple of
variables that takes values in A7 := X,¢; X;. This Cartesian product is the set of
all maps x; from I to U;¢; X; such that x; :=x; (i) € A for all i in I. We will denote
generic elements of X} as x; or z;, with corresponding components x; := x; (i)
or z; :=z;(i), for all i in 1. The set L( X} x R) of all vector-valued gambles on
Xj is a linear space. When I ={1,...,n}, we will use as a shorthand notation
Xi:n = X{1,...n), taking values in Xy, = Xy __,) and whose generic elements
are denoted by x1:, = x¢1 = (X1, .+, Xn).-

We assume that the variables X1, ..., X, are logically independent, meaning
that for each non-empty subset 7 or {1,...,n}, x; may assume every value in X}.

It will be useful for any vector-valued gamble f on X}.,, any non-empt
proper subset I of {1,...,n} and any x; in A}, to interpret the partial ma
f(x1,+,9) as a vector-valued gamble on Xjc, whose value in every xjc of Xje
is given by f(x7,xjc,+), where I° = {1,...,n} \I. Likewise, for any set A of
gambles on X.,, we let A(x7,«) = {f(x;,*): f € A} be a corresponding set of
vector-valued gambles on Xje.

For every non-empty subset / of {1,...,n}, the linear space L(X; xR) is
also ordered by a vector ordering <. Given any two gambles f and g on A},
we let f<g< (Vxye X, re R)f(xs,r) < g(xs,r). As a particular case, if
I={1,...,i} for some i < n, since X; = X;¢; X;, we denote this equivalently also
as (Vx; e X1,...,xi e X, r e R) f(x1,...,x;,r) < g(x1,...,x;,r). Similarly, we
have that f < g < ((Vx; € Xj,re R) f(x7,r) <g(xs,r) and f #g). Forany O c1,
this is equivalent to ((Vxp € Xp) f(x0,*) <g(x0,*) and (3zp € Xp) f(z0,*) <
8(z0,+))-

We will need a way to relate gambles on different domains:

Definition 46 (Cylindrical extension). Given two disjoint and non-empty sub-
sets I and I' of {1,...,n} and any vector-valued gamble f on Xj, we let its
cylindrical extension f* to Xj_y be defined by

I (xp,xp,r) = f(xg,7) for all xp in Xy, xpr in Xy, and r in R.

2The rightmost placeholder refers to the reward part. When no confusion can arise, we will
treat the reward part in the same way as the state part, and write f(x7, «) to mean a vector-valued
gamble on Xje, or, in other words, a gamble on Xjc x R.
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Similarly, given any set of gambles A ¢ L(X; xR, we let its cylindrical exten-
sion A* € L( Xy xR) be defined as A" ={f*: feA}.

Formally, f* belongs to £(X;,p xR ) while f belongs to L( X} xR ). However,
f* is completely determined by f and vice versa: they clearly only depend
on the value of X; xR, and as such, they contain the same information and
correspond to the same transaction. They are therefore indistinguishable from
a behavioural point of view.

Remark 7.1. As is done in References [2029]], we will frequently use the sim-
plifying device of identifying a vector-valued gamble f on X; with its cylin-
drical extension f* on Xy, for any disjoint and non-empty subsets I and I’
of the index set {1,...,n}. This convention allows us for instance to identify
L(X; xR) with a subset of L(X);, xR), and, as another example, for any
set A € L(X1:px R), to regard A n L(X; x R) as those vector-valued gambles
in A that depend on the value of X; only. Therefore, for any event E C A
we can identify the gamble Ir with Iy X and hence also the event E
with E x X¢y  y<7- This device for instance also allows us to write, for any
fon Xy xR and f on Xy x R with I and I’ disjoint and non-empty subsets
of the index set {1,...,n}, that f < f/ < (Vx; € Xj,xpr € Xp,r € R) f(x1,7) <
S (xy,xp,r), and more generally, forany A € L(X;xR) and A’ € L(X;yp xR ),
that

A<A = (VfeA)3f e A (Vx e Xpxp € Xpor e R) f(xy, 1) < f (xpyx, 7).

7.2 MARGINALISATION AND WEAK EXTENSION

Suppose we have a choice function C on £( X}, x R) modelling a subject’s
beliefs about the variable X;.,. What is the information that C contains about
Xo, where O is some non-empty subset of the index set {1,...,n}? Finding
this information can be done through marginalisation.

Definition 47 (Marginalisation). Given any non-empty subset O of {1,...,n}
and any choice function C on L(X}.;, x R), its marginal choice function
marg,C is determined by

marg,C(A) =C(A) forall A in Q(L(Xo xR)).

Without using our simplifying device (see Remark[7.1) of identifying gambles
with their cylindrical extension, and instead explicitly denoting the cylindrical
extension by an asterisk as in Definition[46] marginalisation looks as follows

marg,C(A)={feA:f" eC(A")} forall A in Q(L(XpxR)).

As it will be always clear on which vector-valued gambles the joint choice
function C is defined, the use of our simplifying devices cannot lead to con-
fusion, and hence, in the remainder of this chapter, we will work with the
notation used in Definition {7
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It follows at once from the definition that marginalisation preserves the ‘at
most as informative as’ relation:

C) € G, = marg,C| € marg,

for all choice functions C; and C; on L( X1, xR).

Marginalisation can be defined for rejection functions and choice rela-
tions as well. We let the marginal rejection function marg,R of some rejec-
tion function R on £(X}., x R) be given by marg,R(A) =R(A) for all A in
Q(L(Xo xR)). Similarly, we let the marginal choice relation <" = marg, < of
some choice relation < on L( X}, xR ) be given by A1 <’ Ay < Aj < A, for all
A and Ay in Q(L(Xp xR)). These definitions are essentially equivalent:

Proposition 157. Consider any non-empty subset O of {1,...,n}, any cor-
responding choice function C, rejection function R and choice relation < on
L(X1.,xR), and any corresponding choice function C', rejection function R’
and choice relation <" on L(Xp xR). Then the following three statements are
equivalent:
(i) C'=marg,C;

(i) R =marg,R;

(ili) <’ =marg,<.
As a consequence, marg,C = CmargOR = Cmargoq, marg,R = RmaIgOC = Rmarg0<1
and marg,< = Imarg,,C = marg,R-

Proof. For the first part—that and are equivalent—we will show
that [(Dk=1(i1)| and [(iDk={(ii)} To show |(D)k={(i1)} note that R(A) = AN C(A) and
R'(A)=A~C'(A) forall A in Q(L(Xp xR)), and recall the following equivalences:

C' =marg,C < (YA € Q(L(Xp xR)))C'(A) =C(A)
= (VAe Q(L(XpxR))R' (A)=A~C'(A)=A~C(A)=R(A)
@R'zmargoR.
To show |(ii)}={(iii)| note that A} <« Ay <> A; SR(A;UAy) andA; <" Ay < Ay SR (AU
Ay) forall A| and A in Q(L(Xp xR)). Recall the following equivalences:
R =marg R < (VA € Q(L(Xp xR)))R'(A) =R(A)
< (VA1L,A2€ Q(L(Xp xR))) (A1 SR (AjUA) < A SR(A| UAD))
= (YAL,A2 € Q(L(Xo xR)))(A] <" Ay <= Aj 9Ay) < <’ =marg, <.

For the second part, because C, R and < are compatible, it suffices to prove only
one of the three double identities. We will show the first one, that marg,C = Cmarg, R =

Crmarg, <. To this end, let the choice function C' :=marg,C on L(Xp xR), and there-
fore, using that R’ = R = Rmarg,,c and 4 =< = <marg,,C> and since we just have

shown that in particular and this implies that Riarg, ¢ = marg,R and
cause

<Imarg,¢ = Margp<. Be , R and < are compatible therefore indeed marg,C =
Crmarg,r and marg,C = Cmarg,, <. O
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Now that marginalisation has been defined for all types of choice models,
and their connection is clear, we can focus on any one of them. In what follows,
we will work with choice or rejection functions, and use them interchangeably.
Observe that repeated marginalisation, with non-empty subsets O; and O, of
{1,...,n} such that O; N O, # @ is the same as marginalisation with O N O;:

marg, omarg, =marg, omarg, =marg o,
Coherence is preserved under marginalisation:

Proposition 158. Consider any choice function C on L(X., x R), and con-
sider any non-empty subset O of {1,...,n}. Then, for any property Cx in

{ICliwy 23 [C by [C3 by [CA by [CA0b [C 33 Cs)}, if € satisfies Co, then

marg,C satisfies C*. As a consequence, if C is coherent, then so is marg,C.
2o q £o

Proof. This proposition follows immediately, once we realise that A| = @ < A} = @,
f<ge [f<g' A|cAy = AT CAS, feA = Af" € AA], feconv(A]) < " ¢
conv(A7), and f+geA; < f*+g" €A] forall fand gin L(Xp x R) whose cylin-
drical extensions are f* and g*, any A; and A, in Q(L(Xp xR )) whose cylindrical
extensions are AT = {h* :heA;} and A5 ={h* :he Ay}, and any A in Ry. O

Let us compare with desirability. We trivially generalise Reference [29]
in defining, for any non-empty subset O of {1,...,n} and any set of desirable
(vector-valued) gambles D ¢ L(Xp xR ), its marginal set of desirable (vector-
valued) gambles marg,D as

femarg,D < feD,forall fin L(XpxR).
Therefore, we can find marg, D explicitly as
marg,D ={feL(XoxR): feD}=DnL(XoxR). (7.1)

Let us ascertain that the definition of marginalisation for choice models
reduces, in the case of pairwise choice, to the one for desirability:

Proposition 159. Consider any non-empty subset O of {1,...,n}, any choice
Sunction C on L( X}, xR), and any set of desirable gambles D € L(X}.;, xR).
Then marg,Cp = Ciarg oD and Dmarg oC =marg,Dc.

Proof. For the first statement, consider any A in Q(L(Xp xR)), and observe that

marg,Cp(A) =Cp(A) ={fecA:(VgeA)g-f¢D}
={feA:(VgeA)g-f¢DnL(XgpxR)}
= {fEA : (VgEA)g7f¢marg0D} :CmargoD(A)

where the first equality follows from Definition[#773, the second and the last one from
Proposition 547, the third one from the fact that every gamble in A is an element
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of L(Xp xR), and finally, the fourth one from Equation (7.I).~. Therefore indeed
marg,Cp = CmaIgOD.
For the second statement, observe that indeed

DmargOC ={feL(XpxR):0¢marg,C({0,f})}
={feL(XpxR):0¢C({0,f})} ={feL(XpxR):feDc}=marg,Dc,

where the first and third equalities follow from Proposition [53p, the second one
from Definition #7p7g, and the fourth one from Equation (7.T)~.
O

Corollary 160. Consider any non-empty subset O of {1,...,n}, any coherent
choice function C on L( Xy, x R), and any coherent set of desirable gambles
D € L(Xy;; xR). Then marg,D = Diyarg,c;, and marg,C 2 Crnarg,, -

Proof. For the first statement, use Proposition[159. with C := Cp, and Corollary 5%

For the second statement, use Proposition @](\ with D = D¢ to find that
marg,Cp,. = Cmargo Dc» and infer that, using that marginalisation preserves the ‘at
most as informative as’ relation and Corollary @], therefore indeed marg,C 2
CmargoDc- O

Now that marginalisation is in place, and that we know that it coincides
with the eponymous concept for desirability in the case of pairwise choice, we
are ready to look for some kind of inverse operation to it. To fix the discussion,
we will work with rejection functions, but the same ideas apply to the other
types of choice models. Suppose we have a coherent rejection function Rp on
L(Xp x R) modelling a subject’s beliefs about Xy, where O is a non-empty
subset of {1,...,n}. We want to extend this to a coherent rejection function
on LX), x R) that represents the same beliefs. So we are looking for a co-
herent rejection function R on £(X)., x R) such that marg,R = Rp and that
is as uninformative as possible. If it exists, then we call this least informative
extension R the weak extension of Rp EI

We now study this notion of weak extension in detail. Given a non-empty
subset O of {1,...,n} and a rejection function Rp on L(Xp xR ), an assess-
ment based on it that is important for the weak extension, is

Byt ={A*:A e Q(L(XoxR)) and 0€Ro(A)} € Qo(L (X1 xR)). (72)

To make clear that B}gg is a collection of sets of gambles on Xj.,, we have
made the ‘range of the’ cylindrical extension explicit in its expression. Using

3De Cooman and Miranda [29]] have called its counterpart for desirability cylindrical exten-
sion, thereby overloading the meaning of this term. Moral [55] calls the analogous notion in a
very similar context—whose only difference is that O is considered desirable—weak extension. In
order to avoid confusion with the cylindrical extension for gambles, we have decided in favour of
the name ‘weak extension’ here.
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our simplifying device of identifying gambles with their cylindrical extensions,
we can equivalently write B}{g ={AeQ(L(XpxR)):0eRp(A)}—and we
will do this throughout—, which we interpret as a subset of Qy(L(X1:;, xR)),
and therefore as an assessment for choice models on L( X}, xR ).

It turns out that the weak extension always exists.

Proposition 161 (Weak extension). Consider any non-empty subset O of
{1,...,n} and any coherent rejection function Rp on L(Xo xR). Then the
least informative coherent rejection function on L( Xy, x R) that marginalises
to Ro is given by
exti(Ro) =Ry ,
Ro

and it satisfies
marg, (extl:,, (RO )) =Rp.

Proof. Use Proposition to find that Ry is the least informative rejection func-
Ro

tion that extends B}{g and satisfies Axioms .

We will first show that any coherent rejection function R’ on L£( X}, x R) that
marginalises to Ry must be at least as informative as exty.,,(Rp). To establish this,
since R’ marginalises to Ry, note that

R'(A)=Rp(A) forall A in Q(L(Xp xR)).
Since both R” and R, satisfy Axiom this is equivalent to
0ecR'(A) = 0eRp(A), forall A in Q(L(Xp xR)).
Therefore, in particular, 0 € Rg(A) = 0 € R'(A) for every A in Q(L(Xp xR)), so
by Definition @3, R’ extends B}{C’f ={A e Q(L(XpxR)):0eRp(A)}, and since

exty.; (Rp) is the least informative extension of B,]{;‘ that satisfies Axioms
therefore indeed exty.,(Rp) = ext;,,(Rp) ER’.

So we already know that any coherent rejection function that marginalises to Ry
must be at least as informative as exty.,,(Rp). It therefore suffices to prove that
exty.,(Rp) is coherent and that it marginalises to Rp. To show that exty.,(Rp) is co-

herent, it suffices to show that B}{;’ avoids complete rejection. Assume ex absurdo that

this is not the case. By Lemma there is some A’ in Q(L (X1, xR)) such that
0eA’=maxA and

(VgeA')(3B e Byl 3 e Ryo) {g} +uB <A,
or, in other words,

(VgeA ) (3B Q(L(XpxR)), 3 €Rs0) (0 Rp(B) and {g} + uB <A").

Since Ry is coherent, by Lemma@n it satisfies 0 € Rp (B) < 0 € Rp (uB) for every
Bin Q(L(Xp xR)) and u in Ry, and therefore

(VgeA")(3B e Q(L(XoxR)))(0€Rp(B) and {g} +B<A"),
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or, using Proposition 33rf(V)]
(Vg eA')(3B € Q(L(Xo xR)))(0 € Ro (B) and B <A’ {g}).

Let/:={1,...,n} \ O and fix any x; in X;—so for every g in A’, the partial map g(x;, *)
is a vector-valued gamble on X (a gamble on Xp x R), and A" (x7,+) = {h(x7,*) :he
A’} is a set of vector-valued gambles on Xp—then

(VgeA")(3B € Q(L(XoxR)))(0€Ro(B) and B<A'(xy,+) ~ {g(x1,*)})-
Use Proposition 34 to infer that then
(VgeA)0eRo(A (xr,#) ~{g(x1,+)})-
By the coherence of Ry—more specifically, by Axiom Em—we find that then

(VgeA )g(xs,+) €Ro (A (x1,+)),

or, in other words, that
A,(xh ') SRo (A’(xlv '))7

which contradicts the coherence [Axiom @m] of Rp. So B}{O" avoids complete rejec-
tion, and therefore exty.,(Rp ) is indeed coherent by Theorem .

To complete the proof, we show that ext;,,(Rp) marginalises to Rp—that
ext1.(Rp)(A) =R (A) for every A in Q(L(Xp xR)). Because both ext;.,(Rp) and
Ro are coherent rejection functions, Axiorn guarantees that it suffices to show
that

0eext),(Ro)(A) < 0eRp(A), forall A in Q(L(Xp xR)).

