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Abstract. We study sets of desirable gamble sets, which are closely re-
lated to choice functions, from the perspective of information algebras,
which is a framework for reasoning with partial information in a mul-
tivariate setting. We show that closed sets of desirable gamble sets, as
well as their representations consisting of sets of closed sets of desirable
gambles, form information algebras. For a natural map between these
algebras, the marginalisation and combination operators commute. Fi-
nally, we prove that this mapping is indeed a homomorphism, guaran-
teeing that the two algebras contain the same information and induce
the same marginalisation and combination operators.
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1 Introduction

In this paper, we study sets of desirable (arbitrary) gamble sets from the per-
spective of information algebras. Information algebras provide a general math-
ematical framework for representing, combining and marginalising pieces of in-
formation on different domains. Coherent lower previsions and coherent sets of
desirable gambles have already been established to form information algebras
by Casanova et al. [I]. We establish the more general sets of desirable gamble
sets as an information algebra as well, and show that their representations, con-
sisting of collections of sets of desirable gambles, form an information algebra
homomorphic to it.

Our main inspiration for this connection is the marginal problem, which we
solved for sets of desirable finite gamble sets which are required to have a finite
representation [2]. However, both requirements can be dropped by looking at
coherent sets of desirable gamble sets from the information algebra perspective.
Indeed, Casanova et al. [I, Section 6] point out that the marginal problem can
be solved for all information algebras.

Next, in Section [2} we introduce sets of desirable gambles, sets of desirable
gambles sets and their representations in the multivariate setting [5IT0]. Our
goal, in Section [3] is to show that both coherent sets of desirable gamble sets and
their representations form such algebras and that there exists a homomorphism
between them.
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2 Sets of desirable gamble sets and their representations

Consider an uncertain variable X taking values in a finite possibility space Q. A
gamble f is a real-valued function that maps each possibility w € Q to a value
f(w) € Rin a linear real utility scale. Having a gamble f yields the reward f(w)
after the real value w € Q is determined, so it may increase as well as decrease
the agent’s wealth. The set of all gambles on Q. denoted £(Q), forms an |Q|-
dimensional linear space under pointwise addition and scalar multiplication. The
set of all positive gambles is denoted L-g(Q) == {f € L(Q) : f > O}E|

2.1 Sets of desirable gambles

An agent’s preferences over gambles reveal information about her beliefs. They
can be described by the gambles she prefers over 0, or in other words, finds
desirable. Such preferences are modeled by a set of desirable gambles.

Definition 1 (Coherent set of desirable gambles [6]). A set of desirable
gambles D C L(Q) is called coherent if:

Dl, 0 ¢ D,'

Do. -£>0(Q) cD;

Ds. if f,g € D and (A, u) >0, then Af + ug € D. .

The set of all coherent sets of desirable gambles is denoted by D(Q) C P(L(Q)),
where P(*) denotes the power set of its argument.

We say that D; is at least as informative as Dy when Dy 2 Dg; then Do is
at least as conservative as D1. The partially ordered set (D(Q), C) is a complete
meet-semilattice [6]. As a consequence, for every non-empty family of coherent
sets {D¢ : € € L}, its infimum is given by (\,cr, D¢ and is itself coherent. This
structure induces a closure operator

clgy : P(LQ)) = D(Q) U{LQ)} : A clp(A) = Ny pepiavi sy P

which maps each set of gambles A to its smallest coherent superset when such
a superset exists, and then such an A is called consistent; otherwise, it maps A
to the set of all gambles £(). We call clz(A) the natural extension of A and
collect all sets of desirable gambles that are closed (under clz) in D(Q) =

D(Q) U{L(Q)}. The smallest element of D(Q) is D, = cl5(0) = L5o(Q).

2.2 Sets of desirable gamble sets

When comparing two gambles f and g, the agent may be unable to judge whether
f or g is desirable, knowing only that at least one of them is. In this case,
the set {f,g} contains a desirable gamble and is therefore called a desirable

LFor every vector v, we take v > 0 to mean that all v’s entries are non-negative and
it has at least one (strictly) positive entry.



Sets of Desirable Gamble Sets as Information Algebras 3

gamble set. The agent’s assessments are collected in a set of desirable gamble
sets K € P(L(Q)) = Q(Q)w, and each element of Q(Q). is called a gamble set.

Under mild conditions, coherent sets of desirable gamble sets provide a rep-
resentation that is equivalent to coherent choice functions [9]. Sets of desirable
finite gamble sets were first introduced by De Bock & De Cooman in [3], and
later generalised to sets of desirable gamble sets with arbitrary cardinality [4,7]El

To introduce coherence, we need some additional machinery. For every 0 #
A C Q(Q)w, we call a map o : A — L(Q) : F +— o(F) such that o(F) € F
a selection map on A, and collect all such selection maps in I'g. The set of all
gambles selected by the selection map o is then o (A) = {o(F) : F € A} € L(Q).

