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Why do we care?
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Information Algebra

DOMAINS

Xy = {X1,...,Xp} finite fam-
ily of uncertain variables,

X, takes values in finite Qy;
each tuple Xscy takes
values in Qg = Xgc5Qs.

We address the domain
by its associated index
set.
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¢ embeds marginalisation and closure
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¢ a mathematically elegant framework general enough
to capture many (imprecise) probabilistic models

¢ embeds marginalisation and closure
operators within each framework

¢ provides structural relationships between different algebras

GOAL: Define information algebras of sets of desirable gamble sets and their
representations, and study their relationship.
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Sets of desirable gamble sets

K is called coherent if:
Ko. 0 ¢ K;
Ky. if Fe Kthen F\{0} € K;
Ko. {f} e Kforall fin Z o(2);
Ks. if0# o CKand, forallc el ,
fo € clz(o(#)), then {fs 0 €Ty} €K;
K4. if FEKand FC G, then G € K.

Coherent Ks: 7 (Q); A
|

Closed Ks: .7 (Q) =2 (Q)U{2(2)};

V
Closure operator:

¢ doing nothing is not desirable
clp C'?(%) = ﬂdgKe%(Q) K. ¢ a miracle drug f. is desirable

¢ if f%, f° are desirable, then so is ocf%Jr[ifo
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DOMAINS

Xscn takes values

in Qg = Xge5Ws

INFORMATION

Ki, K> € #(Q2) denote primary
elements: closed sets of
desirable gamble sets,

information about Xs is
contained in .#(Qg),

there are special elements
Kv(Qs) and 2..(Qs).

All information in the
algebra is contained in
H(2) = Uscn H# (Qs)-

OPERATORS

labelling operator: d: K+~ S,

marginalisation operator:
Marg : (K, S) — Margg K,

combination operator:
®: (K1 9 Kg) = C|7(K1 UK2).

The tuple (7,®) forms a
commutative semigroup.
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¢ doing nothing is not desirable
¢ a miracle drug f. is desirable

Is there a connection between D and K? ¢ it &y, fg are desirable, then so is afg, +Blg
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How do we construct K from £, . f, € D?

Identify some gamble sets in K: b

(.0 b AT b P51 f ) 1

all belong to K.

K defined based on this information only

can be written as S

K{,%,fa} ={F: Fn{f,,fg} #0}. Fo

f% and f° are desirable
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every gamble f in D is desirable

every gamble set F in K 1\
contains some gamble f from D

binary K is based on information
from D: Kp ={Fe 2: FND # 0} 3

e o~

for coherent K, collect all dominating
Kps and corresponding Ds

D is desirable

every coherent K can be
written as K= N{Kp : KC Kp}

\'\’\* this collection of Ds is a representation of K
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DOMAINS

Xy = {Xi,....Xn},
Xscn takes values
in Qg = XgesQs
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The mapping h: @7y — @k defined by  — Ky = Npey Kp is @ homomorphism fif,
for all 21, %- representing Ki, Ko, respectively:

Hi. 21 ®4 2 represents Ki; @k Ko,

Hy. margg 2 = {margg D : D € 7} represents Margg K,

Hj. {Z.0} represents K, and { £} represents Z...

Theorem. The mapping h: o7y — <7k defined by Z — Ky = (\pcy Kp is
a homomorphism.
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