For sufficiency, consider any A in Q(L(Xp xR)) such that 0 € Rp(A). Then A €
BIZ', and since we already know that ext;.,(Rp) extends Bl:(';, therefore indeed O €
exty:y (RO ) (A)

For necessity, consider any A in Q(L(Xp xR )) such that 0 € exty.,(Rp)(A). If
ANL(Xp xR)s0 #+ @, then 0 € Rp(A) by the coherence of Ry [more specifically,
Axioms[R2p and [R3ahg] and the proof is done, so assume that A n L(Xp xR ) >0 = .
Taking Equation (3.I)gz and the reasoning above into account, there is now some A'2A
in Q(L(X):, xR)) such that

(Vge{0}u(A'~A))((A" = {g)) N L(X1 xR )50 # @ o
(3B Q(L(XoxR)))(0€Ro(B) and {g} +B <A")). (7.3)

Without loss of generality, let A = {0, fi,...,fm} and A’ =AU {gy,...,g,} for some m
and {in Zs, f1, ..., fm gambles on Xp xR, and g1, ..., g¢ gambles on X}., x R, where
we may assume without loss of generality that all the gambles involved differ from
each other. As before, let /:= {1,...,n} \ O, fix any x; in X7 and let Ay, := A" (x;,+) =
Au{g1(xr,),..,80(x1,+)} € Qo(L(Xp xR)). If we can prove that {0} U (Aj \A) c
Ro(A}), then Axiom will imply [with A = A[) A, A} = {0} U(A, \A) and
Ay =Al; then A; A = {0} since 0 e A and hence 0 ¢ A, and Ay N A = A, N (Ap UA) =
ApnA =A]that 0 € Rp(A), completing the proof.
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To establish this, we will show that g € Rp(Ay) for every g in {0} U (Ap \A).
Consider first g = 0. Use Equation to infer that A" N L( X1, x R)so = @ or (3B €
Q(L(XpxR)))(0eRp(B) and B <xA”). In the latter case we find that, since B < A’
implies that B < Ay, by Proposition @m, 0€Rp(Ap) and the proof is done. In the
former case, A’ N L(X]., x R)s0 # &, so h >0 for some & in A’. From A nL(Xp x
R)so = @—and hence AN L( X}, x R )0 = & because A € L( Xy x R )—we infer that
h¢A. Then he A'\ A, and we may assume without loss of generality that /1 € (maxA’) \
A: indeed, if this were not the case, then there would be some 4’ in maxA’ such that 0 <
h < ', which therefore also is no element of A (since we have assumed that A’ n L. = @
and therefore also A N L5 = @). Since & belongs to (maxA’) \ A, by Equation 73D
then necessarily 0 € Ro(B) and {h} +B < A’ for some B in Q(L(Xp xR)). Since
h >0, we have that B < {h} + B, and by Proposition therefore B < A”. This
implies that B < Ay, so by Proposition% we find again that then 0 € Rp (Ap).

Next, we will consider any g in Ay, \ A and show that g € Rp (Ap) ). Now g=g;(x/, *)
for some i in {1,...,£}. If (Ap - {g}) N L(Xp xR )s0 # @, then g € Rp(Ay) by the
coherence [more specifically, by Axioms and R3] of Rp, and the proof is
done. So assume that (Aj, — {g}) N L(Xo xR )¢ = @, and therefore, since A, — {g} €
L(Xp xR), also

(Ap —{g}) NL( X1 xR)s0 = @. (7.4)
Use Equation (73) to infer that (A" - {g;}) N L(X1, x R)s0 # @ or (3B € Q(L(Xp x
R)))(0eRp(B) and {g;} +B <A"). In the latter case, by a similar argument as before,
we find that g = g;(x7,+) € Ro(Au{g1(x1,+),...,8¢(x1,*)}) = Ro(Ap) and the proof
is done. In the former case, (A"~ {g;}) N L(X1., x R)s0 # &, so h > g; for some / in
A’. We may assume without loss of generality that i belongs to maxA’: indeed, if this
were not the case, then there would be some 4’ in maxA’ such that i < &, and hence
also g; < h’. By Equation (T4, therefore h ¢ A'O, so in particular /2 ¢ A and therefore
heA’NA. Since (Ap — {h}) N L(X1.n x R )50 = @, by Equation then necessarily
0€Rp(B) and {h} +B < A’ for some B in Q(L(Xp xR)). Since g; < h, therefore
{gi} +B < A’, so a similar argument as before shows than then indeed g = g;(x7,+) =
h(xl,-)eRO(B). O

Note that exty., preserves the ‘at most as informative as’ relation:

Proposition 162. Consider any non-empty subset O of {1,...,n}, and two
coherent rejection functions Ry and Ry on L(Xo xR). If R| € Ry, then
eth;n(Rl) C exty:y, (Rz).

Proof. We will first show that the assessment B}{z” is at least as strong as B}{]” . By
Definition @ it suffices to show that B;" € BE". Consider any B € By", then 0
Ri(B) and, since R € Ry, therefore 0 € Ry(B). Then B € BE", so BE" € B". Now, use
Corollary@ to infer that then indeed exty.,(R;) = RB}(;IH c RB']\’:z" =exty, (Ry). O

Let us compare our conclusions with the ones obtained for desirability in
the literature. De Cooman and Miranda [29, Proposition 7] show that, given
any non-empty subset O of {1,...,n} and any coherent set of desirable gam-
bles Do € L(Xp xR ), its weak extension ext®, (Do) € L( Xy x R )—the least
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informative coherent set of desirable gambles on &, x R that marginalises to
Dop—exists and is given by

ext? (Do) = posi(L(XmxR)>0UDp). (7.5)

Let us ascertain that we can retrieve the weak extension for desirability from

Proposition [T6 Ty

Proposition 163. Consider any non-empty subset O of {1,...,n}, any co-

herent choice function R on L(Xp xR), and any coherent set of desirable

gambles D € L(Xo xR). Then extin(Rp) = Royp (py. As a consequence,
Iin

extll):n(D) = Dexy,,, (Rp)- Moreover, extll):n(DR) € Dexyy. (R)-

Proof. For the first statement—that exty.,(Rp) = Rexp (p)—> We first show that
exty.,(Rp) € Rexﬂlym (D) As an intermediate result, we will first establish that the
purely binary assessment Byp () = ({0, £} : f eextD, (D)} € Qo(L( Xy xR))
is at least as strong as B,]{l’:. Definition @ says we need to show that (VB ¢
B}{;)(HB' € BexlE”(D))B, < B, so consider any B in B,le;"—then we know already by
Equation (72)pzg that 0 € B and 0 € Rp (B), whence, by Proposition @, BnD @,

s0 g € D—and therefore also g € ext? (D)—for some g in B. Hence B’ := {0,g} ¢
B (D) Since also 0 € B, therefore B’ ¢ B, whence, by Proposition B’ <B.

We conclude that B, p (D) is indeed at least as strong an assessment as B}QZ’, whence
I:n

extl

by Corollary ext;;,(Rp) = Rpin € & (Bm? (p))- Furthermore, since extll):n(D)
D
is coherent, Theorem implies that £ (Bext']{”( D)) =R E(ext® (D)) = Re’“?zn( p)- We
find that indeed exty.,(Rp) & Rexr{’, (D)
Let us establish the converse inequality—that Rexlll) (D) E Xt (Rp) = RB};n . Since
n D

they are both coherent rejection functions, it suffices by Axiom[R4bpg to show that

Oe RexlE”(D)(A) =0¢ RB}% (A),forall Ain Q(L(X; xR)).

So consider any A in Q(L(X1;5 xR)) such that 0€ Ryp (1) (A). By Propositionlﬁ@
then A nextl, (D) + @, so f € exty, (D) = posi(L(X., x R )soUD) for some f in A.
Use Lemma to infer that then f € L( X}, x R)soUD U (C(XI;,, xR)so+D). If
f € L(X1.n xR )s0, then by the coherence of RB};'* [more specifically, by Axioms
D
and, indeed 0 € R (A).If feDu (E(Xlz,, xR )s0 +D) =L(X1,xR)s0+D,
D
then /> fp for some fp in D. Since fp belongs to D, Proposition 53 guarantees that
0€Rp ({0, fp}). Furthermore, by Proposition|161p77, ext.,(Rp) = RB}em marginalises
D

to Rp, so we find that 0 € Ry ({0, fp}), and therefore, by Proposition Wm, thatO e
D
RB};; ({0, f}). Hence, by the coherence of ext;., (Rp ) [more specifically Axiom@]
we find that then indeed 0 € R g1 (A).
D
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For the second statement—that ext?, (D) = Deyi,., (rp)— infer from the first one

that Dey,, (ry) = DR . By Corollary @], the latter is equal to ext}, (D), and

D
extd (D)

therefore indeed extBn (D) = Dex,, (Rp)-

The final statement—that ext?zn (Dr) < Dexty,,(r)y—¢an be obtained by plugging
the specific set of desirable gambles Dy into the second statement: we find that then
ext? (Dg) = Dext,, (Rp, )- Now use Corollary and Proposition WL‘) to infer that
exty.,(Rp, ) E exty.,(R), whence by Proposition @;’3 Dexty,,(Rpy ) € Dexty, (r)- There-

fore indeed ext?, (Dg) € Do, (R)- O

Proposition [I63] implies that the weak extension of a purely binary rejec-
tion function Rp for some coherent set of desirable gambles D, is a rejection
function that is itself purely binary. To summarise this, consider the following
commuting diagram in Figure[/.1} where we have used the maps

ext? D(L(Xp xR)) - D(L(X1nxR)):D = ext, (D),
Re:D—->R:D = Rp,

ext: C(L(Xo xR)) = C(L( X1y xR)):C + exty, (C),
De:R(L(X1 xR)) = D(L( X1 x R)):R = D,

with ext? (D) as defined in Equation (7.5), ext;.,(C) in Proposition ,
Dr={feL(X1.;,xR):0eR({0,/})}, and, as usual, Rp given by Rp(A) =
{ueA:(VveA)v-u¢D} forall A in Q, whose domain Q we leave unspec-
ified, since Rp works either on vector-valued gambles on X, or Xp, with O
a non-empty subset of {1,...,n}. The root of the diagram is any coherent set
of desirable gambles D ¢ L(Xp x R). Taking the weak extension (for desir-
ability) of it, commutes with performing the same operation in the language of
choice models.

D
ext)
D n ext?m (D) = Dextlzn (Rp)

R. R. D.

ext.
Rp — ' ext;,,(Rp) :Rextll)m(D)

Figure 7.1: Commuting diagram for the weak extension
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7.3 CONDITIONING ON VARIABLES

In Chapter [6hg3, we have seen how we can condition choice functions on
events. Here, we take a closer look at conditioning in a multivariate context.

Suppose we have a choice function C, on L£(X],, x R), representing an
agent’s beliefs about the value of X;,,. Assume now that we obtain the in-
formation that the I-tuple of variables X;—where I is a non-empty subset of
{1,...,n}—assumes a value in a certain non-empty subset E; of X;—so E; be-
longs to P@(XI)EI There is no new information about the other variables Xje,
where I :={1,...,n} \I. How can we condition C, using this new information?

This is a particular instance of Definition A4pgg, with the following specifi-
cations:

X= Xl:n and FE =E1><X1€.

The indicator Ig of the conditioning event E = Ej x Xje satisfies

1 ifoEE]

HE(Xl:n) = HEIXXIC (Xlzn) - {0 if x; ¢ Ef

for all xy., in X}.,, and, taking Remark into account, therefore Iy =
g, xx,c =1, and E = Ep x Xpe = E;. Equation (6.1)pgg defines the multiplication
of a gamble f on Ej x Xjexg with Ig, to be a gamble Ig, f on Xy, x R, given
by

f(xliﬂ)r) ifxl:n € E[ X X]c
I a1 =1 wxe ) =
Erf (X1, 7) = L [ (X1m, 1) {0 oy ¢ Erx A
_ {f(-xlzmr) if x; e E; 7.6)

0 ifxlséE[

for all x1., in X7, and r in R, and the multiplication of Iz, with a set A of gam-
bles on Ej x Xje xR results in a set I, A = {Ig, f: f €A} of gambles on X}, xR.
Now that we have instantiated all the relevant aspects of Definition [%]

we are ready to find the conditional choice function C, |Ej, given a joint choice
function C,, on L( X1, xR):

CnJEI(A) = {f €A: ]IElf S Cn(HE[A)} for all A in Q([,(E[ X X[c X R)),
and, equivalently,

feCGE(A) < I feCy(IgA), forall A in Q(L(E;x Xje xR )) and fin A.

“4This is a more general type of information than what is usually considered in this context:
for instance, in their treatment [29], De Cooman and Miranda only condition their models on
singletons. The reasons why we need this more general approach will become clear later on.
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The conditional choice function C, |E; is defined on vector-valued gambles
on E; x Xjc. However, usually—see, for instance, References [18|29]—
conditioning on information about X; results in a model on vector-valued gam-
bles on Xj—being (identified with) a subset of E; x Xjc. We therefore consider

marg;c(C,|Er)(A) ={f €A :Ig feC,(IgA)} forall A in Q(L(Xje xR))

as the choice function that represents the conditional beliefs about Xjc, given
Xj € E;. The multiplication I, f of I, and f in this context is defined through
Equation (7.6):
f()C[C,r) if)C1 ek
L, ftor) = {o if xy ¢ )
for all x., in X, and rin R.
Note that, in the particular case of conditioning on a singleton—then, say,
E; = {x;} for some x; in X;—the choice function’|C, |x; works on gambles f
on {x;} x Xje. Such f can be uniquely identified with a gamble f(x;,+) on
Xpe, and therefore {x;} x Xjc can be identified with Xje. So the resulting choice
function C, |x; can be identified with its marginal marg (C, |x;).

Proposition 164. Consider any choice function C, on L( X}, x R), any non-
empty subset I of {1,...,n} and any Ej in Pg(X;). Then, for any property
Cx in {[Clt,[C2b0,[C3a,[CI b, [CAabn,[Ca0bn, [C3[CEba1}, if Cn satisfies C,
then marg, (Cy |Ey) satisfies Cx. As a consequence, if C, is coherent, then so
is margc (Cy, |Ey).

Proof. 1t is a direct consequence of Proposition @Zm—after the instantiation
of X = X, and E = Ej = Ej x Xje—that, if C, satisfies a certain property in

{ClbC2b0C3 b C3 b [CHabry [C4bb 531 [C ), then so does G |E), and using

Proposition@m, therefore indeed so does marg, (Cy|Er). O

As is the case for desirability (see Reference [29, Proposition 9]), the order
of marginalisation and conditioning can be reversed, under some conditions:

Proposition 165. Consider any coherent choice function C, on L( Xy xR)
and any disjoint and non-empty subsets I and O of {1,...,n}. Then

marg, (C, |Er) = marg,, ((marg; ,Cy) |Er) for all Ey in Pg(X).

3 Actually, since the conditioning event is {x;}, we should write C, | {x;} rather than C, |x;,
but since no confusion can arise, and for notational simplicity, we will use the latter notation. A
similar choice has been made by De Cooman and Miranda in Reference [29].
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Proof. Consider any A in Q(L(Xp xR)), and consider the following chain of equal-
ities:

marg, (Cu |[Er)(A) =Cu|Ef(A) ={fcA:1g feCi(IgA)}
={feA:Ig f emarg; ,Ci(IgA)}
= (marg;,0Cn) |E(A)
=marg,, ((marg; ,,Cn) |Er)(A). O

7.4 IRRELEVANT NATURAL EXTENSION

Now that the basic operations of multivariate choice functions—marginalisa-
tion, weak extension and conditioning—are in place, we are ready to look at
a simple type of structural assessment. In Section [5.9g3 we have already
worked with a structural assessment, namely that C should be compatible with
some coherent set of indifferent options. Here, the assessment that we will
consider, is that of epistemic irrelevance. All the results in this section build
on the corresponding results for desirability, as established by De Cooman and
Miranda in Reference [29, Section 6].

Definition 48 (Epistemic (subset-)irrelevance). Let I and O be two disjoint
and non-empty subsets of {1,...,n}. We say that X; is epistemically irrelevant
to Xp when learning about the value of X; does not influence or change our
subject’s beliefs about Xo. A choice function C, on L(X);, x R) is said to
satisfy epistemic irrelevance of X; to Xp when

marg, (C, |Er) = marg,,C, for all Ey in Py (7). (7.7

The idea behind this definition is that observing that X; belongs to E; turns C,
into the conditioned choice function C, |Ej on L(E; x Xje xR) 2 L(Xo xR),
so requiring that learning that X; belongs to Ej does not affect the subject’s
beliefs about Xp, amounts to requiring that the marginal models of C,, and
C, |Er should be equal.