Definition 2 (Coherent set of desirable gamble sets [7/4]). A set of de-
sirable gamble sets K € Q(Q)w is called coherent if:

Ko. 0 ¢ K,’

K. if F € K then F\ {0} € K[|

Ko. {f} €K for all f in L0(Q);

Ks. if0 # A C K and, for allo € Ua, fo € cliz(o(A)), then {fo : 0 €T a}t € K;
K4. if FEK and F C G, then G € K. .

The set of all coherent sets of desirable gamble sets is denoted by K(Q).

We say that K7 is at least as informative as Kz when K; 2 Ka; then K»
is at least as conservative as Ki. The partially ordered set (K(L), <) is also a
complete meet-semilattice [7]. As a consequence, here too, for every non-empty
family of coherent sets {Ky : € € L}, its infimum is given by (,cr K¢ and is itself
coherent. This structure induces a closure operator

clgg : P(Q(Q)w) = K(Q) U{Q(Q)w} : A = clie(A) = N g i K

which maps each A C Q(Q)w to its smallest coherent superset, when such a su-
perset exists and then such an A is also called consistent; otherwise, it maps A to
Q(Q)e. We call clgz(A) the natural extension of A and collect all sets of desirable

gamble sets that are closed (under clz) in K(Q) = K(Q) U{Q(Q)e}. The small-
est element of K(Q) is K, (Q) = clz(0) = {F € Q(Q)w : (3f € Lo0(Q)) f € F} [T,
Proposition 3].

2.3 Representation

Sets of desirable gamble sets are generally difficult to work with, so we often opt
to work with alternative representations, consisting of sets of desirable gambles.

If the agent has a set of desirable gambles D, then the information in D can
also be expressed using a set of desirable gamble sets: every singleton {f} for
f € D is itself a desirable gamble set. The corresponding set of desirable gamble

2There, the authors worked with sets of things, a generalisation of gamble sets.
Since we are interested in a multivariate setting, we stick to gamble sets.

3The version of this axiom generalised to things [7V4] corresponds to ‘if F € K then
F\{f:02> f} € K’, which is equivalent to Axiom under the other axioms.
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sets is Kp = clez({{f} : f € D}) = {F € Q(Q) : FN D # 0}, which we call
binary [3[7, contain more information]. For example, the smallest coherent set
of desirable gamble sets is binary, as K, () = {F € Q(Q) : FN D, # 0} = Kp,.

Theorem 3 (Representation, based on [7, Theorem 26]). For any set of
desirable gamble sets K, the following two expressions are equivalent:
(i) K e K;
(ii) there is a non-empty set D € D of closed sets of desirable gambles such
that K = Ky == ({Kp : D € D}, in which case D represents K.
Moreover, K’s (unique) largest representing set is Dx ={D € D : K C Kp}.

This important theorem shows that sets of desirable gamble sets can be charac-
terised — represented — by a set of binary preferences.

2.4 Marginalisation

To talk about marginalisation, we move to a multivariate setting. Let Xy =
{X1,...,X,} be a finite family of uncertain variables indexed by the global in-
dex set N = {1,...,n}, where each uncertain variable X, takes values in the
finite possibility space ;. We denote by Qg the Cartesian product of the pos-
sibility spaces associated with the variables in Xg for every S C N, that is,
Qg = X es Q5. For the global index set N, we let Qun be Q.

For every index set S C N, let X5 be a tuple of uncertain variables taking
values in Qg. Then for every gamble f € L(Q) and every wgs € Qg, the partial
map f(ws, *) is a gamble on Qn\s. Moreover, for every gamble f € L(Qg) for
some § C N, turning it into a gamble on the global domain Q is done using
cylindrical extension.

Definition 4 (Cylindrical extension). Given two disjoint subsets I and J
of N and any gamble f on Q, we let its cylindrical extension f7 to Qjus be
defined by ' (wr,wy) = f(wy) for all wy in Q; and wy in Qy. Similarly, given
any set of gambles F C L(Q;), we let its cylindrical extension F’ C L(Qjuy) be
defined as F? = {f’ : f € F}.

Both gambles f on Q; and £’ on Qju; represent the same information, so we
do not distinguish them notationally and write f = 7. This allows us to relate
gambles and gamble sets on different domains: L(Q;) € L(Quy), and Q(2)w C
Q(QJu7)w- Conversely, suppose that we have beliefs contained in a model on Qr,
and wish to model information on a subset Qg for some S C T. For both sets
of desirable gambles and sets of desirable gamble sets, this operation is called
marginalisation.