Equivalently, Definition[48]can be expressed in terms of other choice mod-
els as well. For instance, we say that a rejection function R, on £(X.,, x R)
satisfies epistemic irrelevance of X; to Xp when marg,, (R.|Er) = marg, R, for
all E; in Py (X)). Similarly, we say that a choice relation <, on £( X}, xR)
satisfies epistemic irrelevance of X; to Xp when marg,, (<, |E;) = marg,, <, for
all Ey in Py (A7).

This type of irrelevance is what De Bock [18] calls epistemic subset-
irrelevance, since the epistemic irrelevance condition is imposed for every
(non-empty) subset of A7. This contrasts the more conventional approach—
which De Bock [[18]] refers to as epistemic value-irrelevance—of requiring that

marg,, (C, |x;) = marg,,C, for all x; in A7,
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and we distinguish it from the epistemic (subset-)irrelevance from Defini-
tion 48]

The counterpart of Definition Pf;gl for desirability (see Reference [18], Sec-
tion 4.3.2]) is:

marg, (D, |E;) = marg,D, for all E; in Py (A7), (7.8)

and this is epistemic subset-irrelevance for the set of desirable gambles D, €
L (X1 x R). However, in the literature (see, for instance, References [14}29,
82]), mostly epistemic value-irrelevance is considered: a set D,, of desirable
gambles on &, x R satisfies epistemic value-irrelevance of Xj to Xp when

marg, (D, |x;) = marg, D, for all x; in A7
The eponymous concepts for choice models and desirability coincide:

Proposition 166. Consider any two disjoint and non-empty subsets I and O of
{1,...,n}, any coherent choice function C, on L(X1,, xR ), and any coherent
set of desirable gambles D, € L(X1.n x R). If C, satisfies epistemic subset-
irrelevance of Xj to Xo, then so does Dc,, and conversely, if D, satisfies epis-
temic subset-irrelevance of Xy to Xo, then so does Cp,. Moreover, if Cy satisfies
epistemic value-irrelevance of Xj to Xop, then so does Dc,, and conversely, if
D,, satisfies epistemic value-irrelevance of X to Xo, then so does Cp,.

Proof. For the first statement—if C, satisfies epistemic subset-irrelevance of X; to
Xo, then so does D¢, —, it suffices by Equation (7.8) to prove that marg, (D¢, |Er) =
margg, D¢, for all E; in Pg(X;). Consider any E; in Py () and recall the following
chain of equalities:

marg, (Dc, |Ey) = marg,, (D¢, IE, ) by Proposition [T53hm
=Diarg, (c,|E) DY Proposition[[5%3)
=Dmarg, C, since C, satisfies epistemic subset-irrelevance

=marg,Dc, by Proposition [T5%73;

For the second statement—if D, satisfies epistemic subset-irrelevance of X; to
Xo. then so does Cp,—, by Definition [48|it suffices to prove that marg,, (Cp, |E) =
marg,,Cp, for all Ej in Py (). Consider any E; in Pg(X;) and recall the following
chain of equalities:

marg, (Cp, |Er) = marg, (Cp, |,) by Proposition [[53p7y

=Charg, (D,)E;) by Proposition[T59h73
= Cmargo D, since Dy, satisfies epistemic subset-irrelevance
=marg,Cp, by Proposition [T5%73

The final statements follow now at once since {x;} € Pg(X) forevery x;in X;. O
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Clearly, epistemic subset-irrelevance implies epistemic value-irrelevance.
As shown by De Bock [|18, Example 2] for desirability, the converse does not
hold: epistemic subset-irrelevance is strictly stronger than epistemic value-
irrelevance for desirability, and therefore, since choice models have desirability
as a particular case, also for choice models.

Unlike epistemic value-irrelevance, epistemic subset-irrelevance requires
all information about the value of Xj to be irrelevant for Xp, including partial
information like X; € Ej, where Ej is a non-empty subset of A;. For instance,
as shown for desirability by De Bock [[18] in the same Example 2, if || > 3,
observing that Xj is not equal to some x; in A}, can influence our beliefs about
Xo even if we consider X; to be epistemically value-irrelevant to Xp. Since
choice models have desirability as a particular case, this therefore also holds
for choice models. This would be impossible if X; were epistemically subset-
irrelevant to Xp. We therefore follow De Bock [[18]] in considering epistemic
subset-irrelevance to be the more natural and compelling of the two concepts,
and hence, in the remainder, we will only consider epistemic subset-irrelevance
(Definition &), and will simply call this condition epistemic irrelevance.

Epistemic irrelevance can be reformulated in an interesting and slightly
different manner:

Proposition 167. Consider a coherent rejection function R, on L( X, x R),
and any disjoint and non-empty subsets I and O of {1,...,n}. Then the follow-
ing statements are equivalent:

(i) marg,, (R, |E;) = marg,R,, for all E; in Pg(Xr);

(i) 0eR,(A) = 0eR,(IgA) forall Ain Q(L(Xo xR)) and Er in Py (Xr).

Proof. To show that (i)| implies consider any A in Q(L(Xp xR)) and any Ej in
Pz (Xr), and recall the following equivalences:

0€eRn(A) < 0emargyRu(A) = marg, (Rn|E;)(A) by Definition @ 7yy and [(D)]

< 0eRy|EI(A) by Definition @773
= 0eRy(IgA) by Definition 44

To show that implies consider any A in Q(L(Xp xR)) and any Ej in
Pz (Xr), and recall the following equivalences:

0 e marg,, (Rn |[Er)(A) < 0€ Ry |Ef(A) by Definition @7b73
< 0eR,y(IgA) by Definition @4prg
= 0eRu(A) by
< 0 emarg,Rn(A) by Definition [ 7p73,

since both marg, (R, |E;) and marg,R, are coherent rejection functions, by Ax-
iom [R4bjg this implies that indeed marg, (Rx|Ey) = marg, Ry. O
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Epistemic irrelevance assessments are useful in constructing rejection
functions on larger domains from other ones on smaller domains, in a sim-
ilar way as in Chapter [3g for incomplete assessments. Suppose we have a
rejection function Rp on L(Xp x R), and an assessment that X; is epistemi-
cally irrelevant to Xp, where I and O are disjoint and non-empty subsets of
{1,...,n}. How can we combine R and this irrelevance assessment into a co-
herent rejection function on £L(Xj,0 xR ), or more generally, on £(X};, xR )?
We want this new rejection function furthermore to be as least informative as
possible. The following assessment will play a crucial role:

BE)’O ={IgA:Aec Q(L(XpxR))and 0eRp(A) and E; € Py (Xf) }.

Observe that BIIQZO € Qo(L(Xuo xR)), so we interpret it as an assessment on

L(Xjuo xR), based on a given coherent rejection function Rp on L(Xp xR)
and an epistemic irrelevance statement. The multiplication of a gamble f on
Xo xR with I, is defined through Equation (7.6)p31

f(xo,r) ifX] € E[

Ie, f (x1,%0,7) = {o if x; ¢ Ey

for all x; in A}, xp in Xp and r in R. We first establish three basic facts about

this assessment BIIQZO, in the form of Lemmas mw

Lemma 168. Consider any disjoint and non-empty subsets I and O of
{1,...,n}, and any coherent rejection function Rp on L(Xo xR ). Then

OERBLAO(A) :>O€R0({ Z h(xl,-):heA})

X[EX[
Sorall A in Q(L(XjuoxR)).

Proof. Assume that 0 € Ryi~0 (A). By Equation (B.I)jgz there is some A’ 2 A in
Ro
Q(L(Xjuo xR)) such that

(Vge{0}u(A'NA))((A" = {g}) NL(Xjuo xR )50 # @ or
(3B eBy % 3 eRug){g} +uB <A").

o 7’

By Axiom[R4bjg, 0 € Rp (4B) <> 0 € Rp(B) for all i in Ry, and therefore
(Vge {0} u(a"~A))((A" - {g}) nL(Xjuo xR )50 # @ or
(3B Q(L(Xp xR)),IE; € Py(X;))(0€Ro(B) and {g} +IgB<A")).
Consider any g in {0} U (A" \A). Then there are two possibilities: (i) (A" -{g})n

L(Xiu0 xR)s0 # @, and (ii) 0 € Rp(B) and {g} +1g,B < A’ for some Ej in Py(X))
and B in Q(L(Xp xR)).
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In case (i), (A" - {g}) N L(Xjuo x R)s0 * @, and then g < h for some & in A’
Therefore g(z7,+) < h(zz,+) for some z; in Xj, and g(xz,+) < h(xy,+) for all x; in
X~ A{zr}, whence Yy cx g3 8(xrs*) € Xyexnfzy h(xr,+). Combining this with
g(zr,+) <h(zr,+), we find that 3, v, g(x7,*) < Xy,ex, A(x7,+). Since Rp is coher-
ent, by Axiom[R2pq therefore ¥\ cx, 8(x1,+) € Ro ({Ey,ex, 8(x1: ), Xyjex h(x1,#)}),
whence, by Axiom R34,

> g(xb')ERo({ > h(xl,-):heA'}).
xjeX] xreX;

In case (ii), 0 € Rp(B) and {g} +1g,B < A for some B in Q(L(Xp xR)) and E;
in Py (A}), and then for every f in B, there is some 4 in A such that g + I, f < h, or, in
other words, such that

(VX[ ethO eX07r6R)g(xhxom)+]IE,f(x17x0,r) Sh(x17x0,r)7

whence f < h(xy,«) —g(xs,*) for all x; in Ej, and 0 < h(z7,+) — g(z7, ) for every z;
in Ef. Therefore |Ej|f < ¥y e, [h(xr,+) —g(xr,+)] and 0 < 3 epe [R(zr, +) = 8(2r,#)],
whence f < ﬁ e, [h(x1, ) —g(x1,+)], so we find in particular that

Bs‘EI—A{ D h(x o) - Y, g(xl,-):heA'}

X7€X] X7€X]

:ﬁ{ » h(xl,-):heA'}—‘Elj{ > g(xw)}-

xreX; xreX;

Use Proposition@ to infer that, since 0 € Rp (B),

1 / 1
O€R0(|E1{x1§1h(xl,°) theA }—|EI|{XI§XIg(XI,')})7

and since R is a coherent rejection function, by Axiom@m here too
> g(u,e) ERo({ > h(xp,e): héA/})7
xreX; XreXy

being the same conclusion as in (i).
So we have shown that

(Vge{otu(a'~A)) X g(x,,.)eRo({ 3 h(x,,-):heA’}).

X[GX] XIEXI
Use Axiom with
Az={ > h(xr,+)sheA’~Aand 3 h(x”')#0}7
xre X, x1€X;

Al:{ > h(x,,->:he{0}u(A'\A)},

x7€X)

Az ::{ Z h(xl,'):hGA,},

x7€X)
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[then A~] gRo(Az),A SAI,A] \A = {0}, and

AZ\A:{ > h(x;,+):heA’ and (h¢A'\A or h(xI,-):O)}
X7€X]

X7€X]

:{ > h(xz,¢):heAor (heA' and ). h(x,,-):O)}

x1€X; xj€X]

:{ > h(x,,-):heA},

x1€Xy

where the second equality follows from the fact that A ¢ A” and the third one from the
fact that 0 € A] to conclude that therefore indeed

OGRO({ D h(x,,-):heA}), m

x1€X]
Lemma 169. Consider any disjoint and non-empty subsets I and O of
{1,...,n}, and any coherent rejection function Rp on L(Xp xR ). Then BIIQZO
avoids complete rejection. As a consequence, its natural extension £ (BII%’O )_
a rejection function on L(Xjuo x R )—is coherent and equal 1o Ryi-o.
Ro

Proof. We will provide a proof by contradiction. Assume ex absurdo that Rpi-o does
R

not avoid complete rejection. By Lemma W‘m then 0 € R0 ({0}). By Lemma
Ro
therefore 0 € Ro ({X,ex, 0}) = Ro({0}). a contradiction with the coherence [Ax-
iom of Rp. So Rgi—0 does satisfy Axiom N Bé —0’0 indeed avoids complete
Ro

rejection. That its natural extension is coherent and equal to R -0 then follows at once
Ro

from Theorem [8Tf7. O

Lemma 170. Consider any disjoint and non-empty subsets I and O of
{1,...,n}, and any coherent rejection function Ro on L(Xp xR). Then
margOS(Bé_O’O) =Ro.

Proof. By Lemma we know that £ (8220) is coherent and equal to Ryi—o.
Ro
By Definition we have to show that £ (Bé:o)(A) =Rp(A) for every A in

Q(L(Xp xR)). Since also Ry is coherent, it suffices to prove that

0eRy-0(A) < 0eRp(A), forall Ain Q(L(Xo xR)).
Ro

For necessity, consider any A in Q(L(Xp xR)) such that 0 € Ryzi~0(A). By
Ro

Lemmatherefore 0€Ro({Xy,ex, h(xr,+) :heA}). Since A is a set of gambles
on Xo, therefore {3, e x, h(x7,¢) :he A} ={¥, cx, h:heA} ={|Xjlh:heA} =|X|A,
whence 0 € Rp(|Xj|A). Since Rp is coherent, by Axiom therefore indeed
Oe RO (A )
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For sufficiency, consider any A in Q(L(Xp xR)) such that 0 € Rp(A). Then
A=1xA and X; € Py(X;),s0A € Bé:o, and since we know by Proposition@ that

[—0 :
R B extends By ", therefore indeed 0 € RBgo (A). O

We are now ready to find the least informative coherent rejection function
that marginalises to R and that satisfies epistemic irrelevance of X; to Xp. We
call it the irrelevant natural extension, just as its counterpart for desirability in
Reference [29, Theorem 13].

Theorem 171 (Irrelevant natural extension). Consider any disjoint and non-
empty subsets I and O of {1,...,n}, and any coherent rejection function Rp on
L(Xo xR). The least informative coherent rejection function on L( X1, xR)
that marginalises to Rp and that satisfies epistemic irrelevance of Xy to Xp is
given by

extia(£(B40)) = extian(Ryg -0 ).
0]

Proof. Use Lemma to find already that £ (Bé:o) is coherent, and Proposi-
tion to conclude that therefore exty., (8 (Bé:o )) is coherent as well.

We will first show that any coherent rejection function R' on £(X],, x R) that
marginalises to Ry and that satisfies epistemic irrelevance of X; to Xp must be at least

as informative as ext];n(E (B;;O)). Consider any B in Bfe:o, then B = Ig,A for some
Ejin Pg(X;) and A in Q(L(Xp xR)) such that 0 € Rp(A). Since R’ marginalises
to Rp, therefore also 0 € R’(A). Furthermore, since R’ satisfies epistemic irrelevance
of X; to Xo, by Proposition |167pzg therefore also 0 € R'(Ig,A) = R'(B). We conclude

that B € B;.‘,ZO = 0¢R'(B) < 0 emarg,,,R'(B) for every B in Q(L(Xjuo xR)),
so by Definition , marg; R’ extends the assessment Bé:o. Since by Proposi-
tion@, & (Bg ) is the least informative rejection function on £(Xj 9 x R ) that ex-
tends BEO and that satisfies axioms E“ Em} we find that £ (BIIQZO) c marg; R’
Now, use Proposition @m) to infer that then extl;n(ﬁ(Bgo)) c extltn(marg,uoR'),
and, since by Proposition exty,,(marg; ,oR’) is the least informative co-
herent rejection function on £(X},, x R) that marginalises to marg,uOR', therefore
exty., (marg; o R") © R'. This implies that indeed extlzn(E(Bfgo)) cR.

It therefore suffices to prove that extlzn(c‘) (B;QZO)) (i) marginalises to Rp and (ii)

satisfies epistemic irrelevance of Xj to Xp. To prove (i), consider the following chain
of equalities:

marg (ethzn (S(B;QZO ) ))

= marg (margy o (extin(€(Bg, ))))

= marg,, (S(Bfgo ) by Proposition [T61p77
=Rop by Lemma [T70b5g;
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To prove (ii) observe that by Proposition [[67p3g it suffices to show that O €
[—0 [—0 .

eXt1;n(5(BRO ))(A) = 0¢ extlzn(E(BRo ))(IgA) for all A in Q(L(Xp xR))

and Ej in Pgy(A;). For necessity, consider any Ej in Pgz(AX;) and any A in

Q(L(Xp xR)) such that 0 € extl;,,(é'(Bé:O))(A). Since we just have shown that

marg,, (ext; ,,(6(81_’0))) = R, therefore equivalently 0 € Rp(A), whence Ig,A €
BHO. Since 5(81_’0) 5(6’_’0) extends B'_’O therefore 0 € E(B’_’O)(]IEIA)

whence by Proposition .Im indeed also 0 € extl;n(S(B;e:O))(]IE,A ).

For sufficiency, consider any A in Q(L(Xp xR )) and Ej in Pg(X;) such that 0 €
exty., (8( Bl %0 ) ) (Ig,A). Since by Proposition , exty.p, (E(Bfgo )) marginalises
to £ (Bé;o), therefore 0 € £ (B;;O)(]IE,A). Use Lemma to infer that then
0€Ro({Zyjex, h(x1,+) :helgA}) =Ro({Xyex, Ig f(x1.+) : f€A}) =Ro({|Ei|f :
feA})=Rp(|E[|A). Since Ry is coherent, [Axiom 0€eRp(A), and, since we
already know that ext., (S ( Bfgo )) marginalises to Ry, this implies that indeed indeed

0cexty(E(Bg 9))(A). O

As we did for the weak extension, let us compare our results here with
the ones obtained for pairwise choice in the literature. De Cooman and Mi-
randa [29, Theorem 13] show that, given any disjoint and non-empty subsets /
and O of {1,...,n} and any coherent set D¢ of desirable vector-valued gam-
bles on Xp, its irrelevant natural extension from X; to Xo—the least informa-
tive coherent set of desirable vector-valued gambles on A7, that marginalises
to Do and that satisfies epistemic irrelevance of X; to Xp—exists and is given
by

extty, (B ) = posi(L(Xi x R )>0UBp ) (7.9)

where BID_’O

byf]

is the set of desirable vector-valued gambles on &} that is given

BI_)O = posi{lg, f: feDo and E; € Py (X)) }.

Lemma 172. Consider any disjoint and non-empty subsets I and O of
{1,...,n}, and any coherent set of desirable gambles Do < L(Xp xR ). Then
B{;O is a coherent set of desirable gambles on Xy 0 % R.

6 Actually, since De Cooman and Miranda [29] deal with the weaker notion of epistemic value-
irrelevance rather than epistemic subset-irrelevance—which we use here—their version BI ~0 of

is glven y —pOSl X € Dp and xj € A at De Cooman an 1randa
Bj;) b*‘ Liyyf i f €Do andx; € X;}. What De C de

prove is that the Value irrelevant natural extension for desirability exists, and that it is given by
ext?:n (BL_O’O ). We will show that, as a consequence of Theorem | the subset-irrelevant natural

extension for desirability exists, and that it is given by ext (BH .
7In Reference [29| Lemma 11] it is shown that Eg_o’o is coherent, which does not immediately

imply that Bi)zo is coherent. Also, we are working in the slightly more general context of vector-
valued gambles.
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Proof. We will show that Bg_’oo satisfies all the rationality axioms . For
Axiom assume ex absurdo that 0 € B’D_’OO. Then Y-, A4lg, fi = 0 for some m
inN, fi, ..., fwin Do, Eq, ..., En in Pg(X}), and Ay, ..., Ay in Ryg, and there-
fore also 3y, cx, Yimy MlE (X1, 0) = Xit Zaye, Mg Si(xr, ¢) = Tz Akl Bkl fie = 0.
Since |Ei| > 1 for every k in {1,...,m}, this means that a positive linear combination
of elements of Dy is equal to 0, which contradicts its coherence. Therefore indeed
0¢BC.

For Axiom D27, consider any h in £(Xju0 x R )>0. Let Ey = {z7 € X1 :h(z,+) >
0} € Xj. Observe that E; # @, since h > 0. Then h(zy,+) > 0 for all z; in Ej, and
since h > 0, hence also hi(x;,+) =0 for all x; in Ej. Therefore f =3, cx, h(zs,*) =
>k (zr,+) >0, and since Dy is coherent [Axiom we find that f € Dy. Since

ﬁ >0, Axiom guarantees that \TIAf € Dp. Note that h =3, cx, Ly yh(xr, ) =

ek Ly h(xr, ) = ﬁzx,eE, g h(xg, ) = H&ﬁ e h(xr,+) = HE,ﬁf, where
the second equality follow from the fact that i(x;,+) = 0 for every x; in Ej. Since
fe€Dgo and Ej € Py (X)), indeed h e Bg_;o.

That Bg_o’o satisfies Axioms and% follows readily from posi o posi = posi.
O

Lemma 173. Consider any disjoint and non-empty subsets I and O of
{1,...,n}, and any coherent set of desirable gambles on Do € L(Xp x R).
Then margOBID_(;O =Do .

Proof. That Dg < margOBg_’oo follows at once from Equation (7.9)~ with Ej = Aj.
It therefore suffices to show that & € Bi)_o’o = he Dy for every hin L(Xg xR). So

consider any /1 in L(Xp xR ) such that & € Bg_o’o. Then h = Y1 | 4IE, fi for some m
inN, fi, ..., fwin Do, Ei, ..., Epn in Pg(X]), and Ay, ..., Ay in Ryg. Therefore

[Xih = T ex, b = Doy, B3, 0) = Ter, Dot Mg Si(xr, ¢) = Sty Al Bl fie» s0 A
is a positive linear combination of elements of Dy. Because Dy is coherent [more
specifically, by Axioms D37 and D47, indeed /2 € Do . O

Theorem 174. Consider any disjoint and non-empty subsets 1 and O of
{1,...,n}, any coherent rejection function Rp on L(Xp xR), and any co-
herent set of desirable gambles on D € L(Xp xR ). Then extl;n(é’(BgO)) =

R -0,. AS a consequence, ext{)n (Bg_’o) =D Moreover,

ext® (B : extl;n(S(B;ZO )

D [—O
eth:n(BDR )< Dextl;,,(S(Bﬁfo))'

81n Reference [29, Lemma 12] it is shown that marg, I?g;o =Dy, which does not immediately

imply that margoBgZO =Dy. Also, we are working in the slightly more general context of vector-
valued gambles.
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Proof. We begin with the first statement—ext;., (€ (B;ZO)) =R
/=0

that exty., (5(BRD )) = Rexlll’m(B;)_'o)’
lish that the purely binary assessment Bi)_’o ={{0,Ig,f}: feDand E; € Pg(X))}
Qo(L(Xuo xR)) is at least as strong as BIIQZO. To show this, by Definition

we need to show that (VB € By>?)(3B' € B5°)B’ < B, so consider any B in By, .

D D

Then B =Ig,A for some Ey in Py (X)) and A in Q(L(Xp xR)) such that 0 € Rp(A),

whence, by Proposition[53g AND # @, so g € D for some g in A. Then 0 € Rp ({0,g}).
so Ig,g€B, and let B = {0,I, g} € BIDHO. Since also 0 belongs to A and hence to B,

B’ ¢ B, whence, by Proposition g: B’ <B. So Bf;o is indeed at least as strong an

assessment as BE;O, whence by Corollary @, & (BIIQ;O) = (Bf;o ). Furthermore,

since B{;O € By-o={{0,f}: f¢ Bg’o} ={{0,f}: feposi{lgg:geDand E ¢
D

ox® (B70): To show

as an intermediate result, we will first estab-

Pz(X1)}}, By-o is in turn at least as strong an assessment as Bi)_’o, whence, by
D
Corollary@, E(Bl0) € E(By-0). Therefore £(Bl>) € (By-0). But By-o
D D D D

is the purely binary assessment based on BID*O, which is a coherent set of desirable
gambles by Lemma[T72ba3. We can interpret the latter as a desirability assessment, so
ED(B;)_’O) = Bg_’o. Since it is coherent, it avoids non-positivity, and therefore Theo-

. . _ _ /-0
rem implies that E(BB;)_,o) = RSD(ij") = RB;)—«). So we have that £(Bj ") =
RBL—%)‘ By Proposition , then, extlzn(E(BéZO)) E extyy, (RB;;" ), and by Propo-

. B . 10
sition extyyy, (RBgo) = Rext‘l’m (B0): Therefore indeed exty:,(E(Bg, ")) €
R

ext? (B50)
. . . [—0
To establish the converse inequality, namely that Rext{{n (80) E extn(E(Bg,~))s

since they are both coherent rejection functions, it suffices by Axiom @Ito show that
/-0 .
Oe Rext'l)m(Bffo) (A) = 0eext;;,(E(Bg, ))(A), forall A in Q(L(X1: xR)).

So consider any A in Q(L(Xy:, xR)) such that 0 € R p (B’*O)(A)' By Proposi-
1:in N7 D

tion then AN ext?:n(BIDHO) +J, 50 fe ext?:n(BgﬁO) = posi(L( X xR)so U
Bg) for some f in A. Use Lemma @m to infer that then f e L(X];, x R)soU
By % U(L(X1n xR)50+ B = L( X x R )50 U (L( Xy x R)s0+ B, ?). If f
L(X1:n x R)sg, then by the coherence [more specifically, by Axioms and [R3gpy
of exty(E(Bg?)), indeed 0 € extyy (E(By>?))(A). If f € L( Xy x R)s0+ B, .
then f > f for some f’ in Bi;o. Since f” belongs to Bﬁ;o, by Proposition
we find that 0 € RBgﬁo({OJ'}) Note that Bg—»o = £P(B) where we let B = {Ig,f:
feDand Ef € Py (X))} ¢ L(Xjuo xR), and by Theorem ﬁm} therefore R0 =
D
E(Bp). Then Bg = {{0,Ig,h} :heD and E; € Pg(X;)} S {Ig,A:0cAandAnD %
@ and Ef € Pg(Xp)} = {Ig,A :0€Rp(A) and Ef € Py (X))} = Bé;o, S0 B{go is at
least as strong an assessment as Bp, whence by Corollary @, E(Bp) e &( Bfe ;0)7

and therefore RBIDAO = (Bfe;o). Since we already know that O € RBi;»O ({0, "1,
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we get that 0 € 5(81_’0)({0 f'}). Since by Proposition exty, ,1(5(31_’0))
marginalises to S(B’_’O) this tells us that 0 € exty, n(S(BI_’O))({O.,f }). Since f> f/,
by Proposmon L 0 € exty. n(E(Bl_’O))({O,f}), and since it is coherent, indeed
0c extl‘,,(S(Bé:O))(A).

For the second statement—ext; ,,(B

HO) = —infer from the first

extl;,,(S(BL;‘)))

one that D By Corollary @] the latter is equal to

~o\y =D
extin(E(By ")) ~ TR 510y

ext? (B;;O ), and therefore indeed ext,, (Bg_’o )= Dt (E(B=0Y)"
n Rp

The final statement—extll):n (Bf)_R’O) €D, (g(Bl0yy—can be obtained by plug-
n(E(By

ging the specific set of desirable gambles Dg into the second statement: we find that
then ext; ”(Bl—>0) - exll- (S(B’_’U))' Use Corollary to infer that Rp, £ R and

therefore B;QZO BIHO. So BIHO is at least as strong an assessment as BI ~0 and

therefore E(BIIQZO )c 5(3{:0 ). By Proposition therefore exty., (E(B’_’O )) e
R

extlzn(é'(Bé—*O)), so by Proposition @ﬂ Dextlj,,(S(B,’jo)) = Dexlm(g(ggﬁo)). There-
DR
/-0
fore indeed ext; n(B )c extlm(E(Bf:O))' O

Theorem [I74bz7 implies that the irrelevant natural extension of a purely
binary rejection function Rp is a rejection function that is purely binary it-
self. This claim is by no means trivial: it implies that, when working in the
framework of choice models, epistemic (subset-)irrelevance assessments pre-
serve pairwise behaviour, and—even stronger—preserves the property of being
purely binary.

7.5 CONCLUSION

In this chapter we have introduced multivariate choice functions and their basic
operations: marginalisation, weak extension and conditioning. Furthermore,
we have shown how to model an epistemic irrelevance assessment, and found
the natural extension of such an assessment.

Credal networks (see, for instances, References [15}|18,26] for a good in-
troduction) have been—and still are—the subject of intense research. A credal
network is a global uncertainty model for a finite number of variables. This
global model is obtained by combining local uncertainty models using inde-
pendence statements, such as, for instance, epistemic irrelevance. We can use
this global uncertainty model to make specific inferences about some variables.
The material in this chapter is the first necessary stepping stone to be able
to work—at least on a theoretical level—with simple credal networks using
choice functions as local models, and epistemic irrelevance as the associated
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independence notion. As a simple example, forward irrelevanceﬂ combines a
number of epistemic irrelevance assessments, and, in principle, all the tools
needed to study this type of assessment with choice models are in place.

However, studies of more general but still quite basic credal networks—
such as networks whose graphs are trees—are not (yet) in the range of what
is currently feasible with multivariate choice functions. Such networks mostly
have symmetric irrelevances embedded in their structure: an irrelevance state-
ment from one variable to another, and vice versa. Such symmetric statements
are called epistemic independence statements. Therefore, an expression for—
and the guarantee of the existence of—the independent natural extension is
necessary to find the joint choice function of a general credal network whose
local models are choice functions. In Reference [29]], De Cooman and Miranda
have found this natural extension for desirability. For choice models, however,
the independent natural extension has received no attention thus far.

Let us go into a bit more detail. The variables Xi, ..., X, are called in-
dependent when learning about the values of any number of them does not
influence or change our beliefs about the remaining onesm for any two dis-
joint and non-empty subsets I and O of {1,...,n}, Xj is epistemically irrelevant
to Xo. A coherent choice function C on L( X}, x R) is called epistemically
(subset-)independen if

marg, (C|E;) = marg,C

for all disjoint and non-empty subsets I and O of {1,...,n}, and E; in Pg(X}).

Suppose we have n coherent rejection functions Ry on L( X x R), one
for every k in {1,...,n}, and an assessment that the variables Xj, ..., X,
are epistemically independent. The independent natural extension is the least
informative coherent rejection R function that is independent and such that
marg i, R = Ry for every k in {1,...,n}. The results in Reference [29] lead me
to suspect that the independent natural extension is the natural extension of the
following assessment:

B= |J {lgA:AcQ(L(XxR))and0eRi(A) and Exc € Py(Xic)},
ke{1,...n}
and that this assessment avoids complete rejection. However, to prove that
&(B) is even coherent—Ilet alone that it marginalises to Ry, or is independent—
a more profound study of the properties of the rejection function R, as defined
in Equation (3.1I)yy, shall be needed. This is beyond the scope of this disserta-
tion.

9See Reference [28] for a treatment of forward irrelevance with coherent lower previsions.

10This is called many-to-many independence, as opposed to the less stringent many-to-one
independence; for more information, see Reference [30].

"'The epistemically value-independence requirement would be marg,, (Cx;) = marg,,C for
all disjoint and non-empty subsets I and O of {1,...,n}, and x; in Xj.
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3

EXCHANGEABILITY

In this chapter, we study how to model exchangeability, using choice functions.
This work builds on earlier results by De Cooman et al. [31},32] for sets of
desirable gambles.

Exchangeability is a structural assessment on a sequence of variables that
is important for inference purposes. Loosely speaking, making a judgement
of exchangeability means that the order in which the variables are observed,
is considered irrelevant. This irrelevancy is typically modelled through an in-
variance or indifference assessment. The first detailed study of exchangeabil-
ity was given by de Finetti [34]. We refer to the paper by De Cooman and
Quaeghebeur [31} Section 1] for a brief historical overview.

In Section we derive de Finetti-like Representation Theorems for a
finite sequence that is exchangeable. We take this one step further in Sec-
tion[8.2pg3, where we consider countable exchangeable sequences and derive a
representation theorem for them as well. To compare with earlier work by De
Cooman and Quaeghebeur [31]], we also provide corresponding representation
theorems for sets of desirable gambles.

8.1 FINITE EXCHANGEABILITY

Consider n in N variables Xj, ..., X, taking values in a non-empty finite set X.
The possibility space of the uncertain sequence X = (Xj,...,X,) is X".
We denote by x = (xi,...,x,) an arbitrary element of X”*. For any n in N

we let P, be the group of all permutations of the index set {1,...,n}. There
are |P,| = n! such permutations. With any such permutation 7, we associate
a permutation of A", also denoted by 7, and defined by (7x); = x5y for
every kin {1,...,n}, or in other words, T(x1,...,Xn) = (Xz(1ys- -, Xz(n)): TX i8S
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obtained from x by permuting the indices of its components. Similarly, we lift
7 to a permutation 7’ on L£(X" x R) by letting (7' /) (x,r) := f(7x,r) for all
xin X" and r in R. Observe that 7’ is a linear permutation of the vector space
L(X" xR ) of all vector-valued gambles on X"

If a subject assesses that the sequence of variables X in X" is exchangeable,
this means that he is indifferent between any gamble f in £(X" xR) and
its permuted variant 7’ f, for all 7 in P,. This leads to the following set of
indifferent gambles:

Ip, =span{f-7'f:fe L(X"xR)and w e P,}. (8.1)

Definition 49 (Finite exchangeability). A choice function C on L(X" xR )
is called (finitely) exchangeable if it is compatible with Ip,. Similarly, a set
of desirable gambles D ¢ L(X" xR ) is called (finitely) exchangeable if it is
compatible with Ip,.