Definition 5 (Marginalisation). Consider any S C T. For any set of desirable
gambles D C L(Qr), its S-marginal margsg D C L(Qg) is defined as margs D :=
D N L(Qg). Similarly, for any set of desirable gamble sets K € Q(Qr)w, its
S-marginal Margg K C Q(Qs)w is defined as Margs K = K N Q(Qs)co-

For sets of desirable gambles, marginalisation preserves the order C and coher-
ence, and since margg L(Q) = L(Qg), also closedness.
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Proposition 6 (based on [10, Proposition 11]). Marginalisation preserves
the order C and closedness for sets of desirable gamble sets. Additionally, for any
closed K € K(Q) with representation D, its S-marginal Margs K is represented
by margs © = {margg D : D € D}.

3 Information algebras

In this section we introduce information algebras [8] and establish the main result
of our paper, namely that sets of desirable gamble sets and their representations
both form information algebras that moreover are homomorphic. Information
algebras can be either labelled or unlabelled (sometimes called domain-free),
and it has been shown that the resulting structures are equivalent [I]. In this
paper, we choose to work with a labelled variant.

The primitive elements of an information algebra are called pieces of informa-
tion or information pieces, which we take to be belief models. Given a (possibly
empty) tuple of variables Xg = (X)ses, the set @g collects the information
pieces on Xg. For a finite global index set N, we let @ := [ Jgcy Ps be the set of
all pieces of information, whose generic elements are denoted by ¢ or .

Definition 7. [1, Definition 12] A labelled information algebra is a two-sorted
structure (®, N, d, ®,{0s}scn, {1s}scn, ) satisfying the following properties, for
all ¢ and y in ®:

L. d(¢®y)=d(¢)udy), [Labelling]
Io. d(ns(¢)) =S for all S C d(¢), [Marginalisation]
Is. nr(ns(@)) = nr(@p) for allT € S C d(¢), [Transitivity]
Iy. ns(p@¢) = @nsnr(¥), if S=d(¢) and T = d(y), [Combination]

I5. 1s ® 17 = 1sur and 0s ® 07 = Ogur, for all S,T C N,
[Nullity and neutrality]

Ig. p@nms(¢p) =¢ for all S C d(¢), [Idempotency]
I;. mp(1s) =17 for allT CSC N, [Stability]
where

—d:®— P(N): ¢ > d(p) is a labelling operator,

— (@, ®) is a commutative semigroup with combination operator ® : ®X® — @:
(9, 0) > ¢ @Y, with the additional requirement that for all S C N, there exist
elements 0s and 1g with d(0s) = d(1s) = S such that for all $ € © with
d¢)=5,050¢=¢®0s =05 and ls®@ ¢ =9 ® 15 = ¢,

— (P(N),Nn, V) is the lattice constructed from the power set of the non-empty
index set N ordered by inclusion,

— 1 DXP(N) —» D: (¢, S) — ns(¢) is a marginalisation operator extracting the
information about the variables indexed by S from the piece of information ¢.

3.1 Algebra of sets of desirable gamble sets

The set of all pieces of information for a given index set § C N is (®)s = K(Qs),
and the global set of all information pieces in the algebra is @ = (Jgcn (Px)s =
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Uscny K(Qs). Let dg denote the labelling operator that maps each closed set of
desirable gamble sets K C Q(Qgs)w to the corresponding index set dg(K) = S of
its domain. We identify the marginalisation operator 7 with the operator

Marg : ®x X P(N) — Py : (K, S) = Margsnack) (K).

For every ¢ in the ®¢ defined above and § C N, the fact that marginalisa-
tion preserves closedness implies that mg(¢) belongs to @g, too. We define the
combination operator ®¢ as

®x : Dy X Dge — D¢ : (K1, K2) — K1 ®¢ Ko = CIW(Kl U K>).

The only non-coherent element of (®y)s — the set of all gamble sets Q(Qs)co —
is the result of the combination of two elements whose union does not have a
coherent superset.

Theorem 8 (Algebra of sets of desirable gamble sets). Closed sets of
desirable gamble sets form an information algebra:

Ax = (Useny K(Qs), N, dx, 95, {Q(Qs)o yscn, {Ky (Qs) }scn, Marg).

3.2 Algebra of representations

In this section, we construct an information algebra consisting of non-empty
collections of closed sets of desirable gambles as primitive elements. Taking into
account Theorem [3] the primitive elements of this algebra are representations
of primitive elements of the algebra ®¢. This algebra of representations will
generally be much larger, since a closed set of desirable gamble sets may admit
multiple (often infinitely many) representations.