Of course, so far, we do not yet know whether this notion of exchangeability
is well-defined: indeed, we do not know yet whether Ip, is a coherent set of
indifferent gambles, in the sense of Definition 3§7a. In the next section, we
will show that this is indeed the case. But once we have established that Ip,
is a coherent set of indifferent gambles, exchangeability is nothing more fancy
than compatibility with Ip,. The notion of compatibility of choice functions
and sets of desirable gambles with a set of indifferent gambles was studied in
some detail in Chapter [Sr75. Proposition [T24jggy there gives a representation
result in terms of equivalence classes of (vector-valued) gambles on X”. What
we will do below, is use this general representation result to obtain a particular
equivalent representation result for exchangeable choice functions, in terms of
(vector-valued) gambles on count vectors.

8.1.1 Count vectors

Let us now provide the tools necessary to prove that Ip, is a coherent set of
indifferent gambles, as introduced in Definition 387g.

The permutation invariant atoms [x] = {7x :x € X"}, with x in X", are the
smallest permutation invariant subsets of X”*. We consider the counting map

TZX" —>j\/":x»—> T(x)

where T (x) is called the count vector of x. It is the X-tuple with components
T.(x)={ke{l,...,n} :x, =z}| forall zin &, so T,(x) is the number of times
that z occurs in the sequence xy, . . ., x,. The range of T—the set N —is called
the set of possible count vectors and is given by

Nn;:{méZi%: mezn}.

xeX

248



8.1 FINITE EXCHANGEABILITY

Applying any permutation to x leaves its result under the counting map un-
changed:
T(x)=T (mx) foral x in X" and 7 in P,.

For any x in X", if m = T (x) then [x] = {y € X" : T (y) = m}, so the permutation
invariant atom [x] is completely determined by the count vector m of all its
elements, and is therefore also denoted by [T (x)] = [m]. Remark that {[m]:
m e N} partitions X" into disjoint parts with constant count vectors, and that
|[m]| = (,Z) = ﬁ'm'

In order to extend the application of the count vectors for use with gambles,
let us define the set of all permutation invariant vector-valued gambles as

Lp,(X"xR) = (fe L(X"xR): (VI e P)T'f = f} € L(X" xR),

and a special transformation invp, of the linear space L(X" x R ) given by

1
invp,:L(X"xR) - LIX"xR): f~invp, (f) = l Y.a'f,

* wePy,

which, as we will see in the following proposition, is closely linked with
Lp,(X"xR) (see also References [3178])). To see how this comes about, note
that invp, is a special case of the transformation invp defined in Section|[5. g
The following result is a direct consequence of Proposition [I3 8oy

Proposition 175. invp, is a linear transformation of L(X" xR, and
() invp, o' =invp, = &' oinvp, for all 7w in P;
(i) invp, oinvp, =invp,;
(iil) ker(invp,) =1Ip,;
(iv) mg(invp,) = Lp, (X" xR).
Moreover, for any f and g in L(X" xR), we have that g € f[Ip, < invp,g =
invp, f.

So we see that invp, is a linear projection operator that renders a vector-valued
gamble insensitive to permutation (or permutation invariant) by replacing it
with the uniform average of all its permutations. As a result, it assumes the
same value for all vector-valued gambles that can be related to each other
through some permutation: invp, (f) =invp,(g) if f = 7' g for some 7 in Py,
for all f and g in L(X" xR ). Furthermore, for any f in L(X" xR), its trans-
formation invp, (f) is permutation invariant and therefore constant on the per-
mutation invariant atoms [m]: (invp, (f))(x,r) = (invp, () (y,r) if [x] = [y].
for all x and y in X", and r in R. We can use the properties of invp, to prove
that Ip, is coherent and therefore well suited for our definition of exchange-
ability.

Proposition 176. For any n in N, the set Ip,, defined in Equation (8.1), is a
coherent set of indifferent vector-valued gambles.
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Proof. For Axiom [[lj7g, since I, is a linear hull by its Definition 0 is in-
cluded in Ip,. For Axiom @m, consider any f in Ip, and assume ex absurdo that
FeL(X"xR)s0UL(X" xR ). If f € LIX" xR )50 then 7' f € L(X" xR )5 for
all 7 in Py, and therefore invp, (f) > 0, a contradiction with Proposition (ii1)
If fe L(X" xR )< then, similarly invp, (f) <0, again a contradiction with Proposi-

tion Axioms [37g and [[4j7g) are satisfied because Ip, is a linear hull. O

Since Ip, is coherent, exchangeability is well-defined: a choice function C,
on L(X"xR) and a set of desirable vector-valued gambles D, € L(X" xR)
are exchangeable if they are compatible with the coherent set of indifferent
vector-valued gambles /p,. By Definition #0jrrg, C,, is therefore represented by
a choice function C’ on L(X" x R)/Ip,, and similarly, by Definition [39zg D,
is represented by a set of desirable gambles D' ¢ L(X" xR )/Ip,. So we can
focus on the quotient space and its elements: equivalence classes of mutually
indifferent vector-valued gambles.

But before we do that in the next section, it will pay to further explore the
notions we have introduced thus far. Consider any f in £(X" x R). What is
the constant value that invp, (/) assumes on a permutation invariant atom [m]?
To answer this question, consider any x in [m], then

(invp, (1) (5,) = = 3 flax, )=~ 52 gy
n: zep, n: |[m]| ye{mx:meP, }
1 1
= n\ f 3 )= n\ f 5 ®
AR A PR

where we used the fact that |P,| =n! and [[m]| = (). Therefore, for all in R,

(invp, (f))(+,r) = % H,(f(,r)|m)I (82)

where H,,(+|m) is the linear expectation operator associated with the uniform
distribution on the invariant atom [m]:

1
H,(glm) =~ > g(y) forall gin £L(X") and m in N"". (8.3)
(o) yém
It characterises a (multivariate) hyper-geometric distribution [44]], associated
with random sampling without replacement from an urn with n balls of

types X, whose composition is characterised by the count vector m.
The result of subjecting a gamble f on X" xR to the map

Hoi £(X" xR) LN <R f o> Hof)
with (H, (f))(m,r) =H,(f(s,r)jm) forallmin N and rin R, (8.4)

is the gamble H,(f) on N x R that assumes the value ﬁ Yyem) f(y,r) in

m

every min N and r in R.
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8.1.2 Exchangeable equivalence classes of gambles

We already know that exchangeable choice functions are represented by choice
functions on the quotient space £(X™" xR )/Ip,, and similarly for sets of de-
sirable gambles. In the quest for an elegant representation theorem, we thus
need to focus on the quotient space L(X" x R)/Ip, and its elements, which
are ‘exchangeable’ equivalence classes of vector-valued gambles.

In this section we investigate how the representation of permutation in-
variant gambles helps us find a representation result for exchangeable choice
functions. This representation will use equivalence classes [f] = f/Ip, =
{f}+1Ip, of gambles, for any f in L(X" xR). Recall that the quotient space
L(X"xR)/Ip, ={[f]: fe L(X"xR)} is a linear space itself, with additive
identity [0] = Ip,, and therefore any element f of £L(X" xR)/Ip, is invari-
ant under addition of Ip,: f+Ip, = f. Elements of L(X" xR)/Ip, will be
generically denoted by f or g.

Proposition 177. Consider any f and g in L(X" xR ). Then [f] =g] if and
only lan(f) :Hn(g)'

Proof. By Proposition|1 75575 we have that [ f] = [g] < invp, f = invp, g, so it suffices
to show that invp, f = 1nv7;-ng < Hu(f) =Hu(g). Observe that

invp, f=invp, g < (Vre R)invp, (f)(e,r) =invp, (g)(+,r)
< (VreR) Z Hn(f(%r)\m)ﬂ[ Z Ha(g(+ r)|m)H

meN™ meN™
= (Vme N re R)H,(f(+,r)|m) =Hn(g(+,r)|m)
< (YmeN",re R)Ha(f)(m,r) =Hu(g) (m,r)
C)Hn(f) :Hl’l(g)a

where the second equivalence follows from Equation (8:2) and the fourth one from
Equation (8:4). O

Therefore, H, is constant on the exchangeable equivalence classes of
vector-valued gambles: for any f in £(X" x R)/Ip,, we have that H,(f) =
H,(g) for all f and g in f. This means that the map H,, defined by:

H,: L(X"xR)/Ip, - LIN" xR): f = H,(f) for any f in f. (8.5)

is well defined. Then Proposition _ guarantees that elements of £(X" x
R)/Ip, can also be characterised using H,, in the sense that f={feL(x"x
R):H,(f) =H,(f)} forall fin L(X"xR)/Ip,.

The map H,, takes as an argument any equivalence class of gambles, and
maps it to some representing gamble on the count vectors. It will be useful
later on to consider the map H;':

LN < R) = LX"xR)/Ip, :h [ Z/:v h(m, -)11[,"]]. (8.6)
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The notation of H;,! is suggestive: as it turns out, H, and H, ! indeed are each
other’s inverses, and are therefore bijective.

Proposition 178. The maps H, as defined in Equation {8.3)~ and !
defined in Equation (8.6).~ are each other’s inverses.

Proof. This proof is structured as follows: we show that (i) A, ' o, = e anxr)/1p, -

and (ii) Hy OI:I,;1 =idg(amxr), together implying that H, and I:I;l1 are each other’s
inverses.

For (i), consider any f in £L(X" xR)/Ip,. We need to show that then
A, (A,(F)) = f. Let h be an arbitrary element of f, and f := invp, (k). By Propo-
smonthen invp, (f) =invp, (h), so f belongs to f as well. Therefore H, (f)
assumes the value H,(f)(m, ) = (IT) Yyefm] f(v,+) on every min N™. But f is con-

stant on every permutation invariant atom [m], so Ha(f)(m,+) = —|[ 1If(x,¢) =

f(x,#) for every x in [m], and therefore

f: Z H”(f)(m7')]l[m] = Z ﬁ"(f)(’"?')ﬂ[m]v (87)
meN™ meN™

where the second equality holds by Equation @),\ and since f € f. Then indeed

A, (A () = [Smenr Hu (F) (m, Ml =1f]= f> where the first equality follows
from Equation (B:6)~, the second one from Equation (8.7), and the last one from the
fact that f € f and therefore [f] = f.

For (ii), consider any /2 in £L(N" xR). We need to show that then H, (F;, ' (1)) = h.
Let f = 3, epm h(m, e )]I[m a gamble on X" xR. Then H;'(k) = [f] by Equa-
tion (88)~, so H,(f;' () = Au([f]). and since f e [f], we find using Equa-
tion (8-3)~ that H,([f]) = Ha(f) and therefore Hn(H Y(h)) = Ha(f). The proof is
finished if we can show that Hy,(f) = h. Consider any m’ in A, and observe that

1

H, m,,o = ,0) = h(m, ),
(Do')= (35 10 )}e[zml]mgw () )
= Z h(’"? Z Hm (y)
meN™ ( ))e [m]

= h(m, )0 (m') = h(m' | +),
3 sy () =)

where the first equality follows from Equation (8-3)z3p and the penultimate one from
the facts that {[m]:m e N™} partitions X" and |[m']| = (), so

> H[m](Y)={l o - =Ty (m').

(m,) ye[m'] 0 otherwise

Therefore indeed & = H, (f) = Hy (F, " (h)). O

The importance of Proposition lies in the fact that now, H,, is a bi-
jection between L(X" xR )/Ip, and LN xR ), and therefore, exchangeable
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n

L(X"xR)

LN"xR)
(] <

L(X"xR)/Ip,

Figure 8.1: Commuting diagram for H, and H,,

equivalence classes of gambles are in a one-to-one correspondence with gam-
bles on count vectors.

The commuting diagram of Figure [8.1] above illustrates the surjections
[+]:L(X"xR) > L(X"xR)/Ip,:f ~ [f] and H, (indicated with a single
arrow), and the bijection H, (indicated with a double arrow). Since the repre-
senting choice function C’ is defined from C,, through [ « ]—working point-wise
on sets—this already suggests that C’ can be transformed into a choice function
on L(N"xR). To prove that they preserve coherence, there is only one miss-
ing link: the discussion in Section shows that it suffices that the map H,
is linear and preserves the ordering between £(X" xR )/Ip, and LIN" xR).

Therefore, to define the ordering < on L(X" xR)/Ip,, as usual, we let <
be inherited by the ordering < on L(X" xR ):

fz=g< (3fef,Iged)f<g (8.8)

for all f and g in L(X" xR)/Ip,, turning L(X" x R)/Ip, into an ordered
linear space. It turns out that this vector ordering on L(X" xR)/Ip, also can
be represented elegantly using the map H,:

Proposition 179. Consider any f and g in L(X" xR)[Ip,, then f < & if and
only if Hy(f) <Hu(8).

Proof. For necessity, assume that f < g. Then, by Equation (§-8), f < g for some f in
f and g in . Consider any m in A", and infer that H, (f)(m, *) = (17) Cyem f () <
(—i) Yye[m8(y:*+) = Hn(g)(m,+). Then Hn(f) < Hn(g), and therefore, by Equa-
tion (8:3)s7, indeed Hy(f) < Ha(g).

For sufﬁaency, assume that H,(f) < H,(g). Then, by Equation (8-3)pzy and
Proposmon Hn(f) < H,(g) for all fin f and g in §. Consider any f in
fand gin g and let [ = =invp, (f) and g = anp g). Then invp, (f) = invp, (f)

and invp, (g") = invp, (g) by Proposition [1756(ii)l so Proposition implies
that f’ € f and g’ € 7, and therefore H,(f") < Hn(g'). Then, by Equations (8.4

and (B3)p30 ﬁ Sye[m] fl(y,*) < (—1) Syelm g’(y7 +) for every m in N™. But f" and

g’ are constant on every [m], so f'(v, *)<g "(y,) for every y in [m] and every m in
N™. Then f’ <g’, and therefore indeed f < g. O
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Propositions @52 and imply that H, is a linear order isomorphism
between L£(X" xR)/Ip, and L(N" xR), and therefore, by the discussion
in Section 2.7z, every coherent choice function on £(X" x R)/Ip, can be
identified with a coherent choice function on L(AN™ xR ). We will use this
interesting conclusion in the next section.

8.1.3 A representation theorem

Now that the preparatory work is done, we are ready to establish representation
for coherent and exchangeable choice functions.

Theorem 180 (Finite representation). Consider any choice function C, on
L(X"xR). Then C, is exchangeable if and only if there is a unique repre-
senting choice function C on L(N" x R) such that

Ci(A)={feA:H,(f)eC(H,(A))} forall A in Q(L(X"xR)).

Furthermore, in that case, C is given by C(H,(A)) = H,(C,(A)) for all A in
Q(L(X"xR)). Finally, C, is coherent if and only if C is. We call C the count
representation of C,,.

Similarly, consider any set of desirable gambles D, € L(X" xR ). Then
D,, is exchangeable if and only if there is a unique representing set of desirable
gambles D € L(N" xR) such that D, = JH,' (D). Furthermore, in that case,
D is given by D =H,(D,,). Finally, D, is coherent if and only if D is. We call
D the count representation of D,,.

Proof. We begin with the representation of choice functions. For the first statement,
note that C, is exchangeable is equivalent to Cy, is compatible with Ip , by Defi-
nition @%zg. Equivalently, by Definition [A0fg, there is some representing choice
function C’' on L£(X" x R)/Ip, such that C,(A) = {f € A: [f] e C'(A/Ip,)} for all
A in Q(L(X"xR)). We use the linear order isomorphism H, to define a choice
function C on L(N" xR): we let [f] e C"(A/Ip,) < Ha([f]) € C(Ha(A/Ip,))
for all f in L(X"xR) and A in Q(L(X" xR)). Since f € [f], use Proposi-
tion and Equation 83)pzq to infer that Ha([f]) = Ha(f). Similarly, infer
that Hn(A/Ip,) = {Hn([g]) : g €A} = {Hu(g) :g €A} =Ha(A), 50 [f] e C'(A/Ip,) =
H,(f) e C(Hn(A)). Then indeed

Co(A) = {feA:Hn(f) eC(Hn(A))} forall A in Q(L(X" xR)).

To show that € is unique, use that C’ is unique and H, is a bijection.

For the second statement, consider any A in Q(L(X" xR)) and infer, using the
definition of C, that C(H.(A/Ip,)) = Hi(C'(A/Ip,)) , and therefore C(Hn(A)) =
H,(C'(A/Ip,)) by Equation (8:3)zs7. By compatibility [Proposition , we have
C'(A/Ip,) = Ca(A) I, s0 we find i (C'(A/Ip,)) = Fa(Ca(A) /I, ) = H(Ca(A),
by Equation (8:3)p37, and therefore indeed C(Hn(A)) = Hn(Ca(A)).

For the third statement, the compatibility with Ip, [Proposition %] guarantees
that Cy is coherent if and only if its representing choice function C" on L(X" xR )/Ip,
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is coherent. But since C is defined from C’ using the linear order isomorphism H;,, we
have immediately that C is coherent if and only if C” is coherent.

The representation of sets of desirable gambles is a trivial extension to vector-
valued gambles of the proof given in Reference [31, Theorem 17]. O

The number of occurrences of any outcome in a sequence (xi,...,x,) is fixed
by its count vector m in A", If we impose an exchangeability assessment on
it, then we see, using Theorem that the joint model on X" is characterised
by a model on L{N™ xR ). So an exchangeable choice function C, essentially
represents preferences between gambles on the unknown composition m of an
urn with n balls of types X the choice C,(A) between the gambles in A is
based on m.

This representation result immediately translates to rejection functions and
choice relations. A rejection function R on L(X" xR) is exchangeable if and
only if there is a unique representing rejection function R on L(N" xR ), given
by R(H,(A)) =H,(R(A)) for all A in Q(L(X" xR)), that represents R, and
that is coherent if and only if R is. Similarly, a choice relation < on L(X" xR)
is exchangeable if and only if there is a unique representing choice relation
Jon LIN"xR), given by H,, (A1) IH,(A2) < A| < A; for all A; and A, in
Q(L(X"xR)), that represents <, and that is coherent if and only if < is.

8.1.4 Exchangeable natural extension

We use the same notations and ideas as in Reference [31l Sections 4.4&4.6]
for desirability, and generalise it to choice models.

Suppose our subject has an assessment B € Qy(L(X" xR)). What is, if
it exists, the least informative coherent and exchangeable choice function that
extends B3, or, in other words, what is

EL(B) =inf{R e R(L(X"xR)): R is exchangeable and extends B}? (8.9)

Because, as we have seen, exchangeability is a special indifference assessment,
this coincides with the natural extension of B under Ip,, and the following
result is an immediate consequence of Theorem [T44pgy.

Theorem 181 (Exchangeable natural extension). Consider any assessment B €
Qo(L(X"xR)). Then the following statements are equivalent:

(i) B avoids complete rejection under Ip,;

(i1) There is a coherent and exchangeable extension of B:

(VBeB)0eR(B) and
(VA€ Q(L(X"xR)))R(A) ={feA:[fleR(A)/Ip,}

for some R in R(L(X"xR));
(iii) £&(B) #idg(c(anxr))s

255



EXCHANGEABILITY

(iv) €L (B) eR(L(X"xR));
(v) EL(B) is the least informative rejection function that is coherent, ex-
changeable and extends B.
When any (and hence all) of these equivalent statements hold, then EL, (B) =
Rp 1, defined in Equation (3-6)a for generic sets of indifferent options I.

For desirability, the exchangeable natural extension is easy to calculate
in terms of the count representation, as shown by De Cooman and Quaeghe-
beur [31, Theorem 19]. For choice functions, we have the following simple
result that has important consequences for practical implications of reasoning
and inference under exchangeability:

Theorem 182. Consider any assessment B < Qo(L(X" xR)). Then
(i) B avoids complete rejection under Ip, if and only if H,(B) = {H,(B) :
B € B} avoids complete rejection;

(i) Hy0&" (B) = E(H,(B))oH,.

Proof. For the first statement, observe using Proposition that Ry, () satis-
fies Axioms R.‘m R4pry, and using Proposition that Rz Ip,» 100, satisfies Ax-
ioms eﬁnmon and Corollary @ Hn(B) avoids complete
rejection if and only if 0¢ RHW(B)({O}) and by Definition , B avoids com-

plete rejection under Ip, if and only if 0 ¢ Rp 1, ({0}). So it sufﬁces to show that
0 ¢ Ry, (5)({0}) < 0 ¢ Ry, ({0}). Use the fact that H, is a linear order iso-
morphism [Propositions and to infer that 0 ¢ Ry, (5)({0}) < [0] ¢
Rp/1,, ({[0]}), and Equation (3.6)rgg to infer that 0 ¢ Rp 15, ({0}) < 0¢ {f e {0}
(1€ Rp1p, ({{01})} < [0] ¢ Rpyp, ({[0]}), whence indeed 0 ¢ Ry, () ({0}) < 0 ¢
Rp 15, ({0}).

For the second statement, we show that H, (£5(B)(A)) = E(H,(B))(Hn(A)) for
allA in Q(L(X" xR)). There are two possibilities: either B avoids complete rejection
under /p, (and then, by the first statement, H,, (1) avoids complete rejection), or B does
not avoid complete rejection under /5, (and then, by the first statement, H, (1) does not
avoid complete rejection). If B avoids complete rejection under I'p, , by Theorems@
and 8Ty, it suffices to show that

0eHu(Rp 15, (A)) = 0 € Ry, (5)(Ha(A)) forall A in Q(L(X" xR)),

taking the coherence of Rp 1, and Ry, (53 into account. Consider any A in Q(L(X" x
R)) and observe the following equivalences:

0€Hn(RB 15, (A)) < [0] €Rp 1, (A)/Ip, H,, is a linear order isomorphism
< [0] Ry, (A/Ip,) Equation (S.6)og

< 0€Ry, (5)(Ha(A)) H,, is a linear order isomorphism.
If B does not avoid complete rejection under Ip,, use Theorems [T8T}. and

to infer that then indeed Hu(E5(B)(A)) = Ha(A) = E(Ha(B))(Hn(A)) for all A in
Q(L(X"xR)). O
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8.1.5 Conditioning exchangeable models

We use the same notation and ideas as in Reference [31} Section 4.4] for desir-
ability, and generalise it to choice models.

Consider an exchangeable and coherent choice function C on L(X" xR),
and assume that we have observed the values X := (¥{,...,¥;) of the first 71
variables X1, ..., Xj;, and that we want to make inferences about the remaining
i == n—1 variables. To do this, we simply condition the choice function C on
the singleton {X}:

feClX¥(A) = Iz feC(IiA), forall A in Q(L(X"xR)) and finA,
following the general discussion in Section [7.3p713.

Proposition 183. Consider any X in X" and any coherent and exchangeable
choice function C on L(X" xR). Then C|X is a coherent and exchangeable
choice function on L(X" xR).

Proof. That C|x is coherent, follows from Proposition . It therefore suffices
to show that C|¥ is exchangeable. By Definition @3}, we need to show that C|¥ is
compatible with Ipp,. By Proposition [[34ffg7, this is equivalent to

(Vgelp,) (VA € Q(L(X"xR)))({0,g} cA = (0 Cl¥(A) < g e CJ¥(A))).

So consider any g in I'p, and any A in Q(L(X" xR)) such that {0,g} CA. It suf-
fices to show that then 0 € C(IjyA) < I;zy8 € C(IyyA). Since C is exchangeable—
compatible with Ip, —and again using Proposition % this will be the case if we
can prove that ]I{f} g belongs to Ip,. To show this, since g € Ip,, observe by Equa-

tion @mmatgzzlﬁlli(ﬁ—ﬁ?fﬁ) forsome minN, Ay, ..., Ay inR, fi, ..., finin
L(X"xR),and &, ..., fty in Pj. Forevery iin {1,...,m}, let 7; € P, be defined as

ifke{l,....i}

mwi(k) = forall kin {1,...,n}.
i®) {ﬁ+ﬁi(k—ﬁ) ifhe{itel,....n) in {1,..n}

Then ]I{);}ﬁff,- = n['(]I{);}f,-) for every i in {1,...,m}, whence
& t < t
Lyg =2 (T fi-Tg 2 fi) = 3 M(Tn fi— ' (L 1)),
i=1 i=1
s0 [y} ¢ indeed belongs to Ip, . O
We also introduce another type of conditioning, where we observe a count

vector 77 in N, and we condition the choice function C on all the possible

v

sequences [1] with these counts, to obtain C|[]. The domain of this con-
ditional choice function is Q(L([#1] x X" xR)), and we are interested in its
marginal marg,(C|[#]), given by

marg, (CI[i#])(4) = C|[2)(A) for all A in Q(L(X" xR))
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about the 7 remaining variables Xj;.1, ..., Xj,. Therefore

f e (marg; (C|[11]))(A) < Ipny f e C(IuA),
forall A in Q(L(X"xR)) and f in A.

To simplify the notation, we will let C|m = marg,(C|[]). Interestingly, the
count vector m for an observed sample X is a sufficient statistic in the sense
that it extracts from X all the information that is needed to characterise the
conditional model:

Proposition 184 (Sufficiency of the observed count vector). Consider any co-
herent and exchangeable choice function C on L(X" xR ), and any X and ¥
in X" If [¥] = [§], or in other words, if T (¥) = T (¥) = i, then C|¥=C|y = C|m

1=

Proof. From
infer that X € [

[%] =[], infer that y = 72X for some 7 in Py, and from T (X) =T (¥) =,
m] and y € [ri1]. We will first show the intermediate result that then

Hy(I;A) = Ha (I A) = == Hn(I[;514) for all A in Q(L(X xR)).

1
ledl

Consider any A in Q(L(X " xR)). Define the permutation 7 in P, as

~v—1 . v

k) ifke{l,...

m(k) = (k) 1 €L} forall kin {1,...,n}.
k ifke{ri+1,...,n}

We claim that then n’(H{f}f) = Iy f forall fin A. To establish this, consider any
#=(Z1,...,%) in X" and any r in R, and observe that indeed

(% Ly ) ) =Ty (R (2D - {f(”(z"“’ e

if m(Zy, ..

[ FGir ) i G Z) = A
0 if (31,...,2;) # &x

=l f(&r) =L f(Zr).

So we see that n’(ﬂ{i}f) = Iy f and therefore Iy f — Iy f € Ip,, whence [[13 f] =
(I¢yyf]. By Proposition , observe that then Hu (I3, f) = H,,(]I{}}f) for all f in
A, whence Hy (I1yA) = Ha(Igy3A). To show that this is also equal 0 | Hn(]I A),
observe that [] = {e0X: @ € P;}, and therefore for any % in [1i], we can select a nz in
‘P;; such that 7:X = Z. With this 7z we construct a permutation 73 in the manner described
above, which satisfies nf(]l{x}f) Iz f forevery finA. Use Iju) f = Ysepi) Lz f for
every f in A to infer that indeed Hu (I[;3j4) = Hn(Zse[n ]I{Z}A) ZZE Hn( (nA) =
|[m][Hn(I;¢yA), where the last equation holds because we have already shown that
Hu(ItA) = Ha (I A) for every Zin [X] = [].

Now we are ready to show that C|¥ = C|y = C|. Since they are coherent, it suffices
to show that

0€eCJ#(A) < 0eC|j(A) < 0eClm(A), forall A in Q(L(X" xR)),
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and therefore, taking into account that C|r = marg, (C|[#]), that
0eC(I{yA) = 0eC(IA) < 0e C(I};;A), for all A in Q(E(Xﬂ xR)).
Because C is exchangeable, by Theorem[T80ps7 it suffices to show that
0eC(Ha(IiA)) < 0e C(Ha(If3A)) < 0 C(Ha(Ip)A)).

forall A in Q(L(X" xR)). But we have shown above that Hu(IinA) = Ha(IA) =
mHn(H[m]A)» so taking coherence [and more specifically, Axiom into ac-
count, this is indeed the case.

8.1.6  Finite representation in terms of polynomials

In Section [8.2pgy, we will prove a similar representation theorem for infinite
sequences. Since it no longer makes sense to count in such sequences, we
first need to find a equivalent representation theorem in terms of something
that does not depend on counts. More specifically, we need, for every n in N
another order-isomorphic linear space to L(X” xR)/Ip,, that allows for em-
bedding: the linear space for any n; < ny (both in N) must be a subspace of the
one for ny.

All the maps in this section have been introduced by De Cooman et al. |31}
32]. We use their ideas and work with polynomials on the X-simplex Xy =
{0eRY:0>0,%,cx0: = 1}. We consider the special subset V(Xx xR ) of
L(Zx*xR): V(ExxR) are the polynomial vector-valued gambles on Ly xR,
which are those gambles & such that for every rin R, h(e,r) is the restriction
to Xy of a multivariate polynomial p, on R, in the sense that 4(6,r) = p,(8)
for all 0 in Xy. We call p, then a representation of (e, r). It will be useful to
introduce a notation for polynomial vector-valued gambles with fixed degree n
in N: V*(Zx xR) is the collection of all polynomial vector-valued gambles %
such that for every r in R, h(+,r) has at least one representation whose degree
is not higher than n. As shown in References [20,/31]], both V(Xy xR ) and
V"'(Ex x R) are linear subspaces of L(Xx xR ), and, as wanted, for nj < ny,
VM (ZxxR) is a subspace of V2(Zx xR).

Special polynomial gambles are the Bernstein gambles:

Definition 50 (Bernstein gambles). Consider any n in N and any m in N
Define the Bernstein basis polynomial B,, on R¥ as B,,(0) = (r'r'l) [eex 60"
for all O in R™. The restriction of By, to Xx is called a Bernstein gamble,
which we also denote as By,.

As mentioned by De Cooman and Quaeghebeur [31]] and proved explicitly by

De Bock et al. [20]], the set of all Bernstein gambles constitutes a basis for the
linear space V"' (X x):
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Proposition 185 ([31, Appendix B], [20, Proposition 14]). Consider any n in
N. The set of Bernstein gambles { By, :me N} constitutes a basis for the linear
space V"'(Lx). Therefore, each element p of V"'(Lx xR) can be uniquely
written as p(0,r) = X, nm 06(m, r)By(0) for every 0 in Xx and r in R.

As we have seen, to preserve coherence between two ordered linear spaces,
we need a linear order isomorphism. So we wonder whether there is one be-
tween L(X" xR)/Ip, and V" (Zx x R). In Section[8.1.2ps7 we have seen that
there is one between L(X" x R)/Ip, and L(N™ xR ), namely H,. Therefore,
it suffices to find one between L(N”" x R) and V" (Zx x R ). Consider the map

CoM: LIN"xR) > V"(ExxR):h Z h(m, *)B,,.
meN™

Before we can establish that CoM,, is a linear order isomorphism, we need to
provide the linear space V" (X x x R ) with an order <}. We use the proper cone
{0} uposi({B,, : m e N"'}) to define the order <J;:

hi <l hy < (Vre R)hy(,r) —hi(+,r) € {0} Uposi({B : me N™}),

for all 4y and Ay in V' (Zx xR).
The following proposition is essentially due to De Cooman and Quaeghe-
beur [31]: it suffices to apply their result point-wise, for every r in R.

Proposition 186 ([31, Section 4.9], [20, Section 4.5]). Consider any n in N.
Then the map CoM,, is a linear order isomorphism between the ordered linear
spaces LIN" xR) and V"'(Zx xR).

The linear order isomorphism CoM,, helps us to define a linear order iso-
morphism between the linear spaces L(X” xR ) and V"(Zx xR ), a final tool
needed for a representation theorem in terms of polynomial gambles. Indeed,
consider the map M,, := CoM,, o H,:

M,: L(X" xR) = V' (Ex xR): f = Mu(f)

where M, (f)(0,r) =M, (f(+,r)|0) for all 6 in Ly and r in R. M,(+|0)
is the linear expectation operator associated with the multinomial distribution
whose parameters are n and 0, and is for every g in £L(X™) given by M,,(g]6) =

Ymenn Lye[m) 8(V) Tlxex 6, . We introduce its version

M, := CoM,, o f,,, (8.10)
mapping L(X" xR)/Ip, to V*(Zx xR). M, is a composition of two linear
order isomorphisms, and is therefore a linear order isomorphism itself. Due to

Proposition [177jsp, considering any fin £L(X" x R)/Ip,, M, is constant on f,
and the value it takes on any element of f is exactly M,,(f).
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LN"xR) CoM, V' (ZxxR)

L(X"xR)

L(X"xR)/Ip,

Figure 8.2: Commuting diagram for CoM,,, M,, and H,,

The commuting diagram in Figure illustrates the surjections [«], H,
and M,,, and the bijections H,, M,, and CoM It shows that both L(N" xR)
and V"(Zx xR) are order-isomorphic to L(X" xR )/Ip,, so they are both
suitable to define a representing choice function on: in Theorem we
used the space E(./\/ "xR), and here, in Theorem (187} we will use the other
equivalent space V"(Zx xR ).

Theorem 187 (Finite polynomial representation). Consider any choice func-
tion C, on L(X" xR). Then C, is exchangeable if and only if there is a unique
representing choice function C on V' (Xx x R) such that

Co(A)={feA :M,(f) eC(M,(A))} forall A in Q(L(X" xR)).