Consider the collection of all non-empty sets of closed sets of desirable gam-
bles (®p)s = P(D(LQs)) \ {0} on a given domain Qg indexed by S C N, which
contains all representations of elements of K(Qs), and let @p = Uscpy (Pop)s.
On the other hand, every element of the power set (®gp)s represents some
K € K(Qg): indeed, consider any D € (Pp)s, then Theorem [3|guarantees that Kp
is closed. This tells us that every element in ®@¢ represents some element in @y,
and vice versa, that every element in @ is represented by some element in ®@g.

For any set of closed sets of desirable gambles ¢g5 € (©p)s on the domain Qg
indexed by S C N, we let dp be the operator that returns the corresponding
index set dp(¢s) = S. We define the combination operator ®¢ as

®p : Pp X Oy — Dy :
(D1,D2) > D ®p Ds = {C].E(Dl UD3): Dy € ®i,Ds € Do}

This pointwise definition of the combination operator ®p assures that every
result of a combination is closed, so the combination operator is well-defined
for the algebra of representations. The marginalisation operator is a pointwise
applied version of the marginalisation operator for sets of desirable gambles:
marg : PpxP(N) — Pp : (¢, 5) = margsnd, (¢) (@) = {margsnay () D : D € ¢}.
Since marginalisation preserves closedness, margg(¢) belongs to @4, as desired.
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Theorem 9 (Algebra of representations). Non-empty sets of closed sets of
desirable gambles form an information algebra:

Ap = (Uscn P(D(Qs)), N, do, ®p, {{L(Qs)}}scn. {{L>0(Qs)}}scn, marg).

3.3 Homomorphism between the two information algebras

Based on Theorem [3] it is natural to consider a mapping between the information
algebra of closed sets of desirable gamble sets Ag and the algebra of their
representations Agp. We begin by defining a homomorphism of two algebras.

Definition 10. Let A, = (4, N,dy, ®4, {(04)s}scn,{(1a)stscn, Tq) and Ap =
(®p, N, dp,®p, {(0p)s}scn, {(1p)stscn,p) be two information algebras. A map-
ping h : ®, — ®y is called a homomorphism from A, to Ap, if, for all ¢, € D :
Hi. h(¢ ®qy) = h(¢) & h(Y),

Hy. h((74)s(9)) = (75)s(h(8)) for all S C N,

Hs. h((la)g) = (1p)s and /’l((Oa)S) = (0p)s for all S C N.

Consider the mapping v : ®p — ®x : D = Kp = [1pepKp that maps a
representation to its corresponding closed set of desirable gamble sets. Note that
v has no inverse, since a closed K may have multiple representations. We show
that y is a homomorphism.

That y satisfies property is established in Proposition [f] For every S C N,
the null element {£(Qg)} of Ap gets mapped to the corresponding null element
Y{L(Qs)}) = Krs) = Q(Q)e of Ak, and the unit element {L.0(Qs)} gets
mapped to the corresponding unit element y({L>0(Rs)}) = Kr_,(0s) = Kv(Q)
of Ak, so y satisfies property We establish that y also satisfies the remaining

property

Proposition 11. Consider any two non-empty sets of closed sets of desirable
gambles D1, Dy € Op. Then Kp,ep, = Kp, ® Kp,-

We summarise this in the main result of this paper.

Theorem 12. The mapping vy is a homomorphism from Ap to Ag.

4 Conclusions

We have established that closed sets of desirable gamble sets form an information
algebra, and therefore serve as a general framework for reasoning in a multivari-
ate context. This implies, for instance, that they solve the marginal problem.
We have also shown that their representations — non-empty sets of closed sets
of desirable gambles — also form an information algebra, and have identified a
homomorphism between these two algebras. This is important because it allows
us to transfer results from the representations, which are typically easier to work
with, to sets of desirable gamble sets.

Related work often considers sets of desirable finite gamble sets, where each K
consists of finite gamble sets. Similar arguments show that closed sets of desirable
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finite gamble sets form an information algebra, but whether there is a homomor-
phism from the algebra of their representations remains open: specifically, our
proof for Proposition [I1] relies crucially on the fact that our sets of desirable
gamble sets contain infinite gamble sets.

Our homomorphism vy is not injective, since a closed set of desirable gam-
ble sets may have multiple representations. It remains open whether there is
a canonical representation that forms an information algebra isomorphic to the
algebra of sets of desirable gamble sets. A natural candidate is the unique largest
representation, but it is unclear whether combination and marginalisation pre-
serve it. Another avenue for further research is to investigate whether existing
results for information algebras — such as the construction of junction trees —
extend to the algebras we have introduced. Finally, the properties given by the
homomorphism are crucial to describe Bayesian networks for choice functions.

Acknowledgements We thank Enrique Miranda for stimulating discussions
about this paper.
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