Furthermore, in that case, C is given by C(M,(A)) = M,,(C,(A)) for all A
in Q(L(X"xR)). Finally, Cy is coherent if and only if C is. We call C the
frequency representation of C,,.

Similarly, consider any set of desirable gambles D,, € L(X" xR). Then
D, is exchangeable if and only if there is a unique representing set of desirable
gambles D ¢ V'(Ex xR) such that Dy = UM, (D). Furthermore, in that
case, D is given by D =M,,(D,,). Finally, D, is coherent if and only if D is. We
call D the frequency representation of D,,.

Proof. The part for desirability has essentially already been proved in Reference [31,
Theorem 21]. Here, we give a shorter alternative proof that also works for choice
functions.

Let C"”" on L(N" xR) and D' ¢ L(N" x R) be the representing choice function
and set of desirable gambles from Theorem and let C be defined by

CoM,(f) € C(CoM,(A)) < feC"(A)

forall A in Q(L(N"xR))and finA, and D := CoMs(D"). Since CoMy is a linear or-
der isomorphism, C and D are unique, and M, (f)e C(Mn(A)) = H,(f)eC” (Ha(A))
for all A in Q(L(X")xR) and f in A, and D = CoM,(H,(Dp)) = My (Dy), and all
the coherence properties are preserved, from which the statements follow. O
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8.1.7 Conditioning in terms of polynomials

It turns out that conditioning an exchangeable choice function can be done
very easily using the frequency representation. Assume that we observe a
count vector 72 in N, and we condition the choice function C on [V] to
obtain the conditional choice function Cls := marg,(C|[m]) on L(X" xR),
that is exchangeable by Propositions [I83p37 and [[84sg. What is its frequency
representation?

Proposition 188. Consider any coherent and exchangeable choice function C
on L(X"xR), and any m in N"'. If C on V' (Lx x R) is the frequency repre-
sentation of C, then the frequency representation of C|i is the choice function
Clm on V(Zx xR), defined by

N

eClm(A) < Buhe C(BzA), for all A in Q(V(ZxxR)) and h in A.

Proof. Since C is exchangeable with frequency representation C, by Theorem
we have that

C(A)={feA :My(f) eC(Mu(A))} forall A in Q(L(X"xR)).
Consider any ¥ in []. Then C|sit = C|¥ by Proposition [[84}sg, so
Clm(A) =Cl(A) ={f €A :Ma(I 11 /) e C(Mn(I1A))} forall A in Q(L(X"xR)).

It suffices to show that M,,(]I{x}f) =T m]lB M;(f) and Mn(]l{x}A) = | 1B aMa(A),
since then indeed

Clin(A) = {f €A :Ma(Iizy f) e C(Ma(I(55A4))}
={f eA:|[m]Mn (I /) € C(|[m]Ma (I A))}
={f €A :BiMa(f) e C(BaMa(A))}
={FeA :Mu(F) e Cli(Mp(A))} forall A in Q(L(X"xR)),

taking coherence of C [more specifically, Axiom into account, so C| is the
frequency representation of CJrh Since M,, works element-wise on I {x A, it even suf-
5

fices to show that M, (I, = B M; (f) forevery f in A. Lemmal189|establishes
this.

Lemma 189. Consider any ii <n, m in N, % in i and f in L(X"xR). Then
M, Iz f) = mBrhMﬁ(f)

Proof. Consider any f inA, any 0 in Xy and any r in R. Then

Mu(Iiy )(0,7) = > 3 T f(v.r) [T 62"

meN™ye[m] zeX
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Consider some m in /. Since

f(yn+17 7y”7r) lf(yla )
if(.Ylu 7xn)

><<

forally (15---5yn) in [m]
(8.11)

H{x}f(yvr)

we have that m > m < ¥ c[] ]I{X}f(y,r) +0, 50

My (I £)(0,r) = > Z H{x}f(y r)He

meN" ye[m]
m>m

Consider some m in N™. Then m > if and only if /1 := m—#1> 0, so m > iz if and only
if m e N In that case, /i1 is a count vector itself. Assume that m > 1. Then

> I fOr)= Y L fGueeeymr)

ye[m] (V1 w5y ) €[m]
= Z Z H{X}f(Yly--wYm")

1) =X (i1 5esvn ) €[]
= Z f(yﬁ+17---7yn7r): Z f(yvr)a
(Vs 15009n ) €[] yelrm]

where the third equality follows from Equation (8:1T). Furthermore,
1

Hez Hem o _HG" HG |’,h]‘B”V1(0)HGZmZ

zeX zeX zeX zeX 7eX

Taking these observations into account, we find that

My (L P)(O.1) = TxBa(0) 3 % ) [0 = s Ba(OMi(7)(0.1)

meN" ye[m] zeX

Since our choice of 6 in Ly and r in R was arbitrary, therefore indeed M, (I i}f ) =
\[m]\B Mn(f) O

Interestingly, as we have seen, for conditioning frequency representations, the
Bernstein gambles play the role of indicators.

8.2 COUNTABLE EXCHANGEABILITY

In the previous section, we assumed a finite sequence Xi,..., X, to be ex-
changeable, and inferred representation theorems. Here, we will consider the
countable sequence X, ..., Xy, ... to be exchangeable, and derive representa-
tion theorems for such assessments. We will call Xy = X ey &, the set of all
possible countable sequences where each variable takes values in X

First, we need a way to relate gambles on different domains. As in Chap-
ter [fz1, this will be done using cylindrical extension. We extend Defini-
tion A6 to countable sequences:

F(x,r) = f(x1,...,xp,r) forall x = (xq,...,Xy,...) in Xy and rin R.
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for any gamble f on A" xR.

Formally, f* belongs to £( Xy x R) while f belongs to L(X" xR ). How-
ever, they contain the same information, and therefore, are indistinguishable
from a behavioural point of view. We will resort to our simplifying device
from Remark [7. 17y of identifying f with its cylindrical extension f*.

Next, we need a way to relate choice functions and sets of desirable gam-
bles on different domains: We will base ourselves again on Chapter [z and do
this using marginalisation. We extend Definition f7p7y to infinite sequences:
Given any choice function C on L(Xy xR ) and any » in N, its X”-marginal
C,, is determined by

Ch(A)=C(A) forall A in Q(L(X")xR). (8.12)

Similarly, given any set of desirable gambles D € £(Xy xR ) and any n in N,
its X"-marginal D,, is D, =D nL(X"xR).

Coherence is preserved under marginalisation [it is an immediate conse-
quence of the definition; see, amongst others, Reference [29, Proposition 6]
for sets of desirable gambles].

Proposition 190. Consider any coherent choice function C on L(XyxR) and
any coherent set of desirable gambles D € L(Xy xR ). Then for every n in N,
their X" -marginals C,, and D,, are coherent.

8.2.1 Vector-valued gambles of finite structure

Before we can explain what it means to assess a countable sequence to be ex-
changeable, we need to realise that now there are infinitely many variables.
From an operational point of view, it will be impossible to describe choice be-
tween gambles that depend upon an infinite number of variables. Indeed, since
we can never observe the actual outcome in a finite time, gambles will never
be actually paid off, and hence every assessment is essentially without any
risk. But, it does make operational and behavioural sense to consider choices
between gambles of finite structure: gambles that each depend on a finite num-
ber of variables only. See Reference [20, Section 3.2] for a discussion.

Definition 51 (Gambles of finite structure). We will call any vector-valued
gamble that depends only on a finite number of variables a vector-valued gam-
ble of finite structure. We collect all such gambles in the set L(XnyxR):

LANxR)={feL(AyxR):(IneN)fe L(X"xR)}= LJNE(X’Z xR).

L(XyxR) is a linear space, with the usual ordering <: for any f and g in
L(XyxR), f<g< f(x,r)<g(x,r) forall x in Xy and rin R.

Due to our finitary approach, we can even establish a converse result to
Proposition[I90] whose proof is a straightforward verification of all the axioms.
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Proposition 191. Consider any choice function C on L(XyxxR), and any set
of desirable gambles D € L(Xx xR). If for every n in N, its X"-marginal C,
on L(X" xR) is coherent, then C is coherent. Similarly, if for every n in N, its
X"-marginal D, € L(X" xR) is coherent, then D is coherent.

Proof. We restrict ourselves to proving this for choice functions; the proof for desir-
ability can be found in Reference [20, Proposition 4]. Consider any A in Q(L(Xy x
R)). Then any f in A depends—besides on the value of R—on a finite number of
variables ny € N. Let n:=max{ns: f € A}, which is a well-defined natural number since
A is finite. Every (cylindrical extension of) f in A is then a gamble on X". It follows
then from Equation (8:12)) that C(A) = Cx(A).

The proof follows readily once we realise that, following the procedure above, for
every option set A there is some 7 in N such that C(A) = C,(A); for Axiom [C3g, we
need to consider A UA| UA, rather than A. O

8.2.2  Set of indifferent gambles

If a subject assesses the sequence of variables Xi, ..., X, ... to be exchange-
able, this means that he is indifferent between any gamble f in £(Xy xR ) and
its permuted variant 7’ £, for any 7 in P,, where n now is the (finite) number
of variables that f depends upon: his set of indifferent gambles is

Ip = {fEZ(XNXR) : (HHEN)fGI'p”} = Ulpn.
neN

If we want to use Ip to define countable exchangeability, it must be a coherent
set of indifferent gambles.

Proposition 192. The set Ip is a coherent set of indifferent gambles.

Proof. For Axiom [lj7g, since, by Proposition [176hzg; 0 € Ip, for every n in N, also
0 € Ip. For Axiom @m consider any f in Ip, then there is some 7 in N for which

f €Ip,. By Proposition @g, we infer that indeed f ¢ 0 and f # 0. For Axioms@m
and [I4fr7g, consider any fy, f> and f3 in Ip and any A in R. Then there are n; in N

such that f; € Ip, , for every i in {1,2,3}. Let n:= max{n,ny,n3}. Then fi, f» and f3
are elements of I'p,, so A f1 € Ip, and f> + f3 € Ip, by Proposition[1767g. Then indeed
Afi€lp and f, + f3 € Ip, so Ip is indeed a linear hull. O

Countable exchangeability is now easily defined, similar to the definition for
the finite case.

Definition 52. A choice function C on L(XyxR) is called (countably) ex-
changeable if C is compatible with Ip. Similarly, a set of desirable gambles
D c L(XyxR) is called (countably) exchangeable if it is compatible with Ip.

This definition is closely related to its finite counterpart:
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Proposition 193. Consider any coherent choice function C on L(XyxR).
Then C is exchangeable if and only if for every choice of n in N, the X"-
marginal C, of C is exchangeable. Similarly, consider any coherent set of
desirable gambles D € L( Xy xR ). Then D is exchangeable if and only if for
every choice of n in N, the X"-marginal D, of D is exchangeable.

Proof. The proof for sets of desirable real-valued gambles, in the more general context
of partial exchangeability, can be found in Reference [20, Proposition 18], and can be
trivially extended to vector-valued gambles.

We give the proof for choice functions. For necessity, assume that C is exchange-
able, or equivalently, that C is compatible with Ip. Use Proposition[@m to infer that
then, equivalently,

(Vhelp)(VA e Q(L(XyxR)))({0,h} A= (0eC(A) <= heC(A))). (8.13)

Consider any n in N. We need to prove that then C, is compatible with I, or equiva-
lently, that

(Vhelp,)(YA € Q(L(X" xR)))({0,h} cA = (0€Cu(A) = heCa(A))). (8.14)

So consider any A in Qo(L(X" xR)) and in A. Then A is an element of Q(L( Xy x
R)) and & an element of £(XyxR), so 0eC(A) < heC(A) by Equation (813).
Therefore, after marginalising, 0 € C,(A) <> h € C4(A), so Cy is compatible with I ,
and by Definition[52} therefore indeed exchangeable.

For sufficiency, assume that C, is exchangeable for every n in N—so it satisfies
Equation (8:14) for every n in N. We need to prove that then C is exchangeable. Using
Equation (8:13), it suffices to consider any A in Q(L£(Xy xR )) such that 0 € A, and
any & in A, and prove that 0 € C(A) <> he C(A). Since A U {h} consists of gambles
of finite structure, there is some (sufficiently large) n in N for which A € Q(L(X" x
R)), and therefore also i € L(X" xR). Then by Equation (814), 0 € C4(A) < h e
Cn(A),500eC(A) < heC(A), whence C is compatible with I'p, and therefore indeed
exchangeable. O

8.2.3 A representation theorem for countable sequences

We will look for a representation result that is similar to the one in Sec-
tion [8.1.6h55. However, since we no longer deal with finite sequences of
length n, now the representing choice function will no longer be defined on
V'(Zx xR), but instead on V(Ex x R).

Consider the commuting diagram of Figure[8.3] where a dashed line repre-
sents an embedding: forevery nin N, V" (Zx xR ) is a subspace of V(ZxyxR).
This shows the importance of the polynomial representation.

As we have seen, in order to define coherent choice functions on some
linear space, we need to provide it with a vector ordering. Similar to what we
did before, we use the proper cone {0} Uposi({B, : m e N",n e N}) to define
the order <g on V(Zx xR):

hy <p hy <= (VreR)hy(e,r)—hi(e,r) e {0} uposi({By :me N" ,neN})

266



8.2 COUNTABLE EXCHANGEABILITY

LN"xR) CoM, V' (ZxxR)

L(X"xR)

2

L(X"<R)/Ip, V(ZxxR)

Figure 8.3: Commuting diagram for countable exchangeability

forall 4; and iy in V(Zx xR).
Keeping Propositions [[90kg and [T91ps3 in mind, the following results are
not surprising.

Proposition 194. Consider any choice function C' on V(2x xR ). Then C’
is coherent if and only if for every n in N the choice function C), defined by
C/(A)=C'(A) forall A in Q(V"(2x xR)), is coherent.

Proof. We only prove sufficiency, since necessity is trivial. So consider any C’ on
V(Zx xR ) such that for every n in N, C}, is coherent. We prove that then C’ is coherent.

For Axiom @Zﬂv consider any A in Q(V(Xyx xR)). Then every polynomial in
the finite set A has a certain degree; let n be the maximum of those degrees. Then
A e Q(V"(Zxy xR)), whence indeed C'(A) = Cj,(A) # @, since Cj, is coherent.

For Axiom@m, consider any /1 and Ay in V(X x R ) such that 4y <p hy. Then for
every rin R, hy(s,r) —hy(+,r) € posi({Bm : m e N" ,n € N}). Consider, for every r in
'R, arepresenting polynomial p, of i (+,r), and let ny be the degree of the representing
polynomial in the finite set {p, : r € R} with highest degree. Then, for every r in R,
hi(e,r) is represented by a polynomial in V"' (£x x R ). Similarly, we find that, for
every rin R, hy(e,r) is represented by a polynomial in V'?(Ey x R ) for some n; in
N. Let n := max{ny,ny }. Then, for every r in R, there is a representing polynomial of
hy(e,r) —hi(+,r) whose degree is not higher than n, so iy —h; € V"'(Zx x R) and
therefore hy(,r) —hy(s,r) € posi({Bm : m € N"'}). This guarantees that hy <} hy,
whence indeed {hy} = Cy,({h1,h}) = C'({h1,h2}), since Cy, is coherent.

For Axiom % consider any A, A; and A, in V(Xx xR). Using the similar
construction as for Axiom@m we find that then A UA; UA; € V" (Ex xR), for some
nin N. Then A, A; and A, all are elements of Q(V"(Zx xR)). For Axiom
assume that C'(A5) CA; N Aj and A] S A CA. Then C;(A;) S Az \ Ay and therefore,
since Cj, is coherent, indeed C’'(A) = C;,(A) CA N A;. For Axiom@m assume that
C'(A)cAr~AjandA cA;. Then C;,(A;) S Ay N A and therefore, since Cy, is coherent,
indeed C"(AyNA) =Cj (A3 NA) CA3NA.

For Axiom@m consider any /1 in V(X5 xR ), any 4 in Ry( and any A; and A,
in Q(V(Ex xR)). Using the similar construction as for Axiom @m, we find that
then {h} UA; UA; V" (Zx xR ), for some nin N. Then he V" (L xR ) and A| and
As both are elements of Q(V"(Zx xR )). Assume that A; € C'(A>) = Cj(A»), then,
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since Cj, is coherent, indeed AA; € Cj(AA5) =C'(AA;) and Ay + {h} € Cj(Ay +{h}) =
C'(Ay+{h}). O

Theorem 195 (Countable representation). Consider any choice function C on
L(XnyxR). Then C is coherent and exchangeable if and only if there is a
coherent representing choice function C on V(Xx xR) such that, for every n
in N, the X"'-marginal C, of C is determined by

Co(A)={feA:M,(f) eC(M,(A))} forall A in Q(L(X"xR)). (8.15)

In that case, C is uniquely determined via its corresponding rejection func-
tion Rby R(A) = Upen Ri(An V' (Ex xR)) forall A in Q(V(Zx xR)), with
Ry (My(A)) = Mu(Ru(A)) for every A in Q(L(X" xR)), and where we let
R,(@) = @ for notational convenience. We call C the frequency representation
of C.
Similarly, consider any set of desirable gambles D € L(Xy*xR). Then
D is coherent and exchangeable if and only if there is a unique representing
D cV(Zx xR) such that, for every n in N, the X"-marginal D, is given by
D, =UM; Y (DnV"(ZxxR)). In that case, D is given by D = U,y M, (Dy).
Proof. We begin with the representation of choice functions. That C is exchangeable

is, by Proposition[T93bsg, equivalent to Cy is exchangeable, for every n in N. Therefore,
by Theorem this is equivalent to:

(VneN)Ci(A) = {f €A :Mu(f) € Co(My(A))} forall A in Q(L(X" xR)),
where, as a consequence, for every n in N, Gy, is uniquely given by
Cr(Mp(A)) =My (Cn(A)) forall A in Q(L(X" xR)). (8.16)

That C is coherent, is by Propositions and [[97pgz) equivalent to Gy, is coherent,

for every n in N, and using Theorem baTh to Gy is coherent, for every n in N. We
prove that this is necessary and sufficient for the existence of some coherent choice
function € on V(Zx x R) that, for every n in N, satisfies Equation (8.13).

We start by showing the converse implication (sufficiency). Assume that there is
some coherent choice function € on V(Zx x R) that for every n in N satisfies Equa-
tion (8:13). Consider any n in N. By Proposition , then the choice function C,
on V"'(Zx xR), determined by C,(A,) = C(A,) for every A, in Q(V"(Zx xR)), is
coherent. Furthermore, by Equation (8:19), it satisfies indeed

Cu(A) = {f €A :Mu(f) € Cr(Mn(A))} forall A in Q(L(X" xR)).
Since Cy(An) = C(A,) for every A, in Q(V"(Zx xR)), we find that also
R(Ay) = Ry(Ay) forall A, in Q(V"(Zx xR)). (8.17)

Next, we show that then R(A) = U,en Rn (AN V" (ZxxR)) forall A in Q(V(Z x x
R)), thus making it unique. Consider any A in Q(V(Zx x R)). Then, by the defini-

tion of a polynomial gamble, there is some n* in N such that A € Q(V”* ZxxR)),
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whence A = An V" (Zx xR) and therefore R(A) = R(AnV" (Zx xR)). By
Equation (8T7) therefore R(A) = Ry« (AN V" (Zx x R)), whence indeed R(A) <
UnenRn(An V" (Zx xR)). Conversely, consider any / in U,en R (AN V" (Zx xR)).
Then he R« (An a (ZxxR)) for some n* in N, and therefore, by Equation (8.17),
heR(An v (ZxxR)). By Axiom therefore indeed i1 € R(A).

We complete the proof by showing the direct implication (necessity). Assume that

(YneN)Cu(A) = {feA :M,(f) eCa(My(A))} forall A in Q(L(X"xR)),

and that Gy, is coherent for every n in N. Let the rejection function R on V(Zyx x R)
by determined by R(A) = UpenRi(A V"' (Zx xR)) for all A in Q(V(Zx xR)).
The proof is finished if we can show that it satisfies Equation for every n in
N, because, if it does, Equation @) is then satisfied, and furthermore, by Propo-
sition it is then coherent. Consider any n* in N. We need to show that
Unent Rn(Ays 1 V' (Z x R)) = Rys (A for all Aye in Q(V™ (Zx x R)). Ob-
serve that A« N V' (Zx x R) = A,+ for every n > n*, whence by Lemma
Upen Bn(As n V' (Zx x R)) = Upenr Rn(Apx n V"' (Zx x R)). Furthermore, since
Ay NV (ZxxR) CAp NV (Zx x R) whenever ny < ny, also Ry, (A, N V" (Zx x
R)) = Ry (Aps n V" (Zx xR)) € Ry (Ayx n V2 (Zx x R)), where the first equality
follows from Lemma [T96] and the second one from Axiom [R3gbg This implies that
indeed Unens Ru(Anpe AV (Ex X R)) = Ryx (e 0V (B xR)) = Rope (A ).

The representation of sets of desirable gambles is a trivial extension to vector-
valued gambles of the proof given in Reference |20, Theorem 22]. O

Lemma 196. Consider any coherent choice function C on L(XyxR) and
assume that, for every n in N, its X"-marginal C, is given by

Co(A) = {f €A :M,(f) €Co(M,(A))} forall A in Q(L(X"xR)), (8.18)

where C,, is a coherent choice function on V'(Xx xR). Then, for every ny < np
inNandA,, in V" (ZxxR):

én] (Am ) = CNwﬂz (A~”] )

Proof. Since M, is surjective, we can find A, in Q(L(X™ xR)) such that
My, (An,) = An,. We will show that Ry, (A, ) = Ry, (An, ).

To show that Ry, (As,) € Rn, (An, ), consider any & in Ry, (A, ), and let f,, be an
element of A,, such that My, (fu,) = . Then fu, € Ry, (An, ) by Equation (B8I8). If we
denote the cylindrical extension of A,, to X" by Ap,—and the cylindrical extension of
Sy bY fu,—, then f, € Ry, (An, ) because Ry, and Ry, are related through marginalisa-
tion. But Ry, (An,) = {f € An, : Min, (f) € Ry (M, (An,))} by Equation (8:I8), and by
Lemma, Ry (Any) = {f € Any - My (f) € Ry (M, (An, )} Since fo, € Ry (Any ),
indeed /1 = Mu, (fn,) = M, (fn,) € Ry (M, (An, ) = Ruy (A, ).

The proof that also Ry, (An, ) € Rn, (An, ) is completely similar [with the same no-
tation, 1 € R, (A,, ) implies that fy, € Rn, (An, ) by Equation (8:T8), which implies that
Juy € Rn, (An,) because Ry, and Ry, are related through marginalisation, which in turn
implies that i1 € Ry, (An, )]. O
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Lemma 197 ([20, Lemma 27]). Consider any ny < ny in N, and any gam-
ble fy, in L(X™ xR). Denote its cylindrical extension to X™ by f,,. Then

Mn| (fn| ) = an (fnz)

8.2.4 Conditioning and countable representation

We use the same notation and ideas as in Reference [31], Section 5.2] for desir-
ability, and generalise it to choice models.

Suppose we have a coherent and exchangeable choice function C on
L(Xy xR) with associated frequency representation C on V(Zx xR ). Sup-
pose that we observe the values X of the first 7i variables, with associated count
vector 71 := T'(X). We have seen in Proposition that, for every n in N,
the X"-marginal C, is exchangeable, and in Proposition that C, | is
exchangeable (if n > /). But what about C|m?

Theorem 198. Consider any coherent and exchangeable choice function C on
L(Xy x R) with associated frequency representation C on V(Zx xR). After
conditioning on a sample with count vector v in N, C|m is still exchangeable
and coherent, and has frequency representation C|m, defined by

heClm(A) < Byhe C(ByA), for every A in V(ExxR) and hin A. (8.19)

Proof. Use Theorem .1,1;; to infer that C is coherent. We first show that C|sm is
coherent. For Axiom|Clpyg, consider any A in V(Zx xR ). Since C(B;zA) + @, indeed
also C|m(A)  @.

For Axiom @m, consider any hy and hy in V(EXx x R) such that hy <g hp—
meaning hy <p hy and hy # hy. Then (Vr e R)hi(e,r) —hy(s,r) € posi({Bm : m €
N" neN}). Consider any r in R. Then hy(e,r) —hy(e,r) = Zf:l AiB,, for some ¢
inN, A, ..., 4 in Ryq, ny, ..., ng in N and m' e N, ... mb e N™, and therefore
(hy(e,r)—hy(e,r))By = Zle AiB,,iBjy. Use the result that, for any 6 in Xy,

Buges(0) = im0 [T 67 = o (TT o) (I o)

D]
- |[m’] |[nv1]|Bm'(9)Bm(9)7

N _
SO B = %Bmﬂm, to infer that

(y(+.r) —ho(+.7)) By = za' “[m]]"B -

$0 Biyhi(e,r) —Biha(e,r) € posi({Bm :m e N" ,n e N}). Since the choice of rin R
was arbitrary, Bk <g Bjihy, s0 Bihy ¢ C({Binh1,Bshy}) and therefore indeed hy ¢
Cli({h1,h2}).

For Axiom , consider any A, A; and A, in Q(V(Zx x R)) such that
Cth(Az) c Az NA;p and A] = Az cA. Then C‘(B,hAz) c B,h(Az \A~1) = B,,V,A~2 AN B;hAl
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and BjA| € BAs € BjA, and therefore, by coherence, C(BjA) € B;A \ BA;. But
then indeed C|m(A) A NAj.

For Axiom [C3bbg, consider any A, A; and Ay in Q(V(EZx x R)) such that

Jm(Az) cAy~A; and A cA;. Then C(BA,) c B,,,(A2 \A1) = BjAy N ByA| and
BjA < ByA{, and therefore, C(B(A; ~ A)) = C(B Ay N\ ByA) € BjAr N\ ByA;| =
Bi(AyNAy). But then indeed CJm(A2 NA) cAyNAy.

For Axiom , consider any A; and A, in Q(V(Zx xR)) and any A in Ry
for which A ¢ CJrh(/iz). Then B A; € C(BA,), and therefore, By AA| € C(B;AA>).
But then indeed A4, € C|i(AA,).

For Axiom consider any A} and A, in Q(V(Zx xR )) and any /2 in V(Zx x
R) for which A; € C|(A4,). Then BzA; € C(B;nA;), and therefore, By (A1 + {h}) =
B,;,A] + {B,;,h} c C(B,ﬁAz + {B,hh}) = C(B,h (Ag + {h})) But then indeed 2,A~1 + {h} c
Clm(AA;y +{h}).

To finish the proof, it suffices to show that C|# is the frequency representation of
C|m. To establish this, we will show that, for every n in N such that n > 7i, the X "
marginal Cp |1 of C conditional on 7, is given by

Cal(A) = {f €A :My(f) e Clm(Mz(A))} forall A in Q(L(X" xR)),
where i=n—7i>1.
Consider any n in N such that n > /1. Since C is exchangeable, by Theorem [T93bgg,
we get
Co(A) = {feA:Mu(f) eC(M,(A))} forall A in Q(L(X"xR)).
Therefore
Cal(A) = {f €A : My (Ip7f) € E(Ma(I74))} for all A in Q(L(X" xR)).
By Lemma [I8%g, we have that then
Cal(A) = {f €A :ByM;(f) e C(ByM;(A))} forall A in Q(L(X" xR)),
and by Equation (8.19), therefore indeed

Cal(A) = {f €A :My(f) e Cli(Ms(A))} forall A in Q(L(X"xR)). O

8.3 CONCLUSION

We have studied exchangeability and we have found counterparts to de Finetti’s
finite and countable representation results, in the general setting of choice func-
tions. We have shown that an exchangeability assessment is a particular indif-
ference assessment, where we identified the set of indifferent options. The
main idea that made (finite) representation possible is the linear order isomor-
phism H;,! between the quotient space and the set of gambles on count vectors,
indicating that (finitely) exchangeable choice functions can be represented by a
choice function that essentially represents preferences between gambles on the
unknown composition m of an urn with n balls of types X. Alternatively, for
the countable case, we have shown that there is a polynomial representation.
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CONCLUSIONS

The main conclusion of this dissertation is that with coherent choice functions,
we are able to generalise surprisingly many existing concepts in imprecise
probabilities, and more specifically, for sets of desirable gambles. We have
introduced an axiomatisation of coherent choice that is compatible with de-
sirability. Reduced to pairwise comparison, the rationality criteria for choice
functions imply the rationality criteria for desirability. Below, I will highlight
some of the most important results, and will look ahead at a number of inter-
esting problems that still remain.

An important property of coherent choice functions, is that coherence is
preserved under arbitrary infima. Its proof is basic, but the result is nevertheless
crucial: it allows for conservative reasoning with coherent choice functions.
We apply this essential property widely in this dissertation. For instance, we
use it to find an explicit expression for the natural extension of a partially
specified choice function. As it turns out, the natural extension for choice
functions reduces to its well-known counterpart for sets of desirable gambles.
Furthermore, if we start out from a purely binary assessment, the result of
our natural extension (for choice functions) is a purely binary choice function
itself. Even though this seems fairly natural, this result is not at all obvious,
and it seems to suggest that our axiomatisation is well suited for the connection
between choice functions and desirability.

The additional Property (which Seidenfeld et al. [67] use as ra-
tionality axiom) that we consider, is also preserved under arbitrary infima.
It furthermore is also a productive axiom—just as Axioms [C2pgHC4pg—as
can be clearly seen from its version (2.30)g for rejection sets. However,
finding a manageable, constructive, expression for the natural extension un-
der convexity—the least informative coherent ‘convex’ extension of a given
assessment—remains an open problem. Obvious modifications to the natural
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extension Ry of an assessment B that avoids complete rejection turn out not to
be up for the job: it seems that another idea will be necessary. Similar remarks
hold for the weaker Property [C6p3}

Another example that uses the idea of conservative reasoning, is our treat-
ment of indifference: given a coherent set of indifferent options, we find the
least informative coherent choice function that is compatible with it. It suffices
to consider as a representing choice function the vacuous choice function on
the (representing) quotient space. We combine this with a direct assessment as
well: this leads to the natural extension under indifference.

Our ability to treat indifference in the light of conservative reasoning
should be credited to the fact that we can define choice functions on arbitrary
options that form a linear space. Furthermore, in this way, under some mild
conditions, we can also embed Seidenfeld et al.’s [67] account of choice func-
tions into our framework. However, we are less general in one respect: they
allow for possibly infinite but closed option sets, while we only consider finite
option sets. Many of our proofs depend on the option sets being finite; con-
sider for instance the proofs of some of the direct consequences of coherence:
Propositions 24fg, 25k, and 34z, as well as the result in Lemma
that is crucial for proving that coherence is preserved for suprema of chains
of coherent choice functions, and on which the proof that there are maximal
choice functions depends.

Next to choice functions and rejection functions, we consider the equiva-
lent model of choice relations. They are sometimes more elegant to work with,
and help in clarifying the connection with desirability. But in Section [2.9g we
see yet another equivalent model: rejection sets. They seem to have an even
tighter connection with desirability: consider for instance Proposition[68g that
establishes that the rejection set of a purely binary choice function is deter-
mined by the rejection set that consists of option sets of cardinality two. It is an
interesting open question whether some concepts or discussions in this disser-
tation can be simplified by adopting a different mathematical language. An ex-
ample where the use of rejection sets—or rather its variant of coordinate rejec-
tion sets—turns out to be very useful, is the characterisation in Section @35]
of coherent (and convex) choice functions on binary possibility spaces, and
the counterexample in the same section, showing that Property does not
guarantee representation in terms of lexicographic choice functions. One of the
crucial observations that makes this possible, is the result in Proposition[IT 7z
that choice functions on binary possibility spaces that satisfy Property [C&ps,
are completely determined by their (coordinate) rejection sets, whose elements
consist of option sets of three elements. It is an open question whether such
easy characterisation of coherent choice functions generalises to more than bi-
nary possibility spaces. However, Example [Sg shows that, even for ternary
possibility spaces, there is no limit on the size of the elements of the rejection
sets, which therefore will tend to complicate matters considerably.

Another interesting open problem is that of representation of coherent
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choice functions, in terms of maximal (or other) choice functions. Ideally,
we would like to establish the following two properties. We would like to
have representation in terms of maximal choice functions, in the sense that ev-
ery coherent choice function is an infimum of its dominating maximal choice
functions. Moreover, we would like the maximal choice functions to be purely
binary choice functions corresponding to maximal sets of desirable options.
Even though none of these properties is established, we have showed that not
both can hold: the coherent rejection function in Example [I6gg| is no infimum
of purely binary rejection functions. It is an interesting open problem to find
out whether one of these two properties holds, and, if so, which one.

With respect to finding the maximal choice functions, we feel that rejection
sets might help, too. For desirability, an important property that helps finding
the maximal sets of desirable options, is u ¢ D = 0 ¢ posi(D U {-u}) for any
coherent set of desirable gambles D and non-zero option u. We have a strong
intuition that this may be generalised in some way to choice models by using
rejection sets, and we suspect that Lemma [80fg will play a role.

But there is an end to all human endeavour, and my work on this disserta-
tion, however much I’ve enjoyed it, has run its course. It is my firm hope that
my findings here may help me (at some later time) or others solve these and
other important open questions.